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RELATIONAL ALGEBRA 2 

Abstract 

 

Although algebra is a prerequisite for higher mathematics, few studies have examined the 

mathematical and cognitive capabilities that contribute to the development of algebra word 

problems solving skills. We examined changes in these relations from 2nd to 9th grades. Using a 

cross-sequential design that spanned four years, children from three cohorts (Mage = 7.85, 10.05, 

and 12.32) were administered annual tests of algebra word problems, mathematical skills 

(mathematical relational tasks, arithmetic word problems), and cognitive capabilities (working 

memory, updating, inhibitory, task switching, and performance intelligence). The cross-sectional 

findings showed that ability to solve mathematical relational problems was associated strongly 

with performance in algebra word problems. Working memory and updating explained variance 

in the relational, but not the algebra problems. Using an autoregressive cross-lagged model with 

structured residuals to analyse the longitudinal data, we found relational and arithmetic 

performance predicted independently algebra performance from one year to the next. The 

strength of these relations was consistent across grades. These findings point to the importance 

of developing skills in relational problems as one of the tools for improving algebra 

performance.  

 

Keywords: Algebra word problems; mathematical patterning skills; arithmetic word problems; 

working memory; longitudinal tracking; individual differences
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Learning and Solving Algebra Word Problems: The Roles of Relational Skills, Arithmetic, 

and Executive Functioning 

Algebra is often regarded as a gateway to learning higher mathematics (National 

Mathematics Advisory Panel, 2008). Despite a rich body of research on the teaching and 

learning of algebra from the mathematics literature (e.g., Cai et al., 2005; Stacey & 

MacGregor, 1999), there is little systematic evidence regarding which mathematical and 

cognitive capabilities are associated uniquely with learning and solving algebra. The 

conventional view that algebra should be introduced after students are proficient in arithmetic 

has been challenged. Kaput, Carraher, and Blanton (2008), for example, stated that algebraic 

reasoning should be introduced much earlier. They argued that earlier introduction to 

algebraic reasoning help ameliorate difficulties encountered by students, who are introduced 

to algebra only in secondary school. One of the main tools for giving students early 

experience with algebraic reasoning is mathematical patterning or relational tasks (e.g., 

number sequences: 1, 4, 7, 10, ?, 16, 19). Interestingly, the National Mathematics Advisory 

Panel (2008) noted that countries that performed well in international comparisons tended not 

to devote a large amount of time to such tasks. 

The current study is one of the first to examine the development of algebraic word 

problem solving skills from a longitudinal and individual differences perspective. Focusing 

on development from 2nd to 9th grades, we examined the extent to which accuracy in solving 

algebra word problems are related to achievements in relational tasks, arithmetic word 

problems, working memory (WM), and executive functioning.  

Mathematical Relational Skills 

In the mathematics education literature, understanding mathematical patterns, 

relations, functions, and being able to analyse change in various contexts are regarded as 

critical elements of algebraic thinking (e.g., Blanton & Kaput, 2011; Kieran, Pang, Schifter, 
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& Ng, 2016). Number Sequences, Function Machine, and Function tasks are commonly used 

to provide children with opportunities to learn these skills. In Number Sequences, children 

have to identify the recursive rule used for generating sequences and solve for the unknown. 

Rittle-Johnson, Fyfe, McLean, and McEldoon (2013) showed that even four year olds could 

tackle simple core-repeating number sequences. Sequences suitable for early primary or 

elementary children are typically solved using counting or skip counting. However, 

identification of the underlying rule becomes more important for relations that are more 

complex. In Function Machine tasks (see Figure 1), children are presented with pairs of 

numbers that are assigned as input and output units. To find the missing units, children have 

to observe their covariation and identify how the input and output are related.   

<insert Figure 1 about here> 

Function tasks have elements of both number sequences and Function Machine. For 

the example in Figure 2, the number sequence covaries with a sequence of shapes. Although 

relations between smaller numbers and shapes can be answered by counting or by using 

guess-and-check strategies, questions involving larger numbers require an understanding of 

the structural relations between numbers and shapes (Blanton & Kaput, 2011). 

 <insert Figure 2 about here> 

Why are relational skills important for algebra? Blanton and Kaput (2011) argued 

that relational tasks provide young children with the representational and linguistic platform 

to engage in algebraic thinking. By using numbers that are sufficiently large to discourage 

direct modelling or computation, children are encouraged to think about the structure of the 

quantitative relations used for constructing the tasks. Furthermore, they help children 

transform abstract mathematical relations into concrete, tactile, and visual experiences.  

Similarly, Clements and Sarama (2006) argued that activities involved in the search 

for patterns help develop algebraic thoughts. They bring “predictability to seemingly 
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unorganized situations and allow one to generalize beyond the information directly available” 

(p. 524). In a number sequence task, for example, children may first recognize that a relation 

exists between two numbers (e.g., the first two numbers differ by three). Through repeated 

application and verification with other numbers in the sequence, they notice that despite the 

change in numbers in the sequence, recursion exists between pairs of consecutive numbers in 

that sequence. That is, the relation between the numbers remains the same. 

Helping children realise the contexts in which mathematical equivalence occur is 

important and is one of the key difficulties children face when they move from arithmetic to 

algebra. In algebra, equal signs are used to denote relations: mathematical statements to the 

right and to the left of an equal sign are equivalent. This is not always apparent to children: 

questions with more than a single number on the right hand side of an equal sign (e.g., 5 + 4 

= __ + 7) often cause confusion. McNeil, Hornburg, Fuhs, and O’Rear (2017) found that 

children are so used to having equal signs as requests for computation that they would give 9 

as the answer to the prior example. Knuth, Stephens, McNeil, and Alibali (2006) found that 

children with a relational understanding of the equal sign demonstrates better performance in 

algebra than do those with an operational understanding. Helping promote understanding of 

equivalence is likely one avenue through which relational tasks help develop algebraic 

problem solving skills.  

Despite their purported importance, relational tasks share few surface characteristics 

with algebra word problems. Take, for example, a typical textbook problem in which children 

are told that Mary and John have 30 marbles, Mary has 6 more than John, and to solve for 

John. In such questions, the quantitative relationship between the protagonists are stated 

explicitly. In contrast, in a relational task, children have to ascertain the relation between 

elements. Lee, Ng, Bull, Pe, and Ho (2011) argued that despite these differences, the two 

types of questions share some structural similarities. Both number sequences and simple, two 
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protagonist, algebra word problems can be characterized by the same equation: Tn = Tn-1 + d. 

Tn and Tn-1 represent two consecutive numbers in a number sequence or two protagonists in an 

algebra word problem. In a number sequence, d has to be ascertained by the problem solvers 

and represents the functional or quantitative relation between consecutive numbers. In a word 

problem, d represents the quantitative relationship or difference between the two 

protagonists. Similar to Blanton and Kaput (2011), Lee et al. (2011) argued that relational 

tasks provide children with experience in problem solving that are relevant to the 

consideration of relations between the known and unknown in algebra problems.  

Despite theoretical reasons for expecting relational tasks to be important for algebra 

problems, few studies have examined this issue from an individual differences perspective. 

