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Quantum Dot as a Resource for Teleportation and State Swapping

K.W. Choo1 and L.C. Kwek1, 2

1Nanyang Technological University, National Institute of Education, 1, Nanyang Walk, Singapore 637616
2Department of Physics, National University of Singapore, 2 Science Drive 3, Singapore 117542

(Dated: March 29, 2007)

We studied the use of the quantum dots as resource for teleportation and investigated how entan-
glement of the resource would affect the average fidelity of such process. We then identified suitable
magnetic field, interdot distance and temperature to be used to achieve an average fidelity beyond
the limit of classical communication channel. We also explored the effects of decoherence on the
teleportation process. We then investigated the state transfer or swapping between two quantum
dots. We found that perfect quantum swap is possible in this system. Smaller magnetic field and
interdot distance shortened the perfect state transfer time. Finally we report on the performance
of the system under different decoherence models.

PACS numbers:

I. INTRODUCTION

With dimensions ranging from a mere 1 nm to as much
as 100 nm and consisting of anywhere between 103 to
106 atoms and electrons, semiconductor quantum dots
are often regarded as artificial atoms. Charge carriers
in a semiconductor quantum dot are confined in all three
dimensions and the confinement can be achieved through
electrical gating and/or etching techniques applied e.g.
to a two-dimensional electron gas (2DEG).

For typical GaAs heterostructures the number of elec-
trons in the quantum dots can be adjusted one by one
starting from zero with typical magnetic fields, B ≈ 1 T,
corresponding to magnetic lengths on the order of ` ≈ 10
nm. This length is comparable to the size of the quan-
tum dots. In this way, the dot spectrum depends strongly
on the applied magnetic field. In coupled quantum dots
which can be considered as artificial molecules, Coulomb
blockade effects and magnetization have been observed as
well as the formation of a delocalized “molecular state”.

Entanglement between two quantum dots or qubits is
achieved by coupling two spins, S1 and S2, temporar-
ily through an exchange coupling J(b, d) between them,
described physically by a Heisenberg Hamiltonian,

Hs(b, d) = J(b, d)S1 · S2. (1)

Due to the Coulomb interaction and the Pauli exclusion
principle the ground state of two coupled electrons is a
spin singlet, i.e. a highly entangled spin state? ? . How-
ever recent experimental work on double quantum dots
showed that if two electrons are in the sane quantum dot,
they form a singlet. In the case of electrons in separated
dots, the two electrons could occupy any spin state? .
An appropriate pulsing of the exchanged coupling can
correspond to a swap operator thereby creating an XOR
gate? ? .

Assuming Heitler-London approach? ? , the exchange

FIG. 1: Layout fo two coupled dots confined to the xy plan
with spins S1 and S2.

coupling can be written in the following form:

J(b, d) =
h̄ω0

sinh (2d2(2b− 1/b))
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where d = a/aB is the dimensionless distance, a is half
the distance between the centers of the dots, and aB =√
h̄/mω0 is the effective Bohr radius of a single isolated

harmonic well. I0 is the zeroth order Bessel function and
b = ω/ω0 =

√
1 + ω2

L/ω
2
0 , where ωL = eB/2mc denotes

the Larmor frequency. The first and second terms in
Eq. (??) are due to the Coulomb interaction C, where the
exchange term enters with a minus sign. The parameter
c =

√
π/2(e2/κaB)/h̄ω0 (≈ 2.4, for h̄ω0 = 3 meV) is the

ratio between Coulomb and confining energy. The last
term comes from the confinement potential W . Fig. (??)
depicts the layout of the two coupled quantum dots each
confined to the xy plane, where the spins are denoted by
S1 and S2 respectively.

II. ENTANGLEMENT OF FORMATION

In this section, we review entanglement measures. En-
tanglement is a mathematical quantity that measures the
correlation between observable physical properties of a
quantum system. Any function E that maps the state
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space on positive real numbers satisfying the following
requirements, can be used as entanglement measure:

1. E(ρ) vanishes if the state ρ is separable.

2. E is invariant under local unitary transformations,
i.e. local basis changes.

3. E does not increase on average under LOCC, i.e.

E(ρ) ≥
∑

i

piE(ρi) (3)

where in a LOCC the state ρi is obtained with prob-
ability pi.

