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Maximal point spaces of dcpos satisfying the
Lawson condition

Xi Xiaoyong and Zhao Dongsheng∗

Abstract. A directed complete poset (dcpo, for short) P is said to
satisfy the Lawson condition if the restriction of the Scott topology and
the Lawson topology on the set of maximal points coincide. In this paper
we investigate such dcpos, in particular their maximal point spaces. The
main result is that for any dcpo satisfying the Lawson condition, the
maximal point space is well-filtered and coherent (the intersection of
any two saturated compact sets is compact). The relationship of such
dcpos with other classes of dcpos are also considered.

1. Introduction

A poset model of a T1 space X is a poset P such that X is homeomorphic
to the Max(P ) of all maximal points of P equipped with the relative Scott
topology. Although in general, the Scott topology on a poset is at most T0,
the maximal point spaces of posets could be very general. In [4][25], it was
proved that every T1 space has a bounded complete algebraic poset model.
In [27], it was proved that every T1 space has a directed complete poset
model, equivalently, a topological space is T1 if and only if it has a dcpo
model. This result established a two way bridge between classical topology
and relatively new domain theory.

In general, given a class P of dcpos and a class T of topological spaces,
we can ask the following problems: (i) which spaces have a model in P? (ii)
which posets have their maximal point spaces lying in T ?
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Kamimura and Tang [10] characterized spaces that have a bounded com-
plete algebraic dcpo model with a countable base. Edalat and Heckmann[5]
proved that every complete metric space has a domain model.

Several other authors have discovered more special properties of max-
imal point spaces of domains (see [2][11][13][15][16][18][19][21] [22]). In
particular, Martin proved that the maximal point spaces of domains are
Baire and Choquet[17].

In [13], Lawson proved that the maximal point spaces of ω-continuous
dcpos satisfying the Lawson condition are exactly the Polish spaces. In this
result, the Lawson condition plays a crucial role. Given any complete metric
space X, the domain BX of closed formal balls is a model of X (Example
V-6.8 of [7]) and satisfies the Lawson condition [5].

The main objective of this paper is to study the maximal point spaces
of general dcpos that satisfy the Lawson condition. Our main results are:
(i) The maximal point space of every dcpo satisfying the Lawson condition
is well-filtered and coherent; (ii) if every Scott closed set of a dcpo satisfies
the Lawson condition, the (Scott spaces of the) dcpo is well-filtered.

For other recent work concerning well-filteredness and coherence of spaces
see Jia, Jung and Li [8], Xi and Lawson [23] and Xi and Zhao [27].

2. Posets satisfying the Lawson condition

For any subset A of a poset P , let ↓A = {x ∈ P : x ≤ y for some y ∈ A}
and ↑A = {x ∈ P : x ≥ y for some y ∈ A}. A nonempty subset D of a
poset P is a directed set if every two elements in D have an upper bound
in D. A poset P is called a directed complete poset (or dcpo for short) if
for any directed subset of D ⊆ P , supD =

∨
D exists in P .

A subset U of a poset P is Scott open if i) U = ↑U (called an upper set)
and ii) for any directed subset D,

∨
D ∈ U implies D ∩ U 6= ∅, whenever∨

D exists. All Scott open sets of a poset P form a topology on P , denoted
by σ(P ) and called the Scott topology on P . The space (P, σ(P )) is denoted
by ΣP , called the Scott space of P . It follows that a subset F of P is Scott
closed if (i) F = ↓F (called a lower set), and (ii) for any directed subset
D of P , D ⊆ F implies

∨
D ∈ F if

∨
D exists. For more about the Scott

topology and related structures see [6][7].
In the following, we shall always assume that the topology on the set

Max(P ) of maximal points of a poset P is the relative Scott topology, and
call the space Max(P ) the maximal point space of P .

A poset model of a topological space X is a poset P such that Max(P )
is homeomorphic to X [12]. Every space having a poset model is T1.
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The Lawson topology on poset P , denoted by λ(P ) is the common re-
finement of the Scott topology and the lower topology (Definition III-1.5 of
[7]).