Previous studies (e.g, Nathan & Kim, 2007; Walkowiak, 2014) have examined how children 

approach and solve relational tasks. Others have found that early and sustained exposure to 

an algebraic thinking curriculum improved later understanding of letter-symbolic algebra 

(e.g., Britt & Irwin, 2011). In a report of data from earlier waves of the present project, Lee et 

al. (2011) found that performance on relational tasks in 4th and 5th grades were correlated 

with accuracy on algebraic word problems even when computational abilities and WM 

capacities were controlled. However, it is unclear the extent to which performance on 

relational tasks are associated with the learning of letter-symbolic algebra in later grades. Its 

importance relative to other mathematical or cognitive skills is also unclear.  

Arithmetic Problem Solving Skills  

In many mathematics curricula, algebra is not introduced until the secondary or high 

school years. In part, this reflects the belief that it is important to build a solid base in 

arithmetic (e.g., Pillay, Wilss, & Boulton-Lewis, 1998). For typical textbook algebra word 

problems, such as the one used earlier involving Mary and John, it is not difficult to see the 

importance of arithmetic computation. However, being able to compute (30 - 6)/2 is but the 
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last step in the problem solving process. Before engaging in computation, a student needs to 

understand the information depicted in the problem, translate the text into mathematical 

statements, and manipulate those statements into a form on which arithmetic computation can 

be performed (Fuchs et al., 2014; Lannin, Barker, & Townsend, 2006; Lee, Ng, & Ng, 2009). 

Similar steps have to be undertaken by solvers of arithmetic word problems.  

The overlapping skills required for arithmetic and algebraic problems suggest that 

performance on the two types of questions should be correlated. What is unclear is the extent 

to which arithmetic is important relative to relational skills. As Kieran (1992) argued, there 

are procedural and structural aspects to algebra problem solving. It is possible that arithmetic 

is more important for the procedural aspects (e.g., knowing the steps in finding the answer to 

6x + 8 = 32), and relational skills more important for understanding the structural aspects 

(e.g., in generating and simplifying algebraic expressions). Relational skills may also be 

needed in correctly understanding the quantitative relations between protagonists, and in 

maintaining equivalence both within and across consecutive steps when equations are 

manipulated. If this is the case, competencies in both relational and arithmetic word problems 

should contribute to success in algebra. An alternative view is that ability to solve relational 

problems act as a stumbling block. If problem solvers fail to understand a question and fail to 

transform the information into mathematical equations on which computation can proceed, it 

is unlikely that proficiency in computation alone will assist.  

Executive Functioning 

Unlike the large body of literature on relations between various aspects of executive 

functioning and general mathematics achievement (for reviews, see Bull & Lee, 2014; Friso-

van den Bos, van der Ven, Kroesbergen, & van Luit, 2013), there are very few studies that 

examined the cognitive underpinnings of performance on algebraic word problems. WM and 

updating, being measures of abilities to simultaneously process, access, and store 
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information, were found to be correlated with accuracy on algebraic word problems in 5th 

grade, even after controlling for differences in intelligence and English literacy (Lee et al., 

2004). WM and updating at 5th grade were also correlated with understanding of problem 

goal, understanding of quantitative relations, and arithmetic computation: skills that are 

believed to be important for solving algebra word problems (Lee et al., 2009). Fuchs et al. 

(2016) found that WM, measured at 2nd grade, both directly and indirectly predicted word 

problem solving skill and pre-algebraic knowledge at 4th grade.  

In contrast, both Fuchs et al. (2012) and Tolar, Lederberg, and Fletcher (2009) found 

that WM had indirect, but not direct relations with pre-algebraic and algebraic performance, 

respectively. Geary, Hoard, Nugent, and Rouder (2015) found the explanatory power of WM 

to be mediated fully by domain specific measures of algebraic understanding. These findings 

suggest that performance on algebra problems are largely dependent on competencies in 

various mathematic component skills. Although these components place significant demands 

on WM processes, once they are solved, little additional resources are needed for solution.  

Because prior studies used different types of algebraic tasks and were conducted with 

participants of different grades, it is unclear the extent to which their relation with WM and 

updating varied across grades. The development of mathematical skills occur over several 

years. Although a particular type of problem may impose significant WM demands when 

children first learn to solve them, demands will decrease when children achieve higher levels 

of competencies (Geary, Hoard, & Nugent, 2012). Nonetheless, this decrease in WM 

demands will likely be offset by increases in complexity across grades (Geary, Nicholas, Li, 

& Sun, 2017). Although older children who have progressed to rational numbers, for 

example, may require less WM resources with problems involving whole number, they have 

to engage with a new number system. This will likely impose greater WM demands (Geary, 

2011), at least at the outset.  
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In addition to WM and updating, other domains of executive functioning may also 

contribute to performance in algebraic problems. Ability to inhibit irrelevant or prepotent 

responses and ability to switch efficiently are two domains of executive functioning often 

examined in the mathematics achievement literature (Clements, Sarama, & Germeroth, 2016; 

Van der Ven, Kroesbergen, Boom, & Leseman, 2012). Khng and Lee (2009) asked 7th grade 

students to use letter-symbolic algebra to solve word problems and found inhibitory ability 

correlated with likelihood of arithmetic intrusion. However, both inhibitory and switching 

abilities failed to correlate with accuracy on algebraic word problems administered to 

children in 5th grade (Lee et al., 2009). To our knowledge, relations between mathematical 

relational, inhibition, and switching tasks have not been examined. 

Questions and Hypotheses 

We examined the extent to which mathematical relational tasks, arithmetic word 

problems, WM, and executive functioning explained individual differences in algebra 

problem solving accuracy. Arithmetic word problems were used to provide an estimate of the 

extent to which solving algebra problems relied on problem solving skills common to the two 

types of word problems. The arithmetic problems used in 2nd to 6th grade spanned the range 

of arithmetic operators and number systems that were included in the algebra curriculum. 

Thus, performance on the arithmetic problems also captured individual differences in 

children’s arithmetic computation skills with different number systems.  

We expected both the relational and arithmetic problems to explain and predict 

variance in algebra. If performance on the relational tasks are important because they are 

associated with abilities to understand and work with the quantitative specifications in the 

algebra questions, the relational tasks should play a more important role than the arithmetic 

problems. In modelling the data, we examined their relative predictive strength. 

Some of the relational tasks can resemble performance intelligence tasks. To test 
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whether associations between the relational and algebraic tasks are artefacts of performance 

intelligence, we included a measure of the latter in our statistical models. Regarding WM and 

executive functioning, the literature did not provide a consistent view on whether working 

memory and updating were related directly or indirectly to performance in algebraic tasks. 

Findings differed depending on the mathematical component tasks included as explanatory 

variables and on whether associations were examined on a cross-sectional or on a 

longitudinal basis. Cross-sectional analyses help identify executive resources needed for 

solving algebra problems. In contrast, longitudinal analyses focus more on identifying 

resources needed to support learning and future performance. Given prior cross-sectional 

studies on relations between WM and algebra, we expected the two to be correlated strongly. 

With the hierarchical and cumulative nature of mathematics, we expected later success to be 

increasingly dependent on children having acquired prerequisite skills (Lee & Bull, 2016).  