4. For pure state |ψ〉 the measure reduces to the en-
tropy of entanglement,

E(|ψ〉〈ψ|) = (S ◦ trB)(|ψ〉〈ψ|). (4)

The entanglement of formation is defined by Wootters
et al? . Given a density matrix ρ of a pair of quantum
systems A and B, consider all possible pure-state decom-
positions of ρ, that is all ensembles of states |ψi〉 with
probabilities pi such that

ρ =
∑

i

pi|ψi〉〈ψi|. (5)

For each pure state, the entanglement E is defined as the
entropy of either of the two subsystems A and B? :

E(ψ) = −Tr (ρA log2 ρA) = −Tr (ρB log2 ρB), (6)

where ρA is the partial trace of |ψ〉〈ψ| over subsystem B,
and ρB is defined similarly. The entanglement of forma-
tion of the mixed state ρ is then defined as the average
entanglement of the pure states of the decomposition,
minimized over all decompositions of ρ:

E(ρ) = min
∑

i

piE(ψi). (7)

The basic Eq. (??) is justified by the physical intercon-
vertibility of a collection of pairs in an arbitrary pure
state |ψ〉 and a collection of pairs in the standard sin-
glet state, the asymptotic conversion ratio being given by
E(ψ)? . For a pair of qubits, the minimum value specified
in Eq. (??) can be expressed as an explicit function of ρ.
For ease of expression we will refer to the entanglement
of formation simply as “the entanglement.”

The formula for this entanglement makes use of what
can be called the “spin flip” transformation, which is a
function applicable both to state vectors and to density
matrices of an arbitrary number of qubits. For a pure
state of a single qubit, the spin flip, which is normally
denoted by a tilde, is defined by:

FIG. 2: Quantum circuit for teleporting a qubit. The two top
lines represent Alice’s system, while the bottom line is Bob’s
system. The double lines following the measurement M1 and
M2 refer to classical channels for transporting classical bits.

|ψ̃〉 = σy|ψ∗〉, (8)

where |ψ∗〉 is the complex conjugate of |ψ〉 when it is
expressed in a fixed basis such as {| ↑〉, | ↓〉}, and σy
expressed in that same basis is the matrix

(
0 −i
i 0

)
(9)

For a spin-1
2 particle, it is the standard time reversal

operation that reverses the direction of the spin? . To
perform a spin flip on n qubits, one can apply the above
transformation to each individual qubit. If the system is
described by a density matrix rather than a state vector,
each σy is applied on both the right and the left sides
of the matrix. For example, for a general state ρ of two
qubits the spin-flipped state is given by:

ρ̃ = (σy ⊗ σy)ρ∗(σy ⊗ σy), (10)

where the complex conjugate is taken in the standard ba-
sis, which for a pair of spin- 1

2 particles is {| ↑↑〉, | ↑↓〉, | ↓↑
〉, | ↓↓〉}. In this case the spin flip is equivalent to “com-
plex conjugation in the magic basis”? . Entanglement of
formation of a mixed state ρ of two qubits is then given
by:

E(ρ) = E(C(ρ)), (11)

where the function C(ρ), or concurrence, is given by:

C(ρ) = max {0, λ1 − λ2 − λ3 − λ4}, (12)

where λi, i = 1, · · · , 4 , are the square roots of the eigen-
values of the product ρρ̃ arranged in decreasing order (i.e.
λ1 > λ2 > λ3 > λ4).

III. QUANTUM DOTS AS A RESOURCE

Next, we look into the use of quantum dot described
earlier as the resource for teleportation as shown in the
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quantum network depicted by Fig. (??). We create quan-
tum thermal states given in Eq. (??) as a resource ρ to
be used for teleportation of an unknown state |ψ〉. The
state ρ is given by:

ρ =
e−βH

Z
(13)

where H is the Hamiltonian, governed by Eg. (??), Z =
tr(e−βH) is the partition function, and β = 1

kT where k
is Boltzmann’s constant and T the temperature.

