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It is commonly accepted that a parametric amplifier can simulate a phase-preserving linear am-
plifier regardless of how the latter is realised [C. M. Caves et al., Phys. Rev. A 86, 063802 (2012)].
If true, this reduces all phase-preserving linear amplifiers to a single familiar model. Here we dis-
prove this claim by constructing two counterexamples. A detailed discussion of the physics of our
counterexamples is provided. It is shown that a Heisenberg-picture analysis facilitates a microscopic
explanation of the physics. This also resolves a question about the nature of amplifier-added noise
in degenerate two-photon amplification.

Introduction.— Linear amplification has long been an
integral part of quantum measurements whereby a weak
signal is amplified to a detectable level [1, 2]. Due to
advances in quantum optics and quantum information,
linear amplifiers are now also seen as a facilitating com-
ponent of many useful tasks such as state discrimination
[3], quantum feedback [4], metrology [5], and entangle-
ment distillation [6, 7]. New paradigms of amplification
such as heralded probabilistic amplification [3, 6, 8, 9]
and photon number amplification [10] are being actively
researched for these and other applications.

Much attention has been given to the application and
construction of linear amplifiers [1, 2], and their funda-
mental quantum noise limits have been known for a long
time [11]. A relatively recent foundational development,
however, is the claim that a parametric amplifier can
simulate any phase-preserving linear amplifier regardless
of how it is realised [12]. This statement is significant
as it replaces the set of all phase-preserving linear am-
plifiers by a single familiar model. Either proving it or
falsifying it is thus of fundamental importance to our
understanding of deterministic amplifiers. It would also
clarify the status of the parametric amplifier (henceforth
abbreviated as paramp). More specifically, is it possible
to find phase-preserving linear amplifiers which cannot
be simulated by the paramp? If so, what differentiates
such amplifiers from those that can be simulated by the
paramp?

In this work, we provide answers to these ques-
tions. We provide as counterexamples two families of
physically-realisable linear amplifiers which are phase
preserving but cannot be simulated by the paramp. The
inner workings of such amplifiers are then studied, reveal-
ing that the physical mechanism of multiplicative noise
leads to amplifiers that are not simulable by the paramp.
This delineates the boundary and status of the paramp
in linear-amplifier theory. Our main result is summarised
in Fig. 1. As a corollary, we also gain understanding on
the nature of noise in nonlinear amplifiers.

FIG. 1: A denotes the set of all phase-preserving linear am-
plifiers [defined by (i)–(iii)] while those that are paramp sim-
ulable are in P [defined by (3) and coloured in orange]. The
amplifiers A1, A2, and A3 are defined by generators given
in (1), (4), and (12) respectively. (a) Accepted status of the
paramp: A = P [12]. (b) Result of this paper: P ( A.

Definitions.— We begin by making the above state-
ments precise. We specify an amplifier by a map A which
transforms the state of an input signal ρin to a new state
at its output ρout = A ρin. Throughout this paper the sig-
nal itself will be represented by the single-mode bosonic
annihilation operator â acting on Hilbert space HA. An
amplifier is said to be

(i) Physical if A is completely positive and trace pre-
serving.

(ii) Linear if A is such that 〈â〉out ≡ Tr[âAρin] = g〈â〉in
for all ρin.

(iii) Phase preserving if the gain g is real valued.

We denote the set of amplifiers satisfying (i)–(iii) by A
[53]. A member of A is given by A1(t) = exp(L1t), where

L1 = κ↑D[â†] + κ↓D[â] ; κ↑ > κ↓ ≥ 0 , (1)

and D[Â]B̂ ≡ ÂB̂Â†− Â†ÂB̂/2− B̂Â†Â/2. By virtue of
its Lindblad form, (1) generates a family of completely-
positive trace-preserving maps {A1(t)}t for fixed κ↑ and
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κ↓ [14]. This is the familar master equation model of a
linear amplifier [1, 15–18]. It is not too difficult to show
that A1(t) is linear and phase preserving for any t [18].