There are some recent evidence that specific aspects of inhibition may be important 

for computation (e.g., De Visscher & Noël, 2014). Based on findings from Khng and Lee 

(2009), we expected the role of inhibitory and switch abilities to be grade specific. Their 

explanatory power was expected in the secondary grades when children switch over from a 

problem solving heuristic that is used widely in primary school to letter-symbolic algebra 

(Ng, Lee, Ang, & Khng, 2006).  

To summarise, we examined several questions. First, we examined whether 

performance on the relational tasks were associated with success in solving and learning to 

solve algebra word problems. Second, we examined the strengths of these associations 

relative to children’s arithmetic problem solving skills. Third, to examine the possibility that 

associations between the relational tasks and algebra is due to similarity between aspects of 

the relational tasks and performance intelligence tasks, we included the latter as an 

explanatory variable. We also examined whether performance on the mathematical problems 
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are associated with different aspects of WM and executive functioning.  

Method 

Participants & Design 

Data for this study came from a larger project that examined the development of 

executive functioning (Lee, Bull, & Ho, 2013) and its relation to various aspects of 

mathematics (see Lee & Bull, 2016, for findings on the relation between WM and general 

mathematical achievement). Participants were recruited using a cross-sequential design with 

four commencing cohorts: Kindergarten (N = 186, Mage = 5.72, SD = 0.34, 98 boys), Primary 

2 (N = 171, Mage = 7.85, SD = 0.32, 88 boys), Primary 4 (N = 163, Mage = 10.05, SD = 0.30, 

79 boys), and Primary 6 (N = 153, Mage = 12.32, SD = 0.29, 67 boys). Children in each cohort 

were tested annually over four years. The local ethics review authority (Centre for Research 

in Pedagogy and Practice) approved the study (Age and individual differences in 

mathematical abilities: from kindergarten to secondary school, CRP 4/07KL). Children 

participated with parental consent. 

Children enrolled in primary school the year they turn 7 years of age. Secondary 

school started at 7th grade. Children in our commencing cohorts were recruited from six 

kindergartens and five primary schools that served families with low to middle income 

(measured by monthly household income on a 6-point scale from below $1000 to above 

$5000 in $1000 increments, M = 3.7, SD = 1.7). With transition from kindergarten to 

primary, and primary to secondary, children were distributed across 81 schools at the end of 

the study. Our sample has an ethnic distribution similar to that found in the population: 64% 

Chinese, 9% Indian, and 24% Malay. The remainder were from other ethnicities.  

In this paper, we focused on the three older cohorts, who provided data from 2nd to 9th 

grades. Although children were first introduced to algebra word problems at 4th grade, 

including data from earlier grades allowed us to examine the extent to which performance 
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was related to earlier competencies. Because each cohort overlapped with the next, data for 

the grades in the middle of our range (i.e., 4th, 5th, 6th, and 7th) came from two cohorts.  

Materials  

Each year, we administered mathematical tasks that were based on material covered 

in the curriculum. We also administered a battery of WM, executive functioning, 

performance intelligence measures.  

WM and updating. Because of task impurity issues, we used three tasks to assess 

WM and updating: Pictorial Updating, Listening Recall, and Mr. X. In the Pictorial Updating 

task (Lee et al., 2013), children were shown black-and-white sketches of animals one at a 

time and were asked to remember the last two, three, or four animals that were presented. The 

number of animals presented in each trial was varied quasi-randomly and was not disclosed 

to the children. The dependent measure was the number of animals recalled correctly. 

Because task difficulty varied across span, we computed odd-even split half reliability values 

(.796 < Guttman’s λ < .924). 

The Listening Recall and Mr. X tasks were from the Automated Working Memory 

Assessment (Alloway, 2007). Children were read simple statements in the Listening Recall 

task (e.g., fish live in the sky) and were asked to decide whether the statements were true or 

false. They were also asked to remember the last word in each statement. The number of 

statements per trial increased by one across span. We tested the children’s remembrance of 

these words at the end of each trial. Number of words remembered correctly, in the correct 

order, served as the dependent measure. In the Mr. X task, children were asked to decide 

whether two figures were each holding a ball with the same hand. They were also asked to 

remember in which of six cardinal positions the target figure was holding the ball. Sets of 

figures per trail increased by one across span. We tested the children’s remembrance of these 

positions. Number of positions remembered correctly in the correct order served as the 
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dependent measure. Neither task provided trial-by-trial data, but the publisher reported test-

test reliability of .81 and .77 for the two tasks, respectively (Alloway, 2007). 

Inhibition and switching. We used six measures to gauge inhibitory and switching 

abilities. These measures were generated from four computerised tasks. The Flanker task was 

modified from Fan, McCandliss, Sommer, Raz, and Posner (2002). We presented children 

with a row of fish and asked them to identify whether the fish in the middle was facing left or 

right. A baseline block displayed only one fish that faced either left or right. We used 

separate blocks for the congruent and the incongruent trials. In the congruent trials, all the 

fish faced the same direction. In the incongruent trials, the off-centre fish faced the opposite 

direction. We also added mixed blocks that intermixed congruent and incongruent trials. RT 

data from the three blocks were used to model inhibitory abilities (.850 < α < .944). RT data 

from the mixed blocks were used to model switch abilities (.870 < α < .971).  

In the Simon task (modified from Davidson, Amso, Anderson, & Diamond, 2006), 

children were shown an illustration that was presented either on the same side as their pre-

defined home screen or on the opposite side. Similar to the Flanker task, we used congruent 

and incongruent RT measures to model inhibitory abilities (.755 < α < .946). We used RT 

from the mixed blocks to model switch abilities (.806 < α < .953).  

Two additional tasks assessed switching and inhibition abilities. In the Picture-

Symbol switching task (based on the Number-letter task,  Miyake et al., 2000) children were 

shown bigrams, one at a time, rotated across the four corners of the computer screen. We 

asked children to judge whether each bigram depicted an animal or a number. RT data were 

computed from trials that required either a rule switch or no rule switch (.736 < α < .942).  

In the Mickey inhibition task, children were shown squares that appeared on both 

sides (non-informative, neutral trials), the same side (congruent trials), or the opposite side 

(incongruent trials) of a subsequently presented target stimulus (Mickey). We asked children 
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to indicate where Mickey was shown. Their RT in the three conditions served as dependent 

measures (.796 < α < .937). 

Performance intelligence. We used the Block Design task from the Wechsler 

Intelligence Scale for Children (Wechsler, 1991) because it shared the highest correlation 

with the performance intelligence subscale (Sattler, 2001) and has well established 

psychometric properties. Children were shown pictures of abstract shapes and were asked to 

recreate them using the coloured blocks provided. Number of accurately recreated shapes 

served as the dependent measure.  

Mathematical relational skills. The second co-author, a mathematics educator, 

developed all the relational and word problem tasks based on the local mathematics 

curriculum and exemplars from the National Council of Teachers (2001a, 2001b). In the 

Number Sequences task, we presented children with 24 sequences of numbers and asked 

them to identify the missing number (e.g., 4973, 4983, 4993, _, 5013). The difficulty of the 

recursive rule increased in accordance to curricular demands. The size of the operands and 

the number systems also varied accordingly (.88 < α <.93).  