Let |ψ̃〉 be the output state of the teleportation process.
we investigate the entanglement of formation E(ρ) of the
resource used, and how this entanglement would affect
the average fidelity of the output states. We compute
the average fidelity F̄ using the following equation:

F̄ =
3∑

k=0

pk〈ψk|ψ̃k|ψk〉 (14)

We then investigated the entanglement of formation
of the resource E(ρ) and the average fidelity of the out-
put states (F̄ ) under different magnetic field B, interdot
distance d and temperature T , based on typical range
of values proposed by Burkard et al? in their numerical
analyses. We divided our investigations into two parts,
in the first part, we investigate these effects under fixed
interdot distance d, and in the second part, under the
constant magnetic field B.

A. Fixed Interdot Distance d = 0.2

It has been shown? that the distance between the
quantum dots affect the coupling between the dots, and
increasing (decreasing) the interdot distance is physically
equivalent to raising (lowering) the interdot barrier. It
was observed? that the overlap of the wave function de-
cays exponentially for large interdot distances dÀ 1 for
B = 0 (b = 1). For small interdot distance, we choose
d = 0.2 to investigate the entanglement of formation and
the average fidelity of the system. We show in Fig. (??)
the entanglement of formation of ρ, the mixed thermal
state, generated for 1 < b < 2 and 0 < T < 5. Fig. (??)
shows the average fidelity of the output states after the
teleportation process. There is a very close correlation
between the entanglement values of the resources and
the average fidelities of the output states, i.e. the entan-
glement of the resource affect proportionally the fidelity
of the teleportation process. We also observe that the
average fidelity is close to 1 for 1 < b < 2 and T < 0.2,
and it decreases exponentially when T increases.

B. Fixed Magnetic Field b = 1.2

We next fixed the external magnetic field B such that
b = 1.2 and investigated how the entanglement of the

FIG. 3: Plot of Entanglement of Formation for d = 0.2

FIG. 4: Plot of Average Fidelity for d = 0.2

resources affect the average fidelity of the output states.
Since b = ω/ω0 =

√
1 + ω2

L/ω
2
0 , where ωL = eB/2mc

denotes the Larmor frequency, then minimum b value
is unity when B = 0. For this simulation, the inter-
dot distance varies between 0 < d < 1 and temperature
changes between 0 < T < 5. The plots of entangle-
ment and fidelity are shown in Fig. (??) and Fig. (??)
respectively. In this case, the average fidelities maintain
at unity for different temperature T when the interdot
distance d is < 0.1. However, when d increases, the fi-
delity decreases exponentially, as does the entanglement.
Again from these figures, we observed that the average
fidelity of the output states is tightly correlated with the
entanglement of formation of the resource states.

We then compare the performance of the system with
classical ones knowing that the upper limit of the fidelity
for a classical communication channel is 2

3 . It is expected
that fidelity for a quantum channel should be better than
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FIG. 5: Plot of Entanglement of Formation for b = 1.2.

FIG. 6: Plot of Average Fidelity for b = 1.2.

the classical case. We are interested to find out what en-
tanglement values should the resource possess in order to
achieve an average fidelity above the classical limit (of 2

3 )
under different settings of B, d and T values. Fig. (??)
shows the entanglement values of resources that can per-
form better than the fidelity of classical channel when
magnetic field b = 1.2. Fig. (??) shows the entanglement
values for resources that can perform better than the fi-
delity of classical channel at interdot distance d = 0.2.

The contour plots of the curve where F̄ = 1 and F̄ = 2
3

are presented in Fig. (??) and Fig. (??). It is interesting
to note that there is a small region (region A in Fig. (??)
where the fidelity is guranteed to be unity. Fig. (??) also
shows a region B in which the fidelity lies strictly be-
tween 2/3 and unity. Together both regions provide the
values of d and T for a better than classical teleportation
channel. Similarly Fig. (??) shows the contour plot for

FIG. 7: Plot of Entanglement of Formation for F > 2
3

with b = 1.2.

FIG. 8: Plot of Entanglement of Formation for F > 2
3

with d = 0.2.

F̄ = 1 and F̄ = 2
3 under variation of magnetic field b and

T values. For the particular choice of interdot distance
d = 0.2, the region corresponding to perfect fidelity is
extremely small, and achievable only at very low tem-
perature. The equivalent region for better than classical
teleportation is labelled region C in Fig. (??).