Definition 1. A poset P is said to satisfy the Lawson condition if
the restriction of the Scott topology and the Lawson topology on the set of
maximal points coincide.

Remark 1. It is easily observed that a poset P satisfies the Lawson
condition if and only if for any x ∈ P , there there is a Scott closed set
F ⊆ P such that

↑x ∩Max(P ) = F ∩Max(P ).

Example 1. (1) A poset is called bounded complete if every upper
bounded subset has a supremum. Every bounded complete dcpo satisfies
the Lawson condition [27].

(2) A poset P is called Lawson compact if it is compact with respect
to the Lawson topology. By [23], every Lawson compact dcpo satisfies the
Lawson condition. Note that every bounded complete dcpo is Lawson com-
pact, thus this reduces the fact that every bounded complete dcpo satisfies
the Lawson condition.

(3) For any metric space X, the set BX of all closed formal balls is a
poset satisfying the Lawson condition (Theorem 13 of [5]). The poset BX
is a dcpo provided X is complete.

(4) The dcpo X constructed in [9] by Johnstone does not satisfy the
Lawson condition. For the element x = (2, 2), ↑x∩Max(X) = {N−{1}}×
{∞}. For any Scott closed set C of X, ↑x∩Max(X) = C ∩Max(X) implies
C = X.

Another property related to the Lawson condition is the following.

Definition 2. A poset P is said to satisfy the strong Lawson condition
if for any x ∈ P ,

↓(↑x)

is Scott closed.

Remark 2. (1) If every element of P is under some maximal point (for
example, if P is a dcpo), then P satisfies the strong Lawson condition iff for
any x ∈ P , ↓(↑x) ∩Max(P ) is Scott closed.

Thus if a dcpo satisfies the strong Lawson condition, it satisfies the
Lawson condition.

(2) In [27] and [23], it was actually proved that every bounded complete
dcpo and every Lawson compact dcpo satisfies the strong Lawson condition,
respectively.
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Example 2. The following is a dcpo that satisfies the Lawson condition
but not the strong Lawson condition.

Let L = {c}∪{an :∈ N}∪{bn :∈ N}∪{e, ê}. The order on L is given by

c ≤ ai (i ∈ N),

bi < ai (i ∈ N),

b1 < b2 < ... < e < ê.

1a

c

ia2a ê

1b
2b

ib

e

Figure 1. dcpo L

Then L is a dcpo satisfying the Lawson condition. But ↓(↑c∩Max(L)) =
L− {e, ê} is not Scott closed.

Note that this dcpo L is even algebraic.

Proposition 1. If (X, d) is a metric space such that every closed ball
B(x, r) = {y : d(x, y) ≤ r} is compact, then the poset BX of closed formal
balls of X satisfies the strong Lawson condition.

Proof. Note that for every closed formal ball (x, r),

↑(x, r) ∩Max(BX) = {(y, 0) : d(x, y) ≤ r} 6= ∅.
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Thus
↓ (↑(x, r)) = {(y, s) : there exists z ∈ X, d(x, z) ≤ r and d(y, z) ≤ s}
= {(y, s) : B(y, s) ∩B(x, r) 6= ∅}.

Let {(xi, ri) : i ∈ I} ⊆↓ (↑(x, r)) be a directed subset such that (w, c) =
sup{(xi, ri) : i ∈ I}. Then {B(xi, ri) : i ∈ I} is a filter base of nonempty
closed compact sets of (X, d), and B(xi, ri) ∩ B(x, r) 6= ∅ for each i ∈ I.
Therefore

⋂
{B(xi, ri) : i ∈ I} ∩ B(x, r) 6= ∅. Let u ∈

⋂
{B(xi, ri) : i ∈

I} ∩ B(x, r). Then (w, c) ≤ (u, 0) ∈↑ (x, r) ∩ Max(BX) ⊆↓↑ (x, r). This
deduces that ↓ (↑(x, r)) is Scott closed. �

Remark 3. If a metric space is complete and every closed ball is com-
pact, then the space is separable and every closed ball is totally bounded
(Remark 2 of [14]), thus by Proposition 1 of [14], the domain BX⊥ of closed
formal balls with a bottom element adjoint, is an FS-domain. As every FS-
domain is Lawson compact and every Lawson compact dcpo satisfies the
strong Lawson condition [23], BX⊥ satisfies the strong Lawson condition.
It then follows easily that BX also satisfies the strong Lawson condition.
Thus if in Proposition 1 the space (X, d) is complete, we have an alternative
proof.

Remark 4. Consider the metric space X = (Q, d) of all rational num-
bers with the ordinary metric. For this metric space, BX is isomorphic to
the poset CB(X) of all closed balls with the reverse inclusion order. Con-
sider B(0,

√
2) = Q ∩ [−

√
2,
√

2] in CB(X). The set {B(2, 2 −
√

2 + 1
n
) :

n ∈ N} is a directed subset of ↓ (↑B(0,
√

2)) and Sup{B(2, 2 −
√

2 + 1
n
) :

n ∈ N} = B(2, 2 −
√

2), and B(2, 2 −
√

2) 6∈↓ (↑B(0,
√

2)). Thus CB(X)
does not satisfy the strong Lawson condition.

The strong Lawson condition will be used in next section.

3. Maximal point spaces of dcpos satisfying the Lawson
condition are well-filtered

In this section we prove the main results of this paper. The following
result due to Xi and Lawson [23] will be needed.

Lemma 1. ([23]) Let L be a dcpo.
(1) If for every x ∈ L, ↑x is Lawson compact, then L satisfies the strong

Lawson condition.
(2) For any Lawson compact set F ⊆ L, ↓F is Scott closed.

Lemma 2. For any two Lawson compact subsets K1, K2 of a dcpo L,
K1 ∩K2 is Lawson compact if (↓K1) ∩K2 = K1 ∩K2.
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Proof. By Lemma 1(2), ↓K1 is Scott closed (hence also Lawson closed),
thus (↓K1) ∩K2 is Lawson compact, implying K1 ∩K2 is Lawson compact
if the condition is satisfied. �

Corollary 1. If L is a dcpo and K1, K2 ⊆ Max(L) are Lawson com-
pact, then K1 ∩K2 is Lawson compact.

Lemma 3. Let L be a dcpo. For any Scott open set U and filtered family
K of Lawson compact subsets of L, if

⋂
K ⊆ U then K ⊆ U for some

K ∈ K.

Proof. The proof of this lemma has much similarity to that for Propo-
sition 2.4 of [23].

Let K be a filtered family of non-empty Lawson compact sets of L and
U a Scott open set such that ⋂

K ⊆ U.

Assume that K − U 6= ∅ for every K ∈ K. Let

C = {F ⊆ U c : F is Scott closed and F ∩K 6= ∅ for all K ∈ K}.
Then C 6= ∅ because U c ∈ C. Using Zorn’s Lemma, one deduces that C
has maximal chain, say B. For each K ∈ K and B ∈ B, B ∩ K 6= ∅. It
then follows that

⋂
B ∩K 6= ∅ due to the compactness of K (every Lawson

compact set is Scott compact). Hence C0 =
⋂
B is a minimal member of C.

The nonempty Scott closed set C0 must have a maximal element (as it
is a dcpo), say y0. Since y0 6∈ U and

⋂
K ⊆ U , there is K0 ∈ K such that

y0 6∈ K0. Note that K0 ∩ C0 is a closed subset of the Lawson compact set
K0, it is also Lawson compact. Thus ↓(K0 ∩ C0) is Scott closed by Lemma
1(2).

Then y0 ∈ C0− ↓(K0 ∩ C0). Hence ↓(K0 ∩ C0) is a proper nonempty
Scott closed subset of C0.