In the Function Machine task, we presented to children 12 to 30 questions, each 

containing several input-output pairs, for example, (31, 39); (26, 34); (18,26), (40, __) (__, 

44). We asked the children to work out the missing units and specify the rule for generating 

the output from the input (.96 < α < .99). In the Functions task, each problem contained two 

sets of stimuli. Each set referred to a pattern that contained a fixed core comprising a 

sequence of icons or shapes (e.g. triangle, circle, square). Beneath this fixed core was a 

growing number sequence. The objective was to identify the recursive rule and the structure 

underpinning the relation. Complexity of the rules increased with grade (.57 < α < .88). Raw 

or proportional accuracy scores served as the dependent measures in all three tasks. 

Word problems. Both the arithmetic and algebraic word problems were based 



RELATIONAL ALGEBRA 15 

directly on questions found in local textbooks. An example of the arithmetic word problems 

is “John has 12 marbles and Mary has 6 marbles more than John. How many marbles has 

Mary?” We used a similar structure for the algebraic word problems. For illustrative 

purposes, if we were to use the same values and the same story context, the algebraic version 

would appear as: Mary and John have 30 marbles and Mary has 6 more than John. How many 

marbles has Mary? In contrast to the arithmetic problem, the sum or outcome is provided. 

The objective is to determine the start value for each protagonist.  

Similar to the relational tasks, the size of the operands, the number systems, and the 

complexity of the questions varied across grades. At 4th grade, questions contained a 

maximum of two variables. The relations between these variables were expressed using 

whole numbers, decimals, or fractions. Across grades, questions were made more complex by 

increasing the number of variables and by including relations involving different 

permutations of the four binary operations. We asked children to solve, in different sittings, 

10 to 12 arithmetic (.66 < α < .86) and 10 to 12 algebra word problems (.79 < α < .93).  

Procedure 

Consistent with the local curriculum, the algebra word problems were administered 

annually from 4th to 9th grades. The arithmetic word problems were administered to children 

from 2nd to 6th grade. We administered the other instruments (i.e., relational, WM, executive 

functioning, and performance intelligence tasks) annually.  

We divided the various instruments into five sets, which were administered on 

separate days. In exceptional cases where school availability was severely limited, we 

administered more than one set on the same day and ensured that there was a suitable break 

between each set. Children completed each set in 45 to 60 minutes. We administered tasks 

within each set in a fixed order. For younger children, we administered all the tasks 

individually. For older children, we administered the computerised tasks in small groups of 
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two to three, with each group supervised individually by a research assistant. Across cohorts, 

we tested children at the same grade at the same time of the academic year to ensure that 

differences in curriculum coverage did not produce cohort related differences.  

Analyses 

We screened data for missing values, outliers, and normality of distribution. For the 

executive functioning measures, we cleaned each child’s trial-by-trial RT data separately 

using individual means and SDs. Trials with data above or below 3 SD from the mean were 

deleted. Person level data were evaluated similarly, but participants with data that were above 

or below 3 SD were replaced with values at 3 SD. This helped to attenuate their effects 

without removing their status as outliers. This affected less than 1.4% of the data. 

Because we did not administer the arithmetic and algebra word problems to children 

in all grades, there were structurally empty cells in the data (See Table 1 in the supplementary 

online material for instruments administered at each wave). These were not imputed nor were 

they included in model estimation. Of the remaining data points from the relational, 

intelligence, and executive functioning data, 316 children had one or more data points that 

were missing. Out of these 316, 104 children missed just one or two or the measures at some 

point over the four waves of data collection. A smaller number failed to participate in one or 

more waves (11 missed only the fourth wave, 10 missed the third and fourth waves, 18 

missed the second to fourth waves). 

Because a large number of children have a small amount of missing data, listwise 

deletion would have resulted in a severe reduction in power and potential bias in estimates 

(Enders, 2010). For these reasons, we analysed the data using the full information maximum 

likelihood approach (as implemented in Mplus 7.4, Muthén & Muthén 2011), which uses all 

available data for model estimation.  

The bulk of existing work on the relation between executive functioning and 
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mathematical achievement is based on cross-sectional data. To provide a point of comparison 

to previous studies and to examine whether there are age related differences, we first 

examined relations from a cross-sectional perspective. Models were fitted to data from each 

grade separately, collapsed across cohorts. We first examined children’s performance on the 

mathematical relational tasks. We used a structural equation modelling approach in which a 

Relational Skill latent factor was formed using data from the Number Sequence, Function 

Machine, and Function tasks. To evaluate its importance relative to other explanatory 

variables, we added measures from the arithmetic word problems, WM updating, fluid 

intelligence, and executive functioning tasks. Both WM updating and executive functioning 

(i.e., the inhibitory and switch measures) were modelled at the latent level (Lee et al., 2013). 

To examine variables that predicted performance from one year to the next, we 

conducted a second set of analyses in which separate autoregressive longitudinal chains were 

formed with data from the algebra, relational, WM updating, and fluid intelligence tasks. In 

each chain, accuracy scores from each wave were regressed onto those from the previous 

wave. Linkages between the algebraic word problems and relational tasks were assessed by 

linking the autoregressive chains with cross-lagged relations: performance on the algebraic 

problems was regressed onto Relational Skill from the previous grade, and vice-versa. The 

other autoregressive chains were added to the model in a similar fashion.  

Recent critiques of such models (Bailey, Duncan, Watts, Clements, & Sarama, 2018; 

Berry & Willoughby, 2017; Hamaker, Kuiper, & Grasman, 2015) argued that they conflated 

variance at the within-level (i.e., relations that pertain to variation from wave to wave) with 

variance at the between-level (i.e., relations averaged across waves). To address these 

concerns, we implemented the structured residual model described by Curran, Howard, 

Bainter, Lane, and McGinley (2014). Briefly, between-level relations were estimated by 

random intercepts that captured performance in each construct, averaged across the four 
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waves of data. Participants’ departures from their own average performance were captured by 

residuals. Whether these departures at one wave predicted performances in the next wave 

were measured by autoregressive and cross-lagged relations between the residuals (see Figure 

1 in the supplementary material for full model configuration).  

Because changes in mean performance across grades is not our primary concern, we 

standardised all variables. This allowed us to specify intercepts with a standardised mean and 

variance, thus reducing the number of parameters that needed to be estimated. To correct for 

potential cluster effects resulting from children having come from different schools, we 

regressed the random intercepts onto dummy variables that corresponded to schools from 

which children were recruited. We also tested for cohort effects by comparing models with 

cross-lagged parameters freed versus constrained to equality across cohorts.   

Results 

Screening for multivariate outliers revealed 23 problematic cases with large 

loglikelihood values. These cases were deleted. The final sample contained 463 cases and 

15311 data points (see Table 1 in the supplementary online material for instruments 

administered at each timepoint and data availability). The full bivariate correlations can be 

found in Table 2 in the supplementary online material.  

Although gender differences on word problems were found in Johnson (1984), our 

data revealed no differences on either the arithmetic or algebraic problems. Small differences 

were found on the Number Series and Functions tasks, but none remained after correction for 

multiple comparison. Analyses were conducted on data collapsed across gender.  