C. Decoherence in Teleportation

For physical implementation of this system, one would
require a good understanding of the effects of decoherence
on the model. Decohenrece can be caused by interaction
between the quantum state and its environment, causing
dephasing or mixing with noise. In this study, we model
typical decoherence under two different cases, namely the
depolarizing channel and the dephasing channel. In the
case of depolarizing channel, the decoherence is achieved
by adding a noise admixture η into the quantum dot
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FIG. 9: Contour plot of average fidelity (corresponding
to F > 2

3
) as a function of temperature T and interdot

distance d with magnetic field b = 1.2.

FIG. 10: Contour plot of average fidelity (corresponding
to F > 2

3
) as a function of temperature T and magnetic

field b with interdot distance d = 0.2.

system. Such a model effectively describes a decoherence
system with bit flip and phase flip errors. The density
matrix of the system under this type of decoherence is
given by:

ρ(t) = (1− η)ρ(0) +
η

4
I4. (15)

Using Eq. (??), we investigate the effect of η on the
teleportation process under different b, d and T val-
ues. Fig. (??) and Fig. (??) depict the situations under
cases of fixed magnetic field (b = 1.2) and fixed inter-
dot distance (d = 0.2) respectively. For contrast with
the noiseless situation, these figures should be compared
to Fig. (??) and Fig. (??) respectively. The region cor-
responding to an average fidelity of unity has in gen-
eral vanished, i.e. the average fidelity under depolarizing
channel is always less than unity. Moreover the region
corresponding to F > 2/3 has also shrunk. However
for moderate noise level,η < 0.1, the shrinkage may not
be significant and could still be tolerable. Thus it may

FIG. 11: Contour plot of critical average fidelity under
depolarizing channel. This figure should be compared
with Fig. (??) where the region under the critical average
fidelity (F̄ < 2

3
) is smaller as η value increases.

FIG. 12: Contour plot of critical average fidelity under
depolarizing channel. This figure should be compared
with Fig. (??). Similarly the region under the critical
average fidelity (F̄ < 2

3
) is reduced under different η val-

ues.

still be possible to perform teleportation in a depolar-
izing channel for a fairly wide range of temperature T,
magnetic field b and interdot distance d under moderate
noise level.

Another way to study the decoherence for the system is
to consider a dephasing channel. In this paper, we refer
to the general master equations of a qubit state. The
most commonly used general master equation for a two-
level system was given by Gorini et al.? and Lindblad? .
Using the notation of Gorini et al. the master equation
for the qubit density matrix can be written as:

∂

∂t
ρ(t) = −i[H, ρ(t)] +

1
2

∑

i,j=1

Γij [σi, ρ(t)σj ] + [σiρ(t), σj ]

(16)
where H is a time-independent Hermitian operator rep-
resents the unitary component of the evolution. The sec-
ond term is responsible for non-unitary processes such as
decoherence, polarization and equilibration. The coeffi-
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FIG. 13: Contour plot of critical average fidelity under
the influence of dephasing channel. This figure should
be compared with Fig. (??) where the region under the
critical average fidelity (F̄ < 2

3
) is reduced when different

channel dephasing γ values are introduced.

cients Γij determine the decay or growth of polarization.
Using this master equation, we consider a dephasing

model by Eberly et al.? , namely a two-qubit local de-
phasing channel εAB in which the pair of qubits interact
via the local magnetic fields. The phase-noisy channel,
denoted by εAB , is characterized by the following matrix:

ρ(t) = εAB(ρ(0))

=




ρ11 γBρ12 γAρ13 γAγBρ14

γBρ21 ρ22 γAγBρ23 γAρ24

γAρ31 γAγBρ32 ρ33 γBρ34

γAγBρ41 γAρ42 γBρ43 ρ44


 (17)

where γA and γB are defined in Eq. (??) and the notation
ρij stands for the initial state ρij(0).

γA(t) = e−t/2T
A
2 , γB(t) = e−t/2T

B
2 , (18)

TA2 and TB2 are the phase relaxation times for qubit A
and qubit B due to the interaction with their own en-
vironments. Dephasing channel could also be a useful
model for studying decay in a quantum system. To sim-
plify our studies, we assumed that the phase relaxation
times for qubit A and qubit B are equal by choosing
γ = γA = γB . Fig. (??) and Fig. (??) show the effects
of dephasing channel on average fidelity of the system.
In general, the effect on the quantum teleportation sys-
tem is found to be similar to the depolarizing channel
case. The average fidelity is always less than unity and
the region where F̄ > 2

3 shrunk as γ is increased. By
comparing Fig. (??) and Fig. (??), we note that there is
a greater change in the critical temperature correspond-
ing to an average fidelity F̄ of 2

3 for a fixed magnetic field
than an interdot distance.

