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A cluster state cannot be a unique ground state of a two-body interacting Hamiltonian. Here, we
propose the creation of a cluster state of logical qubits encoded in spin-1/2 particles by adiabatically
weakening two-body interactions. The proposal is valid for any spatial dimensional cluster states.
Errors induced by thermal fluctuations and adiabatic evolution within finite time can be eliminated
ensuring fault-tolerant quantum computing schemes.

PACS numbers: 03.67.Lx, 03.67.Ac, 05.50.+q, 75.10.Jm

Introduction.—Measurement-based quantum compu-
tation (MBQC) [1] provides a promising alternative
paradigm of quantum information processing, in which
computation is done through single-particle measure-
ments on some highly entangled resource states [2]. As
long as these highly entangled resource states are avail-
able, no entangling operation is ever needed. Ideally, it
is desirable to prepare these highly entangled resources
through appropriate engineering of thermal ground states
in natural physical systems. One resource for the MBQC
is the cluster state [3] which is the ground state of spin-
1/2 particles with k-body interactions where k ≥ 3 [4].
Unfortunately, cluster states are not the exact unique
ground state of any Hamiltonian with only two-body in-
teractions [5].

Cluster states can be obtained from ground states of
two-body Hamiltonians with spin> 1/2 e.g., the one-
dimensional AKLT model of spin-1 particles [6] or with
higher-dimension e.g., the two-dimensional AKLT model
of spin-3/2 particles [7] under appropriate projective
measurements. It should be noted that as soon as the
system cools to the ground state, any interaction be-
tween the particles should be switched off immediately
to avoid destruction of quantum correlations needed for
the quantum processing [6–8], except for the case where
the system evolves under periodically driven always-on
interactions [9]. Such interaction may, sometimes, need
to be turned off adiabatically to isolate the quantum in-
formation encoded in the edge states [10].

In this letter, we look at MBQC on two-body interact-
ing spin-1/2 particles. Compared to systems with higher
spins, it is easier to experimentally implement a many-
body model of spin-1/2 particles in quantum simulators
[11]. The five-body interaction for the cluster state can
be obtained effectively from two-body interactions via
perturbations [12]. This perturbation must however be
weak to get an approximate cluster state. However, a
weak perturbation implies a small energy gap between
the ground state and the first excited state. This means
that the system should be cooled to a sufficiently low

temperature according to the small perturbative energy
gap.

The principal motivation behind our proposal stems
from adiabatic quantum computing (AQC) [13]. How-
ever, there is a key difference between AQC and our
proposal. In AQC, a system is initially prepared in the
ground state of a simple Hamiltonian. By adiabatically
interpolating this Hamiltonian to a target Hamiltonian,
a desired state is obtained as the final state in accordance
with the adiabatic theorem. In addition, the ground
states of instantaneous Hamiltonians usually need to be
protected by a finite energy gap throughout the entire
evolution [14]. To create a cluster state with the stan-
dard AQC scheme, we need a target Hamiltonian whose
unique ground state is the cluster state. While a clus-
ter state is never a unique ground state of any two-body
interaction Hamiltonian, it can be one of the degenerate
ground states. By slowly weakening the interactions of
a two-body Hamiltonian, we show that the system could
eventually achieve a cluster state as one of the degener-
ate ground states. It should also be emphasized that even
though our proposal can yield a cluster state of logical
qubits as the target state, the energy gap disappears at
the end of the adiabatic evolution. Fortunately, thanks to
the inherent symmetry of stabilizers, the desired ground
state is protected from the noise due to the finite speed
of evolution even when the energy gap vanishes. There-
fore, our proposal is different from the standard AQC
schemes.

In our models, we envisage each qubit of the cluster
state as a logical qubit of several spin-1/2 particles. The
quantum correlations, i.e., stabilizers, of the cluster state
are established in the initial state, which is the ground
state protected by a large energy gap and therefore tol-
erates a relatively higher temperature. The initial state
cannot be used for the MBQC, since it is outside the
logical subspace where logical qubits are encoded. These
cluster-state correlations are preserved during the adia-
batic evolution. In this way, the final state is a cluster
state of logical qubit, which can be converted into a clus-
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ter state of spin-1/2 particles via single-qubit measure-
ments.