Cross-sectional Correlates 

In the first set of analyses, we regressed the algebra measure onto a Relational Skill 

factor. With the exception of the Functions task at 4th grade (λ = .287), all relational tasks 

exhibited moderate to strong loading (.560 < λ <.909). Model fit was adequate at each and 
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every grade, χ2s (2) < 7.649, ps > .02, RMSEAs < .133, CFIs > .979. Relational Skill was a 

significant explanatory variable at each grade (.797 < b* < .857). Strength of association 

between the grades with the lowest (4th grade) versus the highest (9th grade) association did 

not differ (z = -1.74, p = .082).  

Addition of other explanatory variables (i.e., arithmetic word problems, WM and 

updating measures, performance intelligence, and the executive functioning measures 

indexing inhibitory and switch abilities, see Figure 3) showed that Relational Skill was the 

only consistent explanatory variable for algebra (.851 < b* < 1.105). This is despite strong 

model implied correlations between the arithmetic and algebraic measures (.605 < r < .671) 

and between the WM updating latent and algebra (.504 < r < .580). For 6th grade, both WM 

updating (b* = -.133) and arithmetic performance (b* = .116) explained variance in algebra, 

but the magnitude of these associations were much smaller than that of Relational Skill (b* 

= .862). Performance intelligence did not explain variance in algebra. Model fit was 

adequate, χ2s (162) < 319.411, ps < .001, RMSEAs < .058, CFIs > .954. 

<Insert Figure 3 here> 

There were moderate model implied correlations between executive functioning and 

Relational Skill (-.231 < r < -.437) and less consistently with arithmetic and algebra. 

However, none of the mathematical tasks was explained by executive functioning. Variance 

in Relational Skill was explained by WM updating (.488 < b* < .717) and by performance 

intelligence at 5th (b* = .166) and 6th grades (b* = .405). Performance on the arithmetic 

problems was explained consistently by WM updating (.392 < b* < .612) and, at 6th grade, by 

performance intelligence (b* = .205). For children in 7th to 9th grades, who were not 

administered the arithmetic word problems, algebra was associated only with Relational Skill 

(.722 < b* < .881). To examine the possibility that solving the relational tasks relied on 

arithmetic competencies, we also regressed Relational Skill on arithmetic. This produced 
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largely models with very similar model fit and positive parameters between the two measures 

(.377 < b* < .538). 

The executive functioning measures added a large number of additional parameters 

and decreased parameter-to-sample ratio to 1:3. To examine the stability of estimated 

parameters, we conducted bootstrap analyses with 1000 resamples for each grade. Findings 

were similar, but the negative relation between WM updating and algebra at 6th grade was no 

longer significant. Algebra was explained by arithmetic at only 6th grade. With the exception 

of 8th grade, Relational Skill was explained by WM updating. Performance intelligence was 

associated with  Relational Skill at 6th and 7th grades (see Table 1, for parameter estimates). 

<insert Table 1 about here> 

Dimensionality of the mathematical tasks. In the previous analyses, the 

standardised regression parameters between Relational Skill and algebra were large relative 

to the factor loadings of some of the relational measures. The relational and algebra tasks 

were designed to assess conceptually distinct aspects of mathematics. Indeed, the bivariate 

cross-sectional correlations between performance on the three relational tasks and algebra 

were mostly medium to large and did not approach unity. Nonetheless, the structural equation 

findings raised questions on whether performance on the various mathematical tasks were 

statistically distinct.  

To examine this question, we conducted confirmatory factor analyses on the three 

mathematical tasks. Because we administered only one test of algebra and one of arithmetic 

at each wave, for each cohort, we fitted unitary, bifactor, and trifactor models to data from all 

four waves. For all three cohorts, we found the unitary model fitted the data more poorly than 

did the trifactor model, ∆χ2(3) > 16.779, p < .001. Nonetheless, correlations between the three 

mathematical measures were generally high, especially for the youngest cohort (.913 < r 

< .949; for the two older cohorts, .625 < r < .938).  For the six grades covered by two older 
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cohorts, the trifactor model provided better fit than did the three bifactor models with 

different combinations of the mathematical tasks, ∆χ2(2) > 14.380, p < .001. In the youngest 

cohort, a bifactor model with arithmetic and algebra combined fitted no worse than the 

trifactor model. These findings suggest that, with the exception of arithmetic and algebra at 

4th and 5th grades, performance on the three tasks are statistically distinguishable.    

In summary, these findings show that algebraic performance was explained 

consistently only by Relational Skill. Performance on the arithmetic word problems explained 

variance in their algebraic counterparts only in 6th grade. WM updating explained variance in 

arithmetic and Relational Skill, but not in algebra. Performance intelligence had only an 

inconsistent and a minor role in explaining variance in arithmetic and Relational Skill.  

Longitudinal Predictors 

Cross-sectional analyses do not provide information on development per se. Here, we 

examined the extent to which performance in algebra was predicted by previous performance 

in the relational, WM, and updating tasks. We excluded data from the executive functioning 

measures because of model complexity considerations and because preliminary analyses 

showed that, across grades, they failed to predict algebra performance one year later.  

Autoregression models. We first fitted autoregression models with structured 

residuals (ARSR) to each of the five constructs. Models were fitted to the manifest measures 

of algebra, arithmetic, and performance IQ, and to the latent measures of relational and WM 

updating tasks. Tests for equivalence of longitudinal measures showed that with the 

exception of Functions from one of the 4th grade cohorts, the same factor loadings could be 

fitted across grades without deterioration to model fit.  In other words, the relational and WM 

updating tasks measured children’s underlying capacities in a similar manner across grades.  

As noted in Table 2, the ARSR models provided adequate to good fit to all the 

variables. Children who performed better than their own average in algebra and Relational 
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Skills did better in the two respective areas the year after. For both measures, patterns of 

variation across grades were similar: when we tested models in which we held autoregressive 

parameters to equality against those in which the same parameters were estimated freely 

across grades, there were no deterioration in model fit. For arithmetic, those who did better 

than their own average in 4th grade showed better performance in 5th grade. The 

autoregression parameters were not significant for the other grades. Similarly, for 

performance intelligence, children who did better than their own average in 4th or 8th grade 

obtained higher scores one year later. The autoregression parameters were not significant for 

WM updating. For all five measures, performance at the between-level of the model (i.e., 

averaged across the four waves) exhibited significant individual differences.  

<Insert Table 2 about here> 

Predictive relations between the mathematical measures. To examine the extent to 

which algebra was predicted by Relational Skill and arithmetic, we combined the best fitting 

ARSR chains found in the earlier analyses and fitted cross-lagged parameters between the 

residuals. Fixing the unstandardized cross-lagged parameters to a constant value across 

grades provided a more parsimonious solution and a model that fitted no worse than when 

parameters were freed (see Table 2, ARCL-SR Model 1). At the within-level, algebra was 

predicted by Relational Skill from the previous year (.230 < b* < .463; although the 

unstandardized values for each set of relations were held to equality, standardized estimates 

varied because residuals were not constrained to equality across grades). The predictive value 

of arithmetic, controlling for Relational Skill, tended to be weak (.089 < b* < .102, p > .058). 

The only exception was found at 6th grade, where arithmetic predicted algebra in 9th grade (b* 

=.247).  Neither arithmetic nor Relational Skill were predicted by each other. At the between 

subject level, the three mathematical tasks were correlated very highly (.914 < r < .985). 

