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Division By Zero 

LI M SUAT. KHOH 

The division of whole numbers by whole numbers occupies a 
large portion of our primary school mathematics syllabus. As the 
concepts emphasised are those of sharing and grouping, the division 
of whole numbers initially concentrates on those where the quotients 
are whole numbers. Naturally, as the concepts of fractions are 
learned, division of whole numbers resulting in non-integer quotients 
makes sense. Once students grasp the idea that any positive integer 
may be divided by another, the problem of division by zero arises. As 
students in secondary one are introduced to negative numbers and 
realise that one can carry out the four operations on all rational 
numbers with "answers" still remaining rational, the question of why 
one is not able to divide by zero is a puzzling one which teachers may 
find difficult to explain. 

During their attachment to the schools, the 1988 intake of 
Diploma in Education trainees who majored in mathematics were 
asked to collect from their more experienced colleagues some 
concepts which involved difficult or tricky explanations. The example 
of division 'by zero occured a few times. Some of the suggested 
explanations also showed that it was difficult to come up with 
satisfactory mathematically correct explanations which are 
comprehensible to secondary school students. Providing answers 
such as "infinity" or "undefined" does not really give any true 
understanding of the matter. 

In efforts to concretise the concept using "real" examples, one 
may resort to attempting to explain sharing of some number of 
articles by a certain number of students and ask what happens when 
the articles are shared by no (0) students. Grouping into groups of no 
articles may also be used. However, the unrealness of the situation 
renders it difficult for the students to imagine let alone arrive at a 
mathematically correct concept of infinity. 

How then should one explain the "impossibility" of division by 
zero or the meaning of the words "undefined" and "infinity"? First, the 
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following example shows that simplistic use of the word "infinity" can 
lead to more questions. 

Example: A twelve-year-old was told that zero divided by any 
number was zero and any number divided by zero 
was infinity (a number too big to be imagined). 
However she also knew that a number divided by 
itself gives one. The next question she asked was, 
"What is zero divided by zero? Is it one, zero or 
infinity?" Perhaps at this juncture, the non- 
uniqueness of result could be the starting point for 
the explanation of the term "undefined". 

It is possible to explain the whole issue in the light of the field 
of rational numbers with the field axioms which include existence and 
meaning of additive and multiplicative identities, definition of 
inverses, etc. However, the fact that such theory is usually taught in 
first year university calculus or algebra courses indicate that the 
ability to comprehend a system in such abstract reasoning will be 
beyond the mathematical maturity of secondary school students. As 
.mathematics teachers, however, there is a need to understand this 
reasoning which is summarised below. 

The Field of Rationals 

The field of rationals consists of the set of rational numbers with 
two operations + and X. There exists a unique additive identity 0 and 
a unique multiplicative identity 1. Each number in the field has an 
additive inverse viz its negative such that 

i.e. the number added to its negative gives the additive identity. The 
process of subtraction is defined as the addition of negatives. 

a - b is defined to be a + (-b) 
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In the same way, for each (non-zero) rational number one can 
define a multiplicative inverse in the field such that the product of the 
number a with its multiplicative inverse a" gives the multiplicative 
identity 1 i.e. 

Division is then defined as multiplying by the inverse of the 
divisor i.e. 

a t b is defined to be a X b-I .............. (2) 

There are other axioms such as commutativity, associativity and 
the distributive law and the system is internally consistent. By using 
these axioms and reasoning logically, it can be proven that 

0 X a = a X 0 = 0 for any rational a .............. (3) 

Hence it is not possible to define the multiplicative inverse of 0 
without running into contradictions since such an inverse would by 
definition (see (1)) necessitate . 

a contradiction to (3). 

Since the multiplicative inverse of 0 is undefined, so is division 
by 0 in view of (2). 

The above explanation requires an understanding of axiomatic 
systems and if attempted should only be done at pre-university level, 
if at all. For a more comprehensive treatment, the reader may refer to 
the section "Field axioms of real numbers" in Fuller (1977) or the 
section "Algebraic properties of IR" in Bartle & Sherbert (1982). 

In Briggs et al (1986), a program for approaching algebra 
numerically which utilised calculators extensively was described. 
Since students have difficulty with the use of letters in algebra, the 
situation is made less threatening and more familiar through the use 
of numbers and gradually bringing in the letters to replace the 
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numbers. Much table building and graphing activities are 
encouraged and this is achieved through the use of calculators. The 
following suggested activities seek to explain the concept of division 
by zero (including 0 divided by 0) using mathematical ideas from 
calculus and using a numerical approach employing the use of 
calculators and a graphical approach. 

Calculator Investigation 

Based on the idea that 

lim 1 - - lim 1 - and - - - . . . . . . . . . .(4) 
x+O+ X X -+ 0- X 

students can be asked to complete the following table using their 
calculators. 

Table 1 

Value X (negative) Value X (positive) 
% 

100 
10 
1 
0.1 
0.01 
0.001 

By dividing each value of X by 10 to obtain a smaller value 
closer to zero, students can see the quotient getting larger in both 
positive and negative senses. The teacher can explain that students 
can extend the table to get as close to zero as they wish and to 
observe the behaviour of values of 1 + X. 

1 t x  
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To give a intuitive yet correct mathematical understanding of the 
concept of unboundedness of the reciprocal function, which is 
written as (4) above, students can be asked to find values of X so that 
their answer for 1 + X is larger than any given positive number or 
smaller than any given negative number which the teacher can call 
out. Since only an intuitive feel of the idea is desired and the formal 
expression and definition of limits are rather abstract, there is no 
necessity to lead on to the definition of limit or its formal expression. 

