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STUDENTS’ ABILITIES IN SOLVING NON-ROUTINE PROBLEMS IN CALCULUS 

Tang Wee Kee & Lim-Teo Suat Khoh 
Nanyang Technological University, Singapore 

Abstract: Calculus is one of the branches of Mathematics in which the concepts are difficult to 
understand but the techniques are easy to apply. Students who have been taking an “applying 
algorithmic skills” approach before coming to the University thus have problems with 
University level Calculus where the approach is rather more abstract. This paper reports on a 
study conducted to find out if first year undergraduate students from the National Institute of 
Education, Singapore, were able to solve novel problems in Calculus by applying their 
understanding of Calculus concepts. Our study shows that students with good grades in 
traditional examinations need not be good in solving of novel problems. Conversely, students 
with lower grades can solve novel problem with correct understanding of the concepts. 

 

Introduction 

It is widely agreed by mathematics educators that one of the main purposes of learning mathematics 
is to solve problems. As aptly summed up in the landmark document, the Cockcroft Report of the 
United Kingdom, 

The ability to solve problems is at the heart of Mathematics. Mathematics is only useful to the 
extent to which it can be applied to a particular situation and it is the ability to apply 
mathematics to a variety of situations to which we give the name “problem solving”. 

 (Cockcroft, 1982) 

It is heartening that when the Singapore Mathematics curriculum was revised for the nineties, 
“problem solving” was placed as the central theme of the framework whose various components 
included developing concepts and skills as well as processes, attitudes and metacognition.  

The TIMSS has also shown that Singapore students perform very well in Mathematics in 
international tests (Keys, Harris & Fernandes, 1996). However, it is also the general observation of 
university lecturers that students who perform extremely well at the common ‘A’ Level 
examinations are unable to grapple with Mathematics at tertiary levels. According to a recent 
survey (Ahuja, Lim & Lee, 1998), teachers in Singapore found that students retain mostly 
techniques rather than concepts in Calculus. The teachers were also of the opinion that students 
approached Calculus problems through applying known procedures rather than through 
understanding concepts and reasoning out the solutions. Such findings are supported by studies in 
other countries. (Ferrini-Mundy & Gaudard, 1992; Gooya, 1988; Orton, 1983; Tall and Vinner, 
1981). Such an approach of learning is very efficient in attaining good results in a traditional 
examination such as the ‘A’ levels. However, it does not enhance interest nor stimulate creativity or 
critical thinking.  

Selden, Mason & Selden (1989) called a problem non-routine or cognitively nontrivial to a student 
if he/she has not been taught a method of solution. In their study, they found that average students 
(with C grades) are often unable to solve non-routine problems. A later paper (Selden, Selden & 
Mason (1994)) reports that even good students with grades A and B are unable to solve many of the 
non-routine problems. Problem solving research (Kaur, 1994) has also shown that students are 
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usually able to apply concepts to non-routine problems only after some length of time which is 
necessary for internalising and understanding these concepts. 

This paper reports on an action research study to examine tertiary students’ ability to solve non-
routine problems in Calculus. The study’s objectives were to: 

• investigate the strengths and weaknesses of our students in problem solving, 
• examine the error patterns in solving different types of non-routine problems, 
• identify the thought process underlying the error patterns. 

The study was carried out among those first year undergraduates at the National Institute of 
Education, Nanyang Technological University who are taking Mathematics as one of their 
Academic Subjects. They have all taken the Additional Mathematics subject at ‘O’ level and 
Mathematics C at ‘A’ level, both of which subjects include a fair proportion of Calculus. They 
completed their ‘A’ level examinations a year or two previously and many of these students scored 
good grades in the ‘A’ level Mathematics C examination.  

Methodology 

The study was divided into two phases, namely Phases I and II. In Phase I, a written test was used 
to identify students' abilities and errors in solving problems. Routine and non-routine questions 
were asked in this test. In Phase II, we interviewed selected students to clarify their written 
solutions and further understand their thought processes. Phase II was carried out after the 
responses to the written test were collated and studied. 

Phase I – The Written Test 

The Sample 

All first year mathematics students were invited to take the test with the understanding that the test 
was not compulsory and the result would not affect their academic standing. They were also asked 
not to prepare for the test. All these students had taken one module of Calculus (Calculus I) in the 
previous semester. Twenty-four out of a total of thirty-two students took the written test. Of these 
twenty four students, 3 students received A's, 4 students B's, 8 students C's, 6 students D's, 2 
students E's and 1 student F in their Calculus I course. 