Full predictive model. We examined the extent to which cognitive capabilities 
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predicted performances in the three mathematical tasks by adding two separate ARSR chains 

formed by WM updating and performance intelligence. Although the model fitted the data 

reasonably well (see Table 2, ARCL-SR Model 2), the between-level correlation involving 

Relational Skill and arithmetic was almost at unity (r = .998). We modified specification at 

the between level and allowed the three mathematical measures to regress on WM updating 

and performance intelligence. This produced a marginal reduction in the inter-correlations 

between the algebra and relational measures (from r = .914 to .813), the other inter-

correlations remained similar. 

Because the high inter-correlations may result in errors in model estimation, we re-ran 

the analysis with the corresponding variables loading onto the same composite between-level 

random intercept. In effect, this specified that the arithmetic and relational tasks measured the 

same underlying constructs when averaged across the four waves. With findings from the 

confirmatory factor analyses showing that performances on algebra and arithmetic were not 

distinct amongst the youngest cohort, we also constrained correlation between those two 

measures to unity, but only for that cohort. Specification at the within-level was unchanged, 

with separate structured residuals for the three mathematical constructs (see Figure 4 and 

Table 2, ARCL-SR Model 3).  

<Insert Figure 4 here> 

Even with the composite measure at the between-level, there was still a very strong 

correlation between the composite and algebra (r = .937). The main difference between the 

models with the separate and the composite measure was at the within-level. With the 

separate between-level measures, algebra was predicted by Relational Skill, and only 

marginally so by arithmetic (b = .077, p = .102). This is consistent with our earlier analyses. 

With the composite between-level measures, algebra was predicted by both arithmetic and 

Relational Skill. The predictive strength of Relational Skill was marginally stronger, Δχ2(1) = 
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6.597, p < .05, but ΔCFI = .001, ΔRMSEA < .001. Children who performed better than their 

own average in either the arithmetic or relational task did better in algebra the year after. 

Regarding Relational Skill, children who performed better than their average in 

arithmetic did consistently worse in the relational tasks one year later (-.251 < b* < -.101). 

These negative relations were apparent in the earlier analysis that involved only the 

mathematical measures, but they failed to attain significance. To examine whether these 

negative relations were caused by statistical suppression, we examined a model that 

contained only Relational Skill being regressed onto arithmetic. This, too, showed small, but 

significant negative predictive relations.  

Full predictive model with manifest variables. Modelling performances on the 

relational and on the WM updating tasks at the latent level provides a more accurate measure 

of the two constructs by providing separate estimates of measurement error. However, in the 

context of autoregression models, Cole, Martin, and Steiger (2005) showed that such models 

have a propensity to produce erroneous estimates when factor stability are either too high (as 

they are amongst Relational Skill) or too low (algebra, arithmetic, and WM updating). To 

explore whether estimates were affected unduly by the use of latent measures, we computed 

additional models with only manifest variables. Relational Skill was replaced by performance 

on the Number Sequences task, which had consistently the strongest loading on Relational 

Skill. The WM updating factor was replaced by the Pictorial Updating measure.   

We first fitted all three mathematical measures with separate between-level random 

intercepts (see Table 2, ARCL-SR Model 4). Correlations between the three averaged 

mathematical measures were still very high (rs >.921). At the within-level, algebra was 

predicted consistently by both arithmetic and Number Sequences, with similar predictive 

power, Δχ2(1) = .353, p > .05. Number Sequences was not predicted consistently by 

arithmetic. Only between 3rd and 4th grade did the previously found negative relation attain 
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significance. Another difference with the previous analysis was that Number Sequences was 

predicted consistently and positively by algebra.  

Similar to earlier analyses, both performance intelligence and Pictorial Updating had 

limited predictive power. Arithmetic at 3rd grade was predicted by 2nd grade Pictorial 

Updating. We also found a negative relation between 6th grade Pictorial Updating 

performance and 7th grade algebra. A bootstrap analysis using 1000 draws revealed an 

identical pattern of cross-lagged findings. In the final set of analyses, we used a composite 

Number Sequences and arithmetic variable at the between-level and constrained the between-

level correlation between algebra and arithmetic to unity for the youngest cohort (see Table 2, 

ARCL-SR Model 5, and Figure 2 in the supplementary material). This model yielded the 

same pattern of cross-lagged findings as the model that used separate measures at the 

between-level. A bootstrap of this model yielded the same pattern of findings.  

Discussion  

Although factor analytic findings from the cross-sectional data showed that the three 

mathematical measures were largely distinct, correlations between each measure were 

extremely high. This is consistent with findings at the between-level of the longitudinal 

analysis showing that correlations between the three mathematical measures were near unity: 

children who do well in any of the three mathematical tasks do equally well in the others. 

Analyses that focused on grade-to-grade variation showed that children who did better than 

their own average in either arithmetic or in the relational tasks did better in algebra the year 

later. Although these findings seem partially at odds with the cross-sectional findings that the 

relational, but not the arithmetic measures explained directly variance in algebra, we have to 

bear in mind that, unlike longitudinal findings, the cross-sectional findings say little about 

development or capabilities needed for the learning of algebra. Furthermore, the cross-

sectional findings showed that arithmetic performance is associated indirectly with success in 
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algebra, via a direct relation with relational performance. 

The grade-to-grade findings from the longitudinal analysis revealed further 

differences in how the mathematics tasks relate to each other. Neither the relational nor 

algebra tasks predicted performance in arithmetic. This is perhaps not surprising: children do 

not need algebraic, abstraction, or generalisation skills for arithmetic computation. A further 

point of difference is that children who did better in arithmetic tended to be worse in the 

relational tasks the year after. This negative grade-to-grade relation was unexpected. 

Although the relation was rendered largely non-significant in models containing only 

manifest variables, it remained significant between 3rd and 4th grade. It is the more perplexing 

because both arithmetic and relational performance are associated positively with algebra 

performance. Thus, it seems as if doing well in arithmetic somehow results in poorer 

performance in the relational tasks, but doing well in both arithmetic and the relational tasks 

result in better algebra performance.  

One explanation for the negative relation is that children who are good at arithmetic 

rely overly on their arithmetic skills in solving the relational tasks. Indeed, Orton and Orton 

(1999) found that children rely largely on arithmetic in solving Number Sequences tasks. 

However, an over reliance on arithmetic may result in the children paying less effort to 

identifying the underlying rules that generated patterns. The latter is believed to be a key 

element to success in the relational tasks. Thus, though children’s superior arithmetic skills 

provide them with the computational and problem solving expertise to tackle these 

components in algebra word problems, they hold them back in tackling the structural aspects 

of the relational problems. A point of caution is that the strength of this negative relation was 

relatively small in the main analysis. Furthermore, this relation only attained significance 

between one set of grades in the manifest-only analysis. However, given its potential 

detrimental effect on children’s relational performance, future studies should explore the 
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strategies used by children with high arithmetic skills. 