The general protocol.—We encode each qubit of the
cluster state in n spin-1/2 particles as

|0〉j = ⊗nm=1| ↑〉j,m, |1〉j = ⊗nm=1| ↓〉j,m. (1)

Here, the jth logical qubit is encoded in spin-1/2 particles
{(j,m) : m = 1, 2, . . . , n}, and | ↑〉j,m (| ↓〉j,m) is the
eigenstate of the Pauli operator σzj,m with the eigenvalue
+1 (−1). These logical states are stabilized by operators
{σzj,1σzj,m}, i.e., logical states are common eigenstates of
these operators with eigenvalue +1. Pauli operators of
the jth logical qubit are

Xj =

n∏
m=1

σxj,m and Zj = σzj,1. (2)

This encoding has been used for constructing a pertur-
bative model of the cluster state [12].

The cluster state is the common eigenstate with
eigenvalue +1 of cluster-state stabilizers [1] Sj =
Xj

∏
i∈nb(j) Zi =

∏n
m=1 σ

x
j,m

∏
i∈nb(j) σ

z
i,1, where nb(j)

is the set of nearest neighboring logical qubits of
the jth logical qubit. Hence, on the spin-1/2-
particle level, the cluster state is stabilized by {Sj} ∪
{σzj,1σzj,m}. By noticing that a product of stabiliz-
ers is also a stabilizer, cluster-state stabilizers can

be rewritten as S
{mj,i}
j = Sj

∏
i∈nb(j) σ

z
i,1σ

z
i,mj,i

=∏n
m=1 σ

x
j,m

∏
i∈nb(j) σ

z
i,mj,i

, where {mj,i} is a string of

numbers satisfying 1 ≤ mj,i ≤ n. If a state is stabi-

lized by {S{mj,i}
j } ∪ {σzj,1σzj,m} for any choice of {mj,i},

the state is the cluster state. This cluster state of logical
qubits can be converted into a cluster state of physical
qubits by measuring σx of arbitrary n−1 physical qubits
of each logical qubit. Therefore, this cluster state of log-
ical qubits is a universal resource for the MBQC.

To obtain the cluster state via adiabatic cluster-state
concentration, we consider a Hamiltonian of N × n spin-
1/2 particles in the form

H = H0 + λV, (3)

where H0 =
∑N
j=1 hj is a Hamiltonian of Ising interac-

tions, hj = −J
∑n
m=1 σ

z
j,mσ

z
j,m+1, where σzj,n+1 = σzj,1,

and J is the coupling constant of Ising interactions. Here,
V denotes some two-body interactions that satisfies the
conditions: i) V commutes with a set of cluster-state sta-

bilizers {S{mj,i}
j } corresponding to one choice of {mj,i};

and ii) when the interaction strength λ is nonzero, de-
generate ground states are split. As the result, H has
a unique ground state with a finite energy gap above it.
Our protocol of cluster-state concentration includes two
steps: 1) cooling the system with a nonzero λ to the
ground state; 2) adiabatically switching off λ. In the adi-
abatic limit, the final state is the cluster state of logical
qubits up to some single-particle Pauli operations.

This protocol relies on the set of cluster-state stabiliz-

ers {S{mj,i}
j } that are conserved quantities for any value

of λ, i.e., [H,S
{mj,i}
j ] = 0, ∀λ. We would like to re-

mark that H0 commutes with S
{mj,i}
j . Hence, the unique

ground state of H for any nonzero λ is the common eigen-
state of cluster-state stabilizers. We suppose correspond-

ing eigenvalues are {s{mj,i}
j }, where s

{mj,i}
j = +1 or −1.

Therefore, if the initial state is the ground state with a
nonzero λ, the final state is still a common eigenstate of
cluster-state stabilizers with the same eigenvalues.

For each logical qubit, |0〉j and |1〉j are degenerate
ground states of hj . The ground-state subspace of H0

is 2N -fold degenerate, which coincides with the subspace
encoding logical qubits. During the adiabatic evolution,
the state always remains in the ground state of the in-
stantaneous Hamiltonian [13]. Thus, the final state is
in the ground-state subspace of H0, i.e. in the logical
subspace. Any state in the logical subspace is stabi-
lized by {σzj,1σzj,m}. Therefore, the final state is the com-

mon eigenstate of {S{mj,i}
j } and {σzj,1σzj,m} with eigen-

values {s{mj,i}
j } and {+1}, respectively. By perform-

ing single-particle Pauli operations [(1 + s
{mj,i}
j )11 + (1−

s
{mj,i}
j )σzj,1]/2, the final state can be transformed into

the cluster state of logical qubits.
When λ adiabatically approaches to zero , the energy

gap between the ground state and first-excited state van-
ishes, which usually implies one has to slow down rate of
change of λ to avoid any inadvertent excitation. Fortu-
nately, in the degenerate subspace, i.e., the logical sub-
space, the cluster state is the only state with eigenvalues