The Test 

We adopted the test designed by the NIE Calculus Project team headed by O. P. Ahuja. The test 
consists of five items, which can be solved using concepts and skills taught in our Calculus I 
course. Three items of the test are non-routine and two items are routine. The routine questions 
were included to check whether students' inability to do the non-routine problems was due to an 
inadequate knowledge base. The two questions covered the computation of limits and the 
definitions of continuity and differentiability. The non-routine problems were new to the students. 
They require the students to analyse the unfamiliar tasks, to apply familiar techniques and concepts 
and to put together a new solution. This is certainly a cognitively nontrivial task but their solutions 
are no more complex than those of many standard exercises covered in the course. The details of 
each non-routine question will be discussed in the section on findings. 



STUDENTS’ ABILITIES IN SOLVING NON-ROUTINE PROBLEMS IN CALCULUS 955 

 

Administration of the Test 

The written test was administered in February. The test was closely supervised so as to disallow any 
discussion among the students. The students were given fifty minutes to complete the test. They 
were informed that they may find some of the problems unusual and difficult but they were asked to 
write down as many ideas on the problems as possible. Electronic calculators were allowed. All 
students were able to complete the test within fifty minutes. 

Phase II – The Interview 

The interviews were carried out in late February, within two weeks of the written test. The aim of 
the interview was to clarify some uncertainties and to gain information on the students' cognitive 
processes, especially those thought processes underlying students' error pattern. The interviews 
were based on the answers of the written test provided by the students. We were particularly 
interested in knowing how a particular student approached the problem, why the student made 
certain errors, and why the student was unable to solve the problem. In addition to asking questions 
pertaining to the written test, we also used this opportunity to find out the interviewees' attitude and 
approaches towards learning calculus. We asked them how calculus courses were taught in 
secondary school, junior college, and in the university. 

Findings 

Overall performance 

Each question was awarded a maximum of 10 marks for totally correct or nearly correct solutions. 
Partially correct solutions were awarded 5 marks while incorrect solutions were given 0 marks. The 
students’ written test scores are recorded below, with their grades for Additional Mathematics, 
Mathematics ‘C’ and Calculus I given for comparison.  

The test results shows that all students who scored full marks for the routine test items also 
performed well in Mathematics ‘C’ and Calculus I examinations. Students who scored very poorly 
for the routine test items also performed badly in the Calculus examination. This can be 
summarised in the Table 2. 

Conversely, students with grades A or B in Calculus I score an average of 16.43 for the routine test 
items, whereas students with grades lower than D scored an average of 5.56. This can be 
summarised in Table 3. 

It is clear from these observations that examination grades are indicative of the students’ ability in 
solving familiar problems. This finding is not surprising as traditional examination consists of 
mostly routine problems. We also see that examination grades are not indicative of the students' 
ability in solving non-routine problems (Table 4). 

We observe that there are students with good grades (1 student had A and 3 had B) in Calculus I 
who scored not more than 10 marks (out of 30). On the other hand, among the 10 students who 
scored at least 15 marks, 7 of them had attained lower grades in Calculus I. (4 students had C, 2 had 
D and 1 had F). Traditional written examinations are designed to ensure reliability and 
comparability. To achieve that, questions asked cannot be too radically unfamiliar. However, our 
findings show that the students’ performance in the examination does not predict their ability to 
apply the concepts learnt to unfamiliar problems. 
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Table 1 

Student Routine Score (Max. 20) Non-routine Score (Max. 30) Add. Maths Maths ‘C’ Calculus I 
1 10 20 B3 B B 
2 15 25 B3 B C 
3 10 20 B3 B C 
4 10 0 A2 A C 
5 15 10 A2 B C 
6 20 10 A1 A B 
7 5 10 A1 B D 
8 20 0 A2 A B 
9 10 20 A1 A A 

10 20 10 A1 A A 
11 5 10 B3 B D 
12 15 5 B3 A C 
13 0 5 B3 B E 
14 15 10 A1 A B 
15 20 25 A1 A A 
16 20 15 A1 A C 
17 0 10 B3 C D 
18 15 15 B3 A D 
19 10 10 C5 C E 
20 10 20 D7 B C 
21 5 0 A2 C D 
22 0 15 A2 C F 
23 10 5 A2 A C 
24 10 20 A2 A D 