FIG. 14: Contour plot of critical average fidelity under
the influence of dephasing channel. This figure should
be compared with Fig. (??). Similarly the region under
the critical average fidelity (F̄ < 2

3
) has shrunk under

different channel dephasing γ values.

IV. STATE TRANSFER OR SWAPPING

We also considered the use of coupled quantum dots
for quantum state transfer or swapping. This ability to
transfer a quantum state from one site to another is im-
portant in quantum information processing.

There are examples of quantum computing applica-
tions that use trapped atoms or photons in cavity QED?

and phonons in ion traps? as information carriers to
transfer states from one site to another. Recently, it has
been shown in? ? that perfect state transfer is possible
across a network of qubits, allowing only control over the
initial design of the network, with no dynamical control
required.

In our work, we showed that a perfect state transfer is
also possible using Heisenberg Hamiltonian Eq. (??) and
the Heitler-London approach Eq. (??). We set one of the
quantum dots S1 as arbitraty state of |ψ〉 = α|0〉 + β|1〉
and the other S2 as |0〉. The quantum system is allowed
to evolve with time t following the mechanics of e−iHt.
At time t, the quantum dot system is governed by the
following equation:

|ψ(t)〉 = e−iHt(|ψ〉|0〉). (19)

We want to find a time t at which the transfer fidelity is
unity, signifying perfect state swapping, or a perfect state
transfer. The transfer fidelity is computed from inner
product of the reduced density matrix |ρredt 〉 at time t
and the initial state |ψ〉. The reduced density matrix is
computed from the density matrix of |ψ(t)〉, by tracing
out the first qubit from it. Fig. (??) shows the plot of
transfer fidelity F with time t. In this case, we have
set the interdot distance to be 0.2 and magnetic field to
b = 1.2 (these are the same settings used in the previous
simulation). It is observed that the perfect state transfer
is possible in the time interval of 0 < t < 1 at t0 and t1
as shown.



7

FIG. 15: Plot of Transfer Fidelity Versus Time (b = 1.2
with d = 0.2).

F = 〈ψ|ρredt |ψ〉 (20)

A. Fixed Interdot Distance with d = 0.2

In Fig. (??), we varied b under a fixed interdot distance
of 0.2 and noticed that the fidelity oscilates between 0
and 1 as time evolves. In particular there may exist an
optimum shortest time for perfect state transfer, in which
the transferred (final) state at the second site is exactly
the same as the initial state at the first site for sufficiently
small b. Fig. (??) shows the contour plot of the transfer
fidelity. We observed that as one reduces b, there is a
decrease in the optimum shortest time for perfect state
transfer. Moreover, the number of the occurrence for
perfect state transfer increases. However, for large b, this
optimum time increase exponentially. Fig. (??) shows
the plot of optimum shortest time versus the choice of
magnetic field.

FIG. 16: Plot of Transfer Fidelity Versus Time and Mag-
netic Field (d = 0.2).

FIG. 17: Contour Plot of Transfer Fidelity Versus Time
and Magnetic Field (d = 0.2).

FIG. 18: Plot of time taken for first (optimum shortest)
perfect transfer where fidelity F = 1. We observed that
the optimum shortest time is longer as b increases, indi-
cating that the swapping between the quantum dots S1

and S2 is slower under stronger external magnetic field.

B. Fixed Magnetic Field with b = 1.2

We then investigated the influence of interdot distance
d over the perfect state transfer time under constant ex-
ternal magnetic field. A similar profile was found and
the result is plotted in Fig. (??). The contour plot of
the fidelity is shown in Fig. (??) and we observed here
that the number of occurrence for perfect state transfer is
higher for for smaller interdor distance. Fig. (??) shows
the changes in the optimum shortest time with respect
to interdot distance d, where smaller d values contribute
to shorter optimum transfer times. It is interesting to
note that for larger interdot distance d > 1 where d is
defined as a/aB , the perfect state transfer optimum time
increases quickly when a is greater that aB (the effective
Bohr radius).
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FIG. 19: Plot of Transfer Fidelity Versus Time and In-
terdot Distance (b = 1.2).