{s{mj,i}
j }. Similarly, the ground state is the only state

with eigenvalues {s{mj,i}
j } in all states split from the de-

generate subspace. Therefore, the transitions between
the ground states and other states split from the degen-
erate subspace are forbidden, i.e., one does not have to
slow down the rate of change of λ, according to the van-
ishing energy gap, when λ→ 0.

1-D Kitaev model.—We illustrate our protocol using
the one-dimensional Kitaev model, shown in Fig. 1(a),
and how it can be used to create a one-dimensional clus-
ter state. The one-dimensional cluster state is not a re-
source state for universal MBQC, but it is still useful for
implementing single qubit gates [1] or for transferring a
quantum state through a quantum wire [15].

The Hamiltonian of the one-dimensional Kitaev model
is H1D = H1D

0 +λV 1D, where H1D
0 = −J

∑
j σ

z
j,1σ

z
j,2, and

V 1D = −
∑
j(σ

x
j,1σ

x
j−2,2 + σyj,1σ

y
j−1,2). Here, each logical

qubit is encoded in a pair of spin-1/2 particles. The
ground state is non-degenerate with a finite energy gap
when 0 < λ < J/2 [16]. We note that, for each plaquette
j [see Fig. 1(a)], there is a conserved quantity

Wj = σxj,1σ
x
j,2σ

z
j−1,2σ

z
j+1,1, (4)

i.e., [H1D,Wj ] = 0. The conserved quantity is given by
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FIG. 1: In all the figures, black circles represent spin-1/2
particles, red bonds denote σxi σ

x
j interactions, blue bonds de-

note σyi σ
y
j interactions, and green bonds are σzi σ

z
j interactions

where i and j are labels of two corresponding spin-1/2 par-
ticles. (a) One-dimensional Kitaev model. A grey ellipse of
two spin-1/2 particles connected by a green bond represents
a logical qubit. (b) Two-dimensional Kitaev-like model. A
grey square of four spin-1/2 particles connected by four green
bonds represents a logical qubit. Numbers 1, 2, 3 and 4 la-
bel the four physical qubits belonged to the logical qubit j
(the grey square). (c) An elementary cubic lattice in three-
dimensional square lattice model. A grey circle of four spin-
1/2 particles connected by four green bonds denotes a logical
qubit. Numbers 1, 2, 3 and 4 label the four logical qubits lo-
cating at four edges surrounding the central jth logical qubit
at the top face of the cube.

Wj = S
{mj,i}
j with mj,j−1 = 2 and mj,j+1 = 1. There-

fore, the Hamiltonian H1D satisfies the form Eq. (3).
Since Wj ’s commute with each other, they can be diag-
onalized simultaneously with eigenvalues wj = ±1, thus
allowing us to partition the total Hilbert space into in-
variant subspaces of H1D. It has been shown [17] that
the ground state lies in the vortex-free subspace with
wj = +1, ∀j. Since Wj ’s are conserved quantities, the
evolution is restricted to the vortex-free subspace. There-
fore, the energy gap that protects the adiabatic evolution
is always nonzero. The excitation spectrum is obtained
by mapping [18] the original Hamiltonian H1D into p-
wave Fermi superfluid representation where the energy
gap between the ground state and the first excited state
is ∆E1D = 2J − 4λ.

With this energy gap, we first cool our system to its
ground state with non-zero λ as elaborated in the general
protocol section. We then adiabatically switch off λ so

that the final state is in the ground-state subspace of
H1D

0 , stabilized by Wj = XjZj−1Zj+1, Eq. 4, yielding
our 1-D cluster state.
2-D Kitaev-like model.—To qualify for a resource state

of the universal MBQC, it has to be at least two-
dimensional. Motivated by the one-dimensional cluster
state, we propose a two-dimensional Kitaev-like model
[see Fig. 1(b)] that satisfies the form of Eq. 3. We
show here that a two-dimensional Kitaev-like model can
be used to create a two-dimensional cluster state.