Table 2 

Students with Routine Score Mathematics ‘C’ Calculus I 
20 AAAAA AABBC 

0 to 5 BBCCC DDEEF 

Table 3 

Students with Calculus I grades Average Routine Score 
A or B 16.43 

D, E or F 5.56 

Table 4 

Students with Non-routine Score Mathematics ‘C’ Calculus I 
25 AB AC 

15 to 20 AAAABBBC ABCCCDDF 
0 to 10 AAAAAAABBBBCCC ABBBCCCCDDDDEE 

Analysis of Solutions to Non-routine Problems 

The students’ performances in the non-routine test items are described below. 
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In this question, none of the students obtained a complete solution. Only four students were able to 
recognize that the answer was either A or B but could not provide a justification. Two-thirds of the 
students assumed linearity and multiplicativity of the function f, i.e., for instance, some wrote 
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lim ( ) .0]()[lim 3

0
=−=−=

+→
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x
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The interviews suggest that students are in general aware that linearity need not hold for an 
arbitrary function. Therefore we are somewhat relieved that this conceptual error is not as rampant 
as suggested by the high frequency of occurrences. The error occurred, not because of conceptual 
errors (assumption of linearity), rather, it was because the students were “left with no choice” and 
were desperate to write down something, whether it made any sense or not. However, the question 
of interest is “Why is linearity (as shown in (1) above) the favoured error?” It is reasonable to 
deduce that because students were taught to express the term to be computed in terms of other terms 
whose values are known, and assumption of linearity was the only way they knew to form such an 
expression, they chose the method given in (1). 

We also observed from the interview, that four of the students had some intuitive understanding of 
the problem. For instance, a student approached the problem by means of “substitution”. However, 
she is unable to see that xx −3  is tending to zero from the left when x tends to zero from the right. 
Her error was executive in nature, not a conceptual error. 

N2 The following figure shows the graph of f, f’ and f” not necessary in that order. Identify each 
curve and give brief reasons to your answer. 

.  

Eleven students were able to answer this question correctly. Some of these students justified their 
answers by observing the location of the turning points while others argued by observing the slopes 
of the graphs. Six students gave partially correct answers. These students were able to recognize 
one set of relationship but failed to fit the other set. For instance, he or she observed that graph B is 
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the graph of derivative of function represented by graph The student was able to recognize one set 
of relationship but failed to fit the other set. For instance, he or she observed that graph B is the 
graph of derivative of function represented by graph C, but failed to argue the same idea for C and 
A.  

It is interesting to note that one student (Student No. 2) gave a very good explanation of why A is 
the graph of f. She argued that if A were to be a derivative graph, then the graph of its antiderivative 
should be above the x-axis, since the integral of a positive function is positive. (She used proof by 
contradiction here.) It is even more interesting to note that this student is not a grade A student. 
(She has B3 for Additional Mathematics, B for Mathematics C, and C for Calculus I). 

The arguments involved in this question were not too complicated, as the students should have 
employed these techniques in some standard problems in Calculus I. However, students needed to 
exercise critical thinking in eliminating impossibilities. Failing to do so would result in solutions 
that are partially correct. 

From the interview, we see that the interviewed students in general understood graphically the 
relationship between a function and its derivatives. However, it seems that the students reached 
their conclusion by eliminating other cases, i.e., they assume f to be represented by a certain graph 
and then checked if the remaining graphs fit the descriptions of f’ and f”. In other words, they 
approached the problem via trail and error. Only one student (Student 2) provided a good 
theoretical explanation that A cannot be the graph of f ‘ nor f”. The former approach, which is 
explorative in nature, should be encouraged. However, the economical solution provided by Student 
2 shows her deep understanding into the topic. By contrast, students who used the first approach 
exhibited shallower understanding.  

N3  Let ( )∫=
x

dttfg
0

where [ ]7,0∈x  and f is the function whose graph is shown below.  

 
a. Find the values of g(0), g(2), g(5), and g(7). 
b. On what interval is g increasing? 
c. Where does g have a maximum value? 
d. Sketch a graph of g on the same diagram above. 

This question is non-routine in the sense that students need to understand the meaning of 

( )∫
x

dttf
0

i.e., they were expected to view g(x) as the area under the graph of f from zero to x. If a 

student understood integration only as a reverse-differentiation procedure, then he or she could only 

calculate ( )∫
x

dttf
0

 if f(t) is defined algebraically. In this question, the function f is piecewise 



STUDENTS’ ABILITIES IN SOLVING NON-ROUTINE PROBLEMS IN CALCULUS 959 

 

defined and the definition is not given. Ten students gave completely correct solutions. They were 
able to see that g(x) is the area under the graph of f from zero to x. They also took into account of 
negative part of f.  