Relational Skill and algebra. What is it that underlies the association between the 

relational and algebra tasks? One possibility is that they share the same task demands. In the 

Function Machine task, older children had to extrapolate from the presented information in 

order to identify the rule needed to find the output from any input, n. Although presented in a 

very different format, children in the higher grades were also asked to solve the word 

problems using variables. One may argue that the association is merely due to their common 

demands on having to use variables for solving problems. Here, it is important to draw a 

distinction between the different conceptions of variables and their relations to school algebra 

(Usiskin, 1988). The Function Machine task emphasises the study of relations amongst 

quantities and, in the upper grades, requires some understanding of variables as pattern 

generalisers. In contrast, algebra word problems focus more on what Usiskin (1988) referred 

to as using algebra as a procedure for solving different types of problems. Thus, though both 

types of tasks require the use of variables, they emphasise different aspects of algebraic 

thinking.  

Other explanations for the linkage between relational and algebra skills include that of 

relational tasks providing a representational platform to engage in the generalisation of 

mathematical relations (Clements & Sarama, 2006) or a prompt to think about the structure of 

quantitative relations (Blanton & Kaput, 2011). In this study, we focused on establishing the 

extent to which relational tasks and algebra word problems are related. Future studies will 

need to explore further the mechanism responsible for this relation.  

Performance Intelligence and Executive Functioning 

The cross-sectional findings showed large model implied bivariate correlations 

between the WM updating measures and accuracy in the algebra problems. However, they 

did not explain directly variance in the algebra problems, only indirectly via the arithmetic 
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and relational tasks. Similarly, despite model implied bivariate correlations, the executive 

functioning measure failed to explain variance in any of the three mathematical tasks. The 

longitudinal findings showed that, on average, children with higher WM updating capacity 

did better in the mathematical tasks. However, only a small amount of the covariance 

between the relational and algebra tasks stem from shared cognitive demands.  

We found a very high degree of stability in the WM updating latent measure across 

waves. There was significant variation only when the Pictorial Updating task was modelled. 

Even then, only one predictive relation was found. Better performance on the Pictorial 

Updating task at 6th grade predicted poorer algebra performance at 7th grade. This negative 

relation was unexpected and is reminiscent of the relation found in the cross-sectional 

analysis for the same grade. With the model implied correlation between WM updating and 

algebra being positive, we initially suspected that it was a case of Simpson’s (1951) paradox. 

When the data were segmented based on Relational Skill, there was a trend for children with 

higher algebra scores within each segment to have lower WM updating scores. However, 

inspection of findings from a simpler model with only WM updating and Relational Skill as 

predictors found the same parameter to be non-significant (though also negative and similar 

in magnitude). For the cross-sectional analysis, both removing cluster control on the full 

model and a bootstrap rendered the parameter non-significant. Together, the possibility that 

the negative relation is due to sampling noise cannot be discounted. 

The overall findings on relations between WM updating and algebra seem 

inconsistent with earlier studies (Lee, Ng, Ng, & Lim, 2004; Trezise & Reeve, 2014), which 

found strong associations. One explanation for the inconsistency is a failure to partition 

variance at the averaged versus grade-to-grade levels (Bailey et al., 2018). We, too, found 

strong correlations between WM updating and all three mathematical measures at the 

averaged level. The cross-sectional findings provide a more nuanced explanation. Although 
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WM updating is needed for solving mathematical problems, its association with algebra is 

indirect. The failure to include mathematical prerequisite tasks in previous studies may have 

produced a direct relation that is artefactual. This interpretation is consistent with findings 

from Tolar et al. (2009), who found that the relation between WM and algebraic achievement 

was mediated fully by computational fluency and spatial visualization. Similarly, Lee et al. 

(2009) found the explanatory power of WM to be mediated fully by children’s abilities to 

represent word problems and to compute solutions. A secondary analysis reported by Siegler 

et al. (2012) also showed that a significant bivariate relation between WM and algebra 

performance was rendered null when performance in fractions and division were included in 

the explanatory model.  

Regarding inhibitory and switching abilities, we found no evidence that they are 

associated uniquely with any of the mathematical measures. Of interest is that at the bivariate 

level, executive functioning is correlated with performance on both the relational and algebra 

tasks. As Rabbitt (1997) observed, executive functioning tasks do not offer pure measures of 

executive functioning. With moderate to strong correlations between the executive 

functioning and WM measures, the correlations involving executive functioning are likely 

artefacts of their relations with WM updating (Bull & Lee, 2014).  

In the cross-sectional analyses, performance intelligence explained small amounts of 

variance in arithmetic and Relational Skill, but not consistently. The longitudinal analyses 

showed that it failed to predict consistently subsequent performances in any of the three 

mathematical tasks. However, when averaged across grades, children with higher 

performance intelligence did better on all three mathematical tasks. One concern with the 

close association between performances on the relational and algebra tasks is that it is driven 

not by mathematical abilities, but by similarities between relational and performance 

intelligence tasks (especially for relational questions that have lower demands on specific 
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mathematical knowledge). The finding that grade-to-grade performance in the relational tasks 

predicted performance in algebra in the absence of consistent associations with performance 

intelligence speak against this proposition. Nonetheless, it should be noted that we assessed 

performance intelligence with only one task, making it difficult to estimate measurement 

error independently. Future studies should consider re-examining this issue using a wider 

range of intelligence and other measures (e.g., spatial abilities). 

Limitations 

Although the negative association between the arithmetic and relational tasks was 

largely rendered non-significant in models with only manifest variables, it is troubling that 

one set of relation survived the bootstrapping procedure. In addition to the need for 

replication, future studies could also adopt a Bayesian analytic approach. When more 

information on this association is available, that information can be used to specify 

informative priors, which will help in providing a theory guided estimation of the parameter 

in question (van de Schoot et al., 2018). 

A second concern is that though bivariate correlations between the mathematical tasks 

varied from weak to strong, inter-correlations were near unity when considered at the latent 

level and averaged across waves. Our findings showed that both WM updating and 

performance intelligence explained a small amount of the inter-correlation between the 

algebra and relational measures. We were also able to modify the model and examine grade-

to-grade relations between the mathematical tasks, but beyond that, the model provides little 

information on the persistent factors that underlie the stability in performance across the three 

mathematical measures. One method that will potentially increase variance and separation 

between measures is to use data that have been vertically scaled. We were unable to do that 

because we did not have sufficient bridging items across grades. Another task for future 

studies is to identify factors that produce the stability in mathematical performance. Potential 
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candidates include the extent to which the curriculum is standardised. Comparing across 

jurisdictions that introduce algebraic thinking at different grades will help ascertain the 

impact of prerequisite skills. 

Conclusions  

Although children who do well in one of the mathematical domain also did well in the 

others, our findings suggest that early introduction of relational tasks is not effort wasted. The 

finding that Relational Skill is predictive of algebra after controlling for previous 

performance in algebra suggests that gaining competence in the relational tasks has 

independent and additive benefits as compared to additional practice on algebra alone. The 

within-level finding shows that arithmetic and the relational tasks have unique and separate 

associations with algebra. This suggests that what is common across the arithmetic and 

algebra word problems, including computation involving different number systems, are not in 

themselves sufficient for success in algebra. Abilities to understand and solve mathematical 

relational tasks are equally important to ensure success. Furthermore, the finding that 

performance in the relational tasks show consistent and strong autoregressive relations 

suggest that it is malleable, with gains in one year likely to be reflected in better performance 

in the future. 