The Hamiltonian of the two-dimensional
model reads H2D = H2D

0 + λV 2D, where
H2D

0 = −J
∑

j

∑
〈µ,µ′〉 σ

z
j,µσ

z
j,µ′ and V 2D =

−
∑
〈j,j′〉

∑
µ(σxj,µσ

x
j′,µr

+ σyj,µσ
y
j′,µb

). Each logical qubit

here is encoded in four spin-1/2 particles: j = (j1, j2)
is the coordinate of a logical qubit, 〈µ, µ′〉 labels two
connected spin-1/2 particles belonged to the same logical
qubit located at j, 〈j, j′〉 denotes two connected logical
qubits, and µr (µb) denotes spin-1/2 particle connected
with particle (j, µ) via a red (blue) bond [see Fig. 1(b)].
For each logical qubit, there is a cube associated with a
conserved quantity

Wj = σxj,1σ
x
j,2σ

x
j,3σ

x
j,4σ

z
j′+e2,nb(j,1)

× σzj′+e1,nb(j,2)σ
z
j′−e2,nb(j,3)σ

z
j′−e1,nb(j,4), (5)

where e1 and e2 correspond to two unit vectors in a 3-D
Cartesian coordinate system. In addition, different Wj’s
commute with each other and also with the Hamiltonian,
i.e., [H2D,Wj] = 0.

This model is non-integrable. Thus, we cannot ob-
tain the exact analytical energy gap. However, using
standard perturbation technique [12], we arrive at an ef-
fective Hamiltonian H2D

eff = const.− (λ6/1536J5)
∑

jWj,

with an approximate energy gap of ∆E2D ' λ6/768J5.
We anticipate a larger gap for larger λ, even if the per-
turbation is no longer valid. The 2-D cluster state is then
obtained following the same preparation procedure as the
1-D cluster state.

3-D square lattice model.—Resource state in three di-
mensions is highly desirable since there exists fault-
tolerance quantum error correction (FTQC) scheme [19]
that can be used to correct for any inadvertent error dur-
ing the computations. The 3-D square lattice model [see
Fig. 1(c)] has the Hamiltonian, H3D = H3D

0 + λV 3D

where H3D
0 = −J

∑
j

∑
〈µ,µ′〉 σ

z
(j,µ)σ

z
(j,µ′), and V 3D =

−
∑
j

∑4
µ=1 σ

x
(j,µ)σ

z
nb(j,µ). Each logical qubit j is encoded

in four spin-1/2 particles and, there exists exact ground
state after controlled-phase transformation (CZ) on ev-
ery bond [20, 21], i.e., H3D = (CZ)H3D(CZ) =

∑
j H

3D
j ,

where H3D
j = [−J

∑
〈µ,µ′〉 σ

z
(j,µ)σ

z
(j,µ′) − λ

∑4
µ=1 σ

x
(j,µ)].

For each plaquette j, we notice there exists local con-
served quantities Wj :

W loc
j = (CZ)Wj(CZ) =

4∏
µ=1

σx(j,µ), (6)
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such that W loc
j ’s commute with each other as well as

with the Hamiltonian, i.e., [H3D
j ,W loc

j ] = 0. Since
each j plaquette is independent of each other, we have

∆E3D = 2
√

2J2 + 2λ2 + 2
√
J4 + λ4 − 2

√
J2 + λ2 − 2J ,

the energy gap [21] between its unique ground state
and first excited state. This energy gap, [see Fig. 2],
ensures cooling the system to its unique ground state.
This initial ground state of the time-dependent Hamil-
tonian H3D

j (λ(t)) remains approximate ground state of
the Hamiltonian throughout the entire evolution as long
as the rate of change of λ is sufficiently slow satisfying
the adiabatic condition [13]. We also note that the sta-
bilizers W loc

j , Eq. 6, stabilize the instantaneous ground
state throughout the adiabatic evolution (t : 0→ τ) since
[H3D

j ,W loc
j ] = 0. Moreover, there exists a larger energy

gap ∆ within the subspace with eigenvalue +1 of the sta-
bilizer that in turn allows us to apply constant λ switch-
ing rate even though ∆E3D → 0, where H3D has many
degenerate ground states. Thanks to the adiabatic evo-
lution and the local stabilizers W loc

j , we can concentrate
our initially prepared ground states to computationally
useful cluster states.