Now for any K ∈ K, there is a K ′ ∈ K such that K ′ ⊆ K0 ∩K. Then
∅ 6= K ′ ∩ C0 ⊆ (K0 ∩K) ∩ C0 ⊆↓(K0 ∩ C0) ∩K, implying ↓(K0 ∩ C0) ∈ C.
This contradicts the minimality of C0.

Hence there must be a K ∈ K satisfying K ⊆ U . �

A subset of a space is saturated if it equals the intersection of all open
sets containing it. A space is called coherent if the intersection of any two
compact saturated sets is compact (Definition VI-6.2. of [7]). A space is
called well-filtered if for any filtered family C of compact saturated sets and
each open set U with

⋂
C ⊆ U , there is K ∈ C with K ⊆ U (Definition

I-1.24.1.).

Theorem 1. If L is a dcpo satisfying the Lawson condition, then
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(1) Max(L) is coherent, and
(2) Max(L) is well-filtered.

Proof. (1) Note that Max(L) is a T1 space and every subset in a T1
space is saturated. Thus (1) follows from Corollary 1 and the fact that if
K1, K2 ⊆ Max(L) are compact, then they are Lawson compact because L
satisfies the Lawson condition.

(2) If L satisfies the Lawson condition, then every (saturated) compact
set of Max(L) is a Lawson compact set of L. Now applying Lemma 3, we
deduce that Max(L) is well-filtered. �

A poset model of a T1 space X is a poset P such that X is homeomorphic
to the maximal point space of P .

Example 3. Let X = (N, τcof ) be the space of all natural numbers
equipped with the co-finite topology. Then every subset of X is compact,
so it is coherent but not well-filtered (

⋂
{N − {1, 2, ..., k} : k ∈ N} = ∅ but

each N − {1, 2, ..., k} 6= ∅). By Theorem 1, it does not have a dcpo model
satisfying the Lawson condition. In [27], it was proved that (N, τcof ) does
not have a bounded complete dcpo model. Here we deduce that it even does
not have a dcpo model satisfying the Lawson condition.

Remark 1. (1) For a subset A of a dcpo L, consider the following
properties:

(i) A is Lawson compact;
(ii) A is Scott compact and ↓(A∩C) is Scott closed for every Scott closed

C;
(iii) A is Scott compact and ↓A is Scott closed.
Then clearly (i) ⇒ (ii) ⇒ (iii).
(2) If L has a bottom element, then L is Scott compact and for any Scott

closed set C, ↓ (L ∩ C) = C is Scott closed. But L need not be Lawson
compact.

(3) From the proof of Lemma 3, it is seen that the sets in K satisfying
condition (ii) are enough.

Lemma 4. Let L be a well-filtered dcpo (i.e. ΣL is well filtered). Then
the poset (k(L),⊇) of all nonempty saturated compact subsets of L is a dcpo
model of Max(L).

Proof. Firstly, by Remark 3 of [27], the intersection of any filtered
family of nonempty compact saturated sets of L is nonempty compact sat-
urated. Thus (k(L),⊇) is a dcpo where the supremum of a directed subset
D ⊆ k(L) is the intersection

⋂
D. Also A ∈ Max(k(L)) iff A = {y} for

some y ∈ Max(L), hence f : Max(k(L))−→Max(L) is a bijection, where
f({y}) = y for each {y} ∈ Max(k(L)).
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For any Scott open set U ⊆ L, let Uk = {F ∈ k(L) : F ⊆ U}. Then
Uk is a Scott open set of k(L) because L is well-filtered. Clearly f−1(U ∩
Max(L)) = Uk ∩Max(k(L)). Hence f is continuous. Conversely, let E be a
Scott open set of k(L). Then the set Es = {x ∈ P :↑x ∈ E} is a Scott open
set of L. In addition, f(E ∩Max(k(L))) = Es ∩Max(L), showing that f is
an open mapping. Therefore f is a homeomorphism. �

Different classes of posets may model the same class of spaces. For
example, the class of all dcpos and the class of all posets both model the
class of all T1 spaces. The class of all FS-domains, the class of all Lawson
compact domains and the class of all bounded complete domains all model
the same class of spaces (Corollary 3.6 [17]).