By replacing 1 + X by 2 + X or 5 + X or (-3) + X and so on, 
students can observe the same trend of the quotient getting 
unboundedly large for positive X and unboundedly large in the 
negative direction for negative X or vice versa in the case of (-3) + X. 

The use of negative values for X is of importance mathematically. 

Firstly, in letting X + 0, one needs to consider the approach from 
both directions. There seems to be an avoidance of negative 
numbers among our students and even among people in general. 
Thus when numbers close to zero are considered, one tends to only 
consider a sequence of positive numbers which decrease towards 
zero but not a sequence of negative numbers which increase 
towards zero. A table as above which takes into account both 
positive and negative numbers gives a more comprehensive picture. 

Secondly, the fact that the quotients are heading in two 
opposite directions, getting large positively and negatively, brings 
out the difficulty of defining one unique answer. Even if W were a 
number like any real number (which it is not), it would not be possible 
to define 1 + 0 as +W since - W would be just as good and vice versa. 

Graphical Reinforcement 

Students in upper secondary classes will be able to plot or 
sketch graphs of 

1 2 -3 
y = -  y = - a n d y = -  etc. 

X X X 
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The graphs can be used to visualise the phenomena as X gets 
close to zero. Graphical explanation may be used in conjunction with 
the numerical approach to provide reinforcement of the idea. 

Algebraic Explanation 

This explanation is closely related to the axiomatic approach 
discussed in the field of rationals. The following argument links 
division to the multiplication process. 

Progression Examples 

Whole number quotients 1 8 + 2 = 9  is the same as 

Rational quotient 

Letters 

Division by 0 

7 + 3 = -  is the same as 
7 

3 

a + b = c  is the same as 

If there is an answer call it q for 

a + 0 = q, then it is the same as 

q X 0 = a which is impossible for 
a not equal to 0. 

This argument may be satisfactory to many but it can lead to the 
obvious question "What if a = 0 in the last line of the argument?" 
which will be discussed next. 
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Division of zero by zero 

As mentioned above, it could appear that 0 +. 0 could just as 
well result in 0, km, or 1. This non-uniqueness can be a starting point 
for the explanation of why 0 + 0 is undefined. Whereas the division 
of a non-zero number by 0 leads to an undefined result, i.e. 
unboundedness in the positive or negative sense, these are the only 
two possibilities which is not the case when zero is divided by zero. 

From higher level calculus, it is known that 

lim 

X + O  X 

However, for any non-zero real number k, 

lim kx - k 
X + O  X '  

In the light of the above, tables similar to Table 1 investigating 
the phenomena of 0 t 0 may be provided by the teacher. 

Table 2 

Value for X 

1 
0.1 
0.01 
0.001 
0.0001 

After entering the values in this table, students would tend to 
conclude that 0 +. 0 is 1. The following tables will show the variations 
for other limits. 
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Table 3 

The teacher should point out that both the sequences of 
numbers for values of X and values of y are getting closer and closer 
to 0 although the values for y approach 0 faster. However, students 
may need convincing that the sequences of values for X + y and y + 
X are approaching possible representations of 0 + 0 as they may feel 
that only the X + X case as in Table 2 is acceptable. At this juncture, 
the teacher will have to show that in fact, y = x2 and in considering 
expressions 

when X = 0, the cases for 0 + 0 would arise. The more curious 
students may even try (x3) + X or X + x3. 

Value of X 

+ 1 
fO.l 
+0.01 
fO.001 
+0.0001 

Table 4 may be provided to show that for y = 3x, the values for 
y + X approaches 3 (in fact, the values are all equal to 3 when X is 
not zero). 

Y + X  Value of y (=x2) 

1 
0.01 
0.0001 
0.000001 
0.000000001 

x t Y  
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Table 4 

The teacher could let different groups of students have different 
tables with each group investigating y = kx for different values of k. 
In subsequent whole class discussion, students will be able to 
deduce that for y = kx with any non-zero k, the sequence of numbers 
for y + X will approach the value k. 

The above computations and examinations of the various 
"candidates" for 0 t 0 can be then used to discuss the meaning of 
saying that 0 + 0 is undefined. Students would also have some 
intuitive understanding of the idea of limits if the teacher can ask them 
to use their calculators to test and verify that one can get as close as 
possible to the number being approached by taking the values of X 

close enough to zero. 

Y + X  Value of X 

1 
0.1 
0.01 
0.001 

Conclusion 

Value of y = 3x 

3 
0.3 
0.03 
0.003 

The above discussion shows that using the .correct 
mathematical concepts of limits and using the calculator as an easy 
tool for calculation, secondary level or even primary 5 or 6 level 
students can be led to appreciate the meaning of the terms 
"undefined" and "infinity" and come to a better understanding of the 
concept of division by zero. 



74 Teaching and Learning 

References 

Bartle, R. & Sherbert, D. (1982). Introduction to Real Analysis, John Wiley, 
1982. 

Briggs, J., Demana, F. & Osborne, A. (1986). Moving into Algebra: 
Developing the Concepts of Variable and Function, Australian 
Mathematics Teacher. 

Fuller, G. (1 977). College Algebra, Van Nostrand. 

Readings from the Mathematics Teacher: Calculus, (1 977), National Council 
of Teachers of Mathematics. 


	copyright_TeachingAndLearning1
	TL-9-2-65