FIG. 20: Contour Plot of Transfer Fidelity Versus Time
and Interdot Distance (b = 1.2).

FIG. 21: Plot of time for first perfect transfer where fi-
delity F = 1. We observed that the optimum shortest
transfer time is longer as d increases, indicating that the
swapping between the quantum dots S1 and S2 is slower
with larger interdot distance.

C. Decoherence in Quantum State Transfer

For real physical system, we see that the coupling of
the quantum states to the environment leads to deco-
herence. We subject the system to the two decoherence
models as described in the previous section, namely the
depolarizing channel and dephasing channel. In the case
of depolarizing channel, quantum dot system is subjected
to interaction with the environment while it is evolving
under the given Hamiltonian. By setting the initial state
S1 such that α = cos(θ/2) and β = sin(θ/2), we inves-
tigate the decoherence effect when noise admixture η is
non-zero for different θ values. For the depolarizing chan-
nel, the transfer fidelity of the new states, which are now
mixed states, are calculated using Eq. (??). Fig. (??)
shows the maximum transfer fidelity value is smaller than
unity when η is non-zero, implying that the perfect state
transfer is no longer possible as long as noise is added
to the system. We note that transfer fidelity does not
appear to depend the initial state (i.e. the angle θ) but
solely on the decoherence parameter η in the depolariz-
ing channel. This may not be surprising in view of the
isotropic nature of the model.

|ψ(t)〉 = e−iHt(|ψ〉|0〉) (21)

%t = (1− η)|ψ(t)〉〈ψ(t)|+ η

4
I4 (22)

%redt = tr1(%t). (23)

F = tr(|ψ〉〈ψ|%redt ) (24)

For the second type of decoherence model, we apply
dephasing channel to the quantum dot system shown
in Eq. (??) where We note that the model acts on off-
diagonal elements of the density matrix, which is not
the case for decoherence under depolarizing channel. We
again set γA = γB = γ for the same reason. The transfer
fidelities are then calculated using Eq. (??) after trac-
ing out the first qubit. Fig. (??) shows how the aver-
age transfer fidelity changes as γ increases. Note that
in this figure, the average transfer fidelity is unity only
for γ = 1. The vertical bar at each γ value indicates
the standard deviation of all transfer fidelities computed
from randomly generated initial states S1, using differnt
θ values, and the final state. Although a linear relation
between the γ value and the average fidelity is observed
in the same figure, the standard deviation is larger for
smaller γ values.

%t = εAB(|ψ(t)〉〈ψ(t)|)

=




ρ11 γBρ12 γAρ13 γAγBρ14

γBρ21 ρ22 γAγBρ23 γAρ24

γAρ31 γAγBρ32 ρ33 γBρ34

γAγBρ41 γAρ42 γBρ43 ρ44


 (25)
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FIG. 22: Plot of transfer fidelity versus η under the in-
fluence of depolarizing channel. Note that the transfer
fidelity decreases linearly as η increases.

FIG. 23: Plot of transfer fidelity versus γ under the influ-
ence of dephasing channel. Note that the transfer fidelity
is unity only at γ = 1.

V. CONCLUSION AND FINAL REMARKS

In this work, we have considered entanglement of for-
mation for thermal states of two quantum dots subject
to Heitler-London interaction. We explored how interdot
distance and magnetic field affect the average fidelity for
teleportation under different temperature and for state
transfer. In the first part, we identify b, d and T values
that provide good entanglement and produce better than
classical fidelities for teleportation. We showed that the
choice of such values reduces as the extent of decoherence
increases, and in all cases, the average fidelity is always
below unity. However, the process can still be achieved
under moderate level of decoherence. In the second part,
we showed that the system of quantum dots can achieve
perfect state transfer or swap depending on the amount
of the external magnetic field and the length of the in-
terdot distance even under moderate noise or decay. In
short, we see that quantum teleportation and quantum
state transfer remains possible for a large range of mag-
netic field and interdot distance under decoherence.
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