The theorem below is another such type of result.

Theorem 2. The class of bounded complete dcpos and the class of Law-
son compact dcpos model the same spaces.

Proof. If L is bounded complete, then it is Lawson compact (Theorem
III-1.9 of [7]).

Conversely, let L be Lawson compact. Then ΣL is compact, well-filtered
and coherent (Theorem 4.2 of [23]). Since the intersection of any two mem-
bers of k(L) is in k(L) if the intersection is nonempty, one easily verifies
that the poset (k(L),⊇) is a bounded complete dcpo, where the supremum
of a bounded subset F equals the intersection

⋂
F . By Lemma 4, it follows

that (k(L),⊇) is a bounded complete dcpo model of Max(L). �

Recall that every bounded complete domain is an FS-domain and every
FS-domain is Lawson compact. Thus we re-deduce the Corollary 3.6 of [17],
where the bounded complete domains are called Scott domains and Lawson
compact domains are called coherent domains.

Corollary 2. For a T1 space X, the following are equivalent:
(1) X has a bounded complete domain model.
(2) X has an FS-domain model.
(3) X has a Lawson compact domain model.

For the implication of (3) and (1), just note that if L is a domain, then
((k(L),⊇) is a domain.

Lemma 5. If every Scott closed set of a dcpo L satisfies the Lawson
condition, then L satisfies the strong Lawson condition.

Proof. Assume that every Scott closed set of L (as a dcpo) satisfies
the Lawson condition and x ∈ L. There is a Scott closed set C of L such
that C ∩Max(L) =↑x ∩Max(L). We assume C is the smallest such Scott
closed set. For the Scott closed set C, note that x ∈ C. By the assumption,
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there is a Scott closed subset Ĉ of C such that Ĉ ∩Max(C) =↑x∩Max(C).

Clearly Ĉ ∩Max(L) ⊆ C ∩Max(L). Let e ∈ C ∩Max(L), then e ∈ Max(C)

and e ∈↑x, thus e ∈↑x ∩Max(C), implying e ∈ Ĉ. Hence e ∈ Ĉ ∩Max(L).

It follows that Ĉ ∩ Max(L) = C ∩ Max(L). Note that Ĉ is also a Scott

closed set of L. By the assumption on the minimality of C, we have C = Ĉ.
Now Max(C) = C ∩ Max(C) = Ĉ ∩ Max(C) =↑ x ∩ Max(C), implying
Max(C) ⊆↑x. Then C =↓(Max(C)) ⊆↓(↑x) =↓(↑x ∩Max(L)) ⊆ C. Thus
↓(↑x ∩Max(L)) = C is Scott closed. �

Corollary 3. If every Scott closed set of a dcpo L satisfies the Lawson
condition, then every Scott closed set (as a dcpo) satisfies the strong Lawson
condition.

Lemma 6. If every Scott closed set of a dcpo L satisfies the strong Law-
son condition, then L is well-filtered.

Proof. Let A be a Scott closed set and K a saturated Scott compact
subset of L. By Proposition 2.4 of [23], we only need to show that ↓(A∩K)
is Scott closed. Assume that {xi : i ∈ I} ⊆↓(A ∩K) is a directed subset.

For each i ∈ I, Ci =↓(↑xi ∩Max(A)) is a Scott closed subset of A. Also
A ∩K is a Scott compact subset of A. For each i ∈ I, there is b ∈ A ∩K
such that xi ≤ b. Then b ≤ m for some m ∈ Max(A), which implies m ∈ K
because K =↑K. It follows that m ∈ A ∩K and m ∈↑xi ∩Max(A) ⊆ Ci.
Therefore Ci ∩ A ∩K 6= ∅.