From a methodological perspective, our findings illustrate the importance of 

examining relations from both a cross-sectional and a longitudinal perspective. With respect 

to cognitive underpinnings, our cross-sectional findings showed that solving relational and 

algebra problems are associated, directly or indirectly, with WM updating resources. The 

longitudinal findings are consistent, but they also showed that there is little variation in WM 

updating from year to year. This finding suggests that if multiple tasks are used to estimate 

WM updating capacity, little is gained from repeated measurement. Substantively, the 

findings show that though children with higher capacity have, on average, higher accuracy on 
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the algebra problems, WM updating does not contribute to year-to-year variation in algebra 

performance. Instead, it is variation in performance on the relational tasks and prior 

performance in the arithmetic and algebra word problems, which predict how well children 

would perform in the algebra word problems in a subsequent year.  
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Table 1 

Standardised regression parameters from the bootstrapped cross-sectional analyses 

 

 Grades 

Parameters 4 5 6 7 8 9 

Algebra regressed on       

Relational Skill 0.851* 1.105* 0.862* 0.877* 0.881* 0.722* 

Arithmetic 0.067 0.037 0.116*    

WM Updating -0.068 -0.264 -0.133 -0.003 -0.096 0.051 

Performance Intelligence -0.064 -0.084 -0.048 -0.05 0.045 0.147 

Executive Functioning 0.095 0.069 0.009 0.023 -0.011 0.001 

Relational Skill regressed on       
WM Updating 0.717* 0.716* 0.488* 0.409* 0.589 0.574* 

Performance Intelligence 0.144 0.166 0.405* 0.398* 0.117 0.265 

Executive Functioning 0.107 -0.005 0.002 -0.042 -0.057 -0.013 

Arithmetic regressed on       

WM Updating 0.523* 0.612* 0.392*    

Performance Intelligence 0.116 0.028 0.205*    

Executive Functioning -0.002 -0.033 0.014    

Note. * = p < .05 
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Table 2           
Fit indices for autoregression (ARSR) and autoregression cross-lagged (ARCL-SR) models with structured residuals  

           
    Freed across grades   Full constraints     

Model   χ2 RSMEA CFI   χ2 RSMEA CFI   Δχ2 

ARSR           
Algebra  52.345 1 0  60.452 1 0  8.107 

Relational Skill  491.323* 0.049 0.959  494.649* 0.048 0.96  3.326 

Arithmetic  54.412 0.045 0.988  63.166 0.047 0.966  8.754* 

Performance IQ  113.861* 0.051 0.967  135.265* 0.064 0.947  21.404* 

WM updating  499.218* 0.051 0.92  506.628* 0.05 0.921  7.41 

ARCL-SR           
1. Algebra, Relational Skill, 

arithmetic  883.318* 0.043 0.965  901.973* 0.042 0.965  18.655 

2. Algebra, Relational Skill, 

arithmetic, Performance IQ, WM 

updating   2742.098* .044 .930  2782.239* 0.044 0.929  40.141 

3. Algebra, Relational Skill, 

arithmetic, Performance IQ, WM 

updating with combined random 

intercept between algebra and 

arithmetic  2789.706* 0.045 0.926  2825.332* 0.045 0.926  35.626 

4. Algebra, Relational Skill, 

arithmetic, Performance IQ, WM 

updating (manifest only)  798.951* .038 .973  850.968* .038 .972  52.017 

5. Algebra, Relational Skill, 

arithmetic, Performance IQ, WM 

updating with combined random 

intercept between algebra and 

arithmetic (manifest only)  826.178* .041 .969  880.713* .041 .967  54.535 

Note. * = p < .05. Full constraints = equality constraints placed on autoregression and, for ARCL-SR models, cross-lagged parameters across 

grades. Parameters involving grades unique to each cohort were estimated freely. For the ARCL models-SR models, the best fitting patterns 

of constraints revealed by the AR models were used to specify the autoregressive part of these models. In the partial constraints models, only 

cross-lagged parameters were freed. 
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Figure 1. A Function Machine task. Children are asked to identify the missing input and output 

units and specify the rule with which the machine operates. 

 

  

3 → 297 

4 → 298 

1 → 295 

5 →  

 → 300 

The rule is  __________ 
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1 2 3 4 5 6 7 8 9 

10 11 12 13 14 15 16 17 18 

19 20 21 22 23 24 25 26 27 

,,, ,,, ,,, ,,, ,,, ,,,    

     ,,,,  means that the number continues 

 

 

1.)  What shape is above 11?        4.)  What shape is above 95? 

   

A B C 

 

2.)  What shape is above 28?        5.) What shape is above 99? 

 

 

 

 

 

 

3.)  What shape is above 57?       6.)  What shape is above 487? 

 

 

 

 

 

 

 

Figure 2. A Function task administered to 5th Grade children  
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Figure 3. Structural equation model used for 4th to 6th grades with measures from the relational, arithmetic, 

working memory and updating (WMC), performance intelligence (Perf IQ), and executive functioning (EF) 

tasks as explanatory variables. Model used for 4th to 9th grades are similar, but arithmetic was not included. To 

improve clarity, covariances included in the models are not depicted. Latent factors are depicted by ovals. 

Manifest variables are presented in rectangles. Lis Rec = Listening Recall; MX = Mister X; Run Spn = Pictorial 

Updating; Blk Des = Block Design; Num Seq = Number Sequence; Fnc Mac = Function Machine; Fnc = 

Functions. For all remaining variables, the first three letters refer to task names, the following three letters 

indicate task conditions: Flk = Flanker; Sim = Simon; Mic = Mickey; Pts = Picture-Symbol; Bas = neutral; Con 

= congruent, Inc = incongruent; Nsw = non-switch; Swc = switch. 
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Figure 4. Autoregression cross-lagged model with structured residuals used for the longitudinal data. To improve clarity, only significant autoregressive and cross-lagged parameters between the 
structured residuals are depicted. Covariances between the random intercepts are also depicted. Cross-sectional covariances between all residual disturbances were modelled, but not depicted. 
Similarly, cluster control and factor loading for the WM updating and relational measures were modelled, but not depicted. All unstandardized cross-lagged parameters were constrained to 
equality. Differences depicted in the standardized values depicted above are due to variation in the residuals. For grades that were represented in more than one cohort, estimates from both the 
younger (left of slash) and the older cohort are shown. Two values for the correlations between the random intercepts are shown because of constraints placed on the youngest cohort . The upper 
values denote estimates for the Grade 2 cohort. Lower values are for the two older cohorts. WMU = Working memory updating; Arith = Arithmetic word problems; Perf IQ = Performance 
intelligence; RI = random intercept; RLT/AR = combined Relational Skill, arithmetic word problem factor; Alg and Algebra = algebra word problems. The numeral after each variable name refers to 
grade; r = structured residual.
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Supplementary online material 

 

Table 1. Instruments administered at each time and data availability 

Table 2. Bivariate correlations between all study variables 

Figure 1. Full configural autoregression cross-lagged model with structured residuals 

Figure 2. Autoregression cross-lagged model with structured residuals and estimated parameters. Model is 

computed using manifest variables only. 
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