0 0.5 1 1.5 2

-8

-4

0

4

8

Sp
ec
tru
m

!
!E3D

!

FIG. 2: Energy spectrum of the 3-D square lattice Hamil-
tonian H3D

j versus the coupling λ. Energy eigenstates with
eigenvalue +1 (eigenvalue -1) of the stabilizer, Eq. 6, are
plotted in blue (red) solid lines.

Error and feasibility of our proposal.—In the numeri-
cal simulation of the 3-D cluster state concentration pro-
cess, we consider a Hamiltonian of the form H3D

j (t) =

H3D
j0 +λ(t)V 3D

j , where λ→ 0 as t : 0→ τ (τ = λ0/v and
λ(t) = λ0−vt). We prepare a thermal state as the initial

state, ρ(0) = Z−1e−H
3D
j (0)/T , where Z = tre−H

3D
j (0)/T

and T is the temperature of the system setting the Boltz-
mann’s constant to unity. The ground state without
evolution [see Fig. 3 (inset)] corresponds to the case of
perturbational technique [12]. With our proposal, the
three evolution times τ = 5, 7, and 10 give rise to three

orders of magnitude higher operating temperature com-
pared to the no-evolution case. An important observation
adduced from Fig. 3 is that the longer the evolution time,

0 2 4 6 8
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!0[1/J]
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Ĳ = 10
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 [J
]

!0[1/J]

FIG. 3: Phase diagram shows, in temperature and initial
coupling λ0 space, the lines below which an initial thermal
state after the adiabatic evolution is a resource state for fault-
tolerent MBQC because the areas enclosed by the lines rep-
resent regions with less than 3% total phase-flip errors while
the outer areas are regions with more than 3% total phase-flip
errors. Solid line in the inset figure corresponds to the ground
state without evolution while solid, dashed and dotted lines
correspond to the ground state with evolution time τ = 5, 7,
and 10 respectively.

the higher the temperature, at which the system ground
state can be prepared and the larger phase space region
where standard fault-tolerant error correction schemes
can be implemented to correct for possible errors [22].

Discussions.—Our proposal is not limited to the three
models discussed so far and it can also be applied to other
models such as the Bartlett and Rudolph’s 2-D hexago-
nal lattice [12] and the Kitaev’s 2-D honeycomb model
[16]. However, the error correction threshold for the 2-D
cluster states [23, 24] is believed to be much lower than
that of 3-D cluster states [19]. Thus, we are more inter-
ested in the implementation of our protocol in generating
3-D cluster states. In addition, our models do enjoy en-
ergy gap protection similar to the AKLT resource state
[6] since the interactions can be switched off sequentially
[22]. The main advantage of our proposal over the others
is that we have proposed a means to create cluster states
of spin-1/2 particles with just nearest-neighbor two-body
interactions.
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Appendix A: Error and feasibility of our proposal
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FIG. 4: (a) Imperfection (1-fidelity) versus temperature plot. (b) Total phase-flip error (Eζ) versus temperature plot. (c)
Correlated error type-1 (PC1) versus temperature plot. (d) Correlated error type-2 (PC2) versus temperature plot. Solid,
dashed and dotted lines represent the evolution with τ = 5, 7 and 10 respectively with λ0 = 2.5.

It is well-known that the topological fault-tolerant quantum computing can be used to apply quantum error correc-
tion during the course of quantum computations as long as the average total phase-flip errors Eζ = PZ + 4PC1

+ 2PC2

of individual logical qubit in the 3-D model is 3% or less [19]. We study the adiabatic evolution for various τ ’s
numerically and estimate the optimal operating temperature of the 3-D model for various combinations of τ and λ0

needed to yield the final states with less than 3% phase-flip errors Eζ relevant for the designated cluster states. The
results are shown in Fig. 3 of the main text. Errors on each square lattice in the final state can be expressed by a
superoperator

E = F [I] + PZ

(
4∑
k=1

[Zk]

)
+
PC1

2

(
4∑

m↔l=1

[ZlZm]