Six students gave partially correct solutions. They were able to determine the values of g(0), g(2), 
g(5), and g(7), but unable to relate the figure to parts (b) and (c). The rest of the students were not 
give any sensible solution. For instance, some treated g as f and answered g(0) = f(0) = 1.  

From the interviews, we gathered that students who gave completely correct solutions had a strong 
understanding of the subject. They were not shaken even when questions challenging their 
reasoning were put during the interview. However, students who did not answer correctly had a 
poor understanding of integration. For instance, one student understood integration attempted to 
find out the algebraic expression of f and then she performed integration symbolically to get g(x). In 
her written answer and verbal response, the fact that the integral is the area under the graph was 
never used. We infer that those who answered completely correct had relational understanding of 
integration, whereas those who were unable to do so had only procedural understanding of 
integration, or they had poor foundation in other parts of mathematics. 

Comparison of Problems 

Between the three non-routine problems, the first was the most difficult in terms of student 
preformance. It seems that students’ conceptual understanding of gradients, derivatives and 
integrals are better than that of limits. This is to be expected as the topics of gradients, derivatives 
and integrals are introduced much earlier, in additional mathematics at ‘O’ level. They encountered 
the concepts again in Mathematics C at ‘A’ level, and yet again in their Calculus I course. However, 
the concept of limits was only introduced at University level during the Calculus course. The 
students’ solution of the routine problem where they were asked to compute limits showed that they 
could handle the procedures of computing limits quite easily. This shows that newly learnt concepts 
need repeated re-visiting for true internalisation and for application to non-routine problems. 

Comments on Learning Approaches 

From the interviews we gathered that the students perceived the teaching and learning of calculus 
before entering university as procedural and algorithmic. At the tertiary level, they understood that 
calculus must be learned with understanding. We found that students in general prefer to learn only 
the techniques. This ties in with the findings of a recent survey (Lim-Teo, 1998). Some students 
saw the benefits of learning not only the techniques of computation but also the theory and 
reasoning behind those techniques. However, many of them felt constrained by time and volume 
factors and chose to learn only the procedural skills, because it takes more time and effort to 
understand the reasons for the procedures and the links and relationships between various concepts 
and procedures. Some of them were even encouraged by their teachers to rote learn, because the 
theory was “not necessary to learn”. 

Conclusion 

Calculus is an important course for students in science, engineering, mathematics and social 
sciences. It has many practical applications in various disciplines of studies. In many client 
disciplines, problems arise are non-routine in nature. Therefore students need to acquire certain 
skills to tackle new problems.  
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However, it is clear that most students are not going to acquire problem solving skills on their own. 
Teaching effective problem solving is thus an enormous task which awaits University faculty. 
Many adjustments need to be made on the teachers' part as well as the students' part. Schoenfeld 
(1993) noted that changes in perceptions and attitude have a role to play. Both teachers and students 
should “realise that significant problems usually take more than a few minutes to solve, and that 
they should learn to accept the frustration that accompanies such work.”  

Many more changes should also take place in the system and the institution to facilitate a culture of 
true learning. The following are some suggestions for developing and encouraging problem solving 
skills.  

• Some components of assessment should require students to apply knowledge gained in the 
course to the solution of novel problems. There should be questions that assess deep 
understanding of the subject. Such assessment may need to be free from the usual two to three 
hour time limits for examinations. 

• Encourage students to explore and experiment with mathematics, to construct their own 
meanings of different concepts in Calculus. (Koraila, 1998) 

• Promote critical thinking and problem solving in classroom situations in spite of the pressure of 
time to complete of syllabus. This includes avoiding the presentation of clean results and the 
most elegant proofs at times but teaching students heuristics and mathematical processes (not 
procedures) and allowing them to use these processes to struggle with problems. 

These suggestions are certainly not new but should be taken more seriously by faculty if tertiary 
education is to fulfil the role that Schoenfeld advocates, i.e. that “the primary role of mathematics 
faculty is to teach student to think: to question and to probe, to get to the mathematical heart of the 
matter, to be able to employ ideas rather than simply to regurgitate them.” (Schoenfeld, 1993). 
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