Also {Ci : i ∈ I} is a filtered family, we have that
⋂
{Ci : i ∈ I}∩A∩K 6=

∅. Let y ∈
⋂
{Ci : i ∈ I} ∩ A ∩ K. For each xi, y ∈ Ci, hence we have

xi ∈↓(↑ y ∩ Max(A)). Thus
∨
{xi : i ∈ I} ∈↓(↑ y ∩ Max(A)), because A

satisfies the strong Lawson condition. Hence there is u ∈ Max(A) such that
y ≤ u and

∨
{xi : i ∈ I} ≤ u. Again, as K =↑K, we have u ∈ K, thus

u ∈ A ∩K. Finally we have
∨
{xi : i ∈ I} ∈↓(A ∩K).

�

By the above theorem and the Theorem 4.2 of [23], we deduce the fol-
lowing result.

Theorem 3. The following are equivalent for any dcpo L:
(1) L is Lawson compact.
(2) Every Scott closed subset of L satisfies the Lawson condition and L

is Scott compact and coherent .

Example 4. (1) The example below shows that the necessity of coher-
ence in the above theorem.
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Let X = { 1
n

: n ∈ N} with the ordinary order of numbers. Then every
Scott closed set satisfies the strong Lawson condition. But X is not Lawson
compact because it is not Scott compact.

This is also a dcpo satisfying the strong Lawson condition and is not
Lawson compact.

(2) The following example shows the necessity of Scott compactness of
L in Theorem 3.

Let L = N with the discrete order. Then L is coherent and every Scott
closed set satisfies the Lawson condition. But L is not Lawson compact.

As a summary, here we list the relationships among the main classes of
dcpos discussed in this paper.

(1) Every bounded complete dcpo is Lawson compact.
(2) Every Scott closed subset of a Lawson compact dcpo satisfies the

(strong) Lawson condition.
(3) If every Scott closed subset of a dcpo satisfies the Lawson condition,

then the dcpo is well-filtered.
(4) The maximal point space of a dcpo satisfying the Lawson condition

is well-filtered and coherent.
(5) A T1 space has a bounded complete dcpo model iff it has a Lawson

compact dcpo model.

4. Some related problems for future work

We close the paper with some related problems.
The main result in this paper is that the maximal point spaces of dcpos

satisfying the Lawson condition are well-filtered and coherent. A natural
question arising is:

(1) Does every well-filtered and coherent T1 space have a dcpo model
satisfying the Lawson condition?

We have no clue for how to prove the answer is positive. But if we
wish to construct a counterexample, the space must not be metrizable, or
even not Hausdorff and first countable as every such space has a bounded
complete dcpo model due to [27].

One possible candidate might be the set R of real numbers with the
co-countable topology.

It is even unknown whether every Hausdorff space has a dcpo model
satisfying the Lawson condition (note that every Hausdorff space is well-
filtered and coherent). To obtain a counterexample, the given space must
not be first countable as every Hausdorff k-space has a bounded complete
dcpo model due to Zhao and Xi [27].

A simple space that is Hausdorff but not first countable is the set R of
real numbers with the topology τ : U ∈ τ iff 0 6∈ U or there exists an open
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interval (a, b) and a countable set B such that 0 ∈ (a, b) − B ⊆ U . This
space is not first countable.

Let Z(X) = OFil(0) ∪ {{x} : x ∈ R − {0}}, where OFil(0) is the set
of all filter base F of open sets in τ with 0 ∈

⋂
F . Define the order ≤

on Z(X) by A ≤ B only if either (i) A,B ∈ OFil(0) and A ⊆ B , or (ii)
B = {x} with x 6= 0 and A ∈ OFil(0) and x is in every member of A. Then,
using a similar argument as in [25], one can verify that (X,≤) is a bounded
complete dcpo and is a model of (R, τ).

The Lawson condition and the strong Lawson condition are quite close.
Thus we have the following problem:

(2) Does the class of dcpos satisfying the Lawson condition and that
of dcpos satisfying the strong Lawson condition model the same class of
spaces?
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