)
+
PC2

2
([Z1Z3] + [Z2Z4]), (A1)

where F refers to fidelity, PZ refers to local phase-flip errors, PC1
refers to correlated errors type-1, m ↔ l means

the sites m and l are graphically connected, PC2
refers to correlated errors type-2 [see Fig. 5] and a superoperator

satisfies O[ρ] = OρO†.
The efficiency and effectiveness of the fault tolerance quantum computation depend not only on PZ (estimated

in the main text) but also on correlated errors PC1
and PC2

among neighboring logical qubits. Here, we demand
PC1

+ PC2
� PZ so that the conclusion that we have adduced from Fig. 3 in the main text is valid. From the

numerical evidence shown in Fig. 4 (b-d), it is clear that the above mentioned requirement is fulfilled in all the three
cases. Moreover, we see that halving temperature from T = 1→ 0.5 for τ = 5, 7, 10 reduces the total phase-flip errors
by about one order of magnitude [see Fig. 4(b)].
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Appendix B: Sequential adiabatic switch-off

The 3-D system is initially prepared or cooled down to its unique ground state, which is not a computa-
tional resource state. We then adiabatically switch off λ(j,µ)’s for each logical qubit j one at a time. By
doing so, we drive the jth logical qubit state into a computational resource state at the end of the adi-
abatic evolution. We then perform measurement onto this resource state. After the measurement of the
jth logical qubit, Hamiltonian of the fully connected logical qubits in the residual Hamiltonian H3D

res =∑N−5
k [−J

∑
µ↔µ′ σz(k,µ)σ

z
(k,µ′) −

∑4
µ=1 λ(k,µ)σ

x
(k,µ)σ

z
nb(k,µ)](fully connected)+

∑4
m∈nb(j)[−J

∑
ξ↔ξ′ σ

z
(m,ξ)σ

z
(m,ξ′) −∑3

ξ,(m,ξ)=(j,µ) λ(m,ξ)σ
x
(m,ξ)σ

z
nb(m,ξ)](partially connected), is still gapped (with ∆E3D) as before and the four neigh-

boring partially connected ones are no more protected by the gap. Here, N is the total number of logical qubits,
(m, ξ) = (j, µ) means the physical qubit ξ belonged to the mth logical qubit is not graphically connected to the
physical qubit µ belonged to the jth logical qubit and nb(j) means neighbour of the jth logical qubit. From
this observation, we draw attention that after every consumption of a resource state, there could be some other
partially connected logical qubits located on a boundary between measured logical qubits and fully connected ones.
These partially connected ones should be measured immediately or treated as redundant and discarded. Moreover,
adiabatically switching off λ’s of the jth qubit from the bulk does not couple instantaneous ground states with excited
states because there is no level crossing in the energy spectra (see Fig. 6), and this can be done monotonically in
time due to the presence of larger energy gap ∆ in the subspace defined by stabilizers throughout the entire adiabatic
evolution. To be specific, from Fig. 6, we note that the ground state subspace with +1 eigenvalue of the stabilizers
has non-zero energy gap ∆ > ∆E3D > 0 when λ’s are being adiabatically turned off in succession.

With all the properties described above, our model does enjoy energy gap protection similar to the AKLT resource
state [6] while the eminent advantage with our proposal is that we are able to create cluster states of spin-1/2 particles
with just nearest-neighbor two-body interactions.

logical qubits 

physical qubits 

1 2 

3 4 

FIG. 5: An elementary cubic lattice in the three-dimensional square lattice model. A grey circle of four spin-1/2 particles
connected by four green bonds denotes a logical qubit. Numbers 1, 2, 3 and 4 label four logical qubits located on the four
different edges surrounding the central logical qubit sitting at the top face of the cube. Detailed explanation of the model can
be seen in the main text.
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FIG. 6: Energy spectrum of the 3-D square lattice Hamiltonian H3D
j versus the coupling λ’s while (a) the surrounding logical

qubit-1, 2, 3, and 4 and (b) the surrounding logical qubit-1, 3, 2, and 4 [see Fig. 5] are disconnected in sequential adiabatic
manner where λ1, λ2, λ3 and λ4 are coupling constants between the central jth logical qubit and the surrounding logical
qubit-1, 2 ,3 and 4 respectively. Energy eigenstates with eigenvalue +1 (eigenvalue -1) of the stabilizer are plotted in blue solid
(red dashed) lines. Each λ is adiabatically tuned from 2 to 0 as in Fig. 2 of the main text.
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