Parametric amplifier.— The paramp is a device with
an internal degree of freedom represented by the bosonic

annihilation operator b̂ acting on HB . Its inital state
is denoted by σ. The paramp map E is defined via the

two-mode squeeze operator Ŝ = exp[ r(â b̂− â†b̂†)] as

ρout = E ρin = TrB
[
Ŝ ρin ⊗ σ Ŝ†

]
, (2)

where TrB denotes a partial trace over HB . The gain of
the paramp may be shown to be G = cosh r where r is
the squeezing parameter [12]. This finally brings us to the
universality claim of the paramp [12]: Given any physical
linear phase-preserving amplifier A, one can always find
a σ and G of the paramp such that its output state is
identical to the output state from A for any input ρin,
i.e.,

∃ σ, G : E = A , ∀A ∈ A. (3)

If we denote the set of amplifiers that are paramp simu-
lable by P, (3) states that P = A [shown in Fig. 1(a)].

Counterexamples.— We consider first the family of
maps A2(t) = exp(L2 t) generated by

L2 =
γ

2

(
D
[
â2
]

+D
[
â†2
] )

; γ > 0. (4)

By virtue of its Lindblad form, {A2(t)}t is a physically
valid family of maps for a fixed γ. Consider a partic-
ular member of this family A2 = exp(L2 t0) for some
choice of t0. A straightforward calculation shows that
this produces a linear amplifier 〈â〉out = g 〈â〉in where
g = exp(γt0). This establishes that A2 ∈ A.

For the paramp E to be equivalent toA2, it is necessary
that the moments of â at the output from both amplifiers
be identical for an arbitrary input state ρin. Here we show
that this cannot be satisfied by considering the output
amplitude and photon-number moments corresponding
to E and A2. For A2 they are [13]:

〈â〉out = g 〈â〉in , (5)〈
n̂
〉
out

= g4
〈
n̂
〉
in

+
g4 − 1

2
, (6)

where n̂ = â†â. The same quantities for the paramp are
[12]:

〈â〉out = G 〈â〉in +
√
G2 − 1 〈b̂〉 , (7)〈

n̂
〉
out

= G2
〈
n̂
〉
in

+
(
G2 − 1

) 〈
b̂ b̂†
〉
, (8)

where all moments involving b̂ are taken with respect
to its internal state σ while those involving â are taken
with respect to ρin. To ensure that the two amplifiers

give identical 〈â〉out for any ρin we must choose
〈
b̂
〉

= 0
and set G = g. Now consider an input signal prepared
in some state, say ρ1, with average photon number 〈n̂〉1.

It is necessary that A2 and E output the same photon
number when applied to ρ1, i.e.

g4
〈
n̂
〉
1

+
g4 − 1

2
= g2

〈
n̂
〉
1

+ (g2 − 1)
〈
b̂ b̂†
〉
. (9)

Similarly we may consider another input state ρ2 with a
different average photon number 〈n̂〉2. The same require-
ment leads to

g4
〈
n̂
〉
2

+
g4 − 1

2
= g2

〈
n̂
〉
2

+ (g2 − 1)
〈
b̂ b̂†
〉
. (10)

Subtracting (10) from (9) we get

g4
[〈
n̂
〉
1
−
〈
n̂
〉
2

]
= g2

[〈
n̂
〉
1
−
〈
n̂
〉
2

]
. (11)

Equation (11) clearly cannot be satisfied unless g = 1 =
G (which means no amplification). Thus, the paramp
cannot be a universal model for A. Note that it is the
difference in how 〈n̂〉out scales with g in the two types
of amplifiers that makes E 6= A2. To the best of our
knowledge, this is the first time that a phase-preserving
linear amplifier has been shown to fall outside the reach
of the paramp.

It is natural to wonder whether the family of amplifiers
{A2(t)}t is something of a special case. Another family
of counterexamples {A3(t)}t with A3(t) = exp(L3t) is
derived from the generator

L3 =
γ

9

(
D
[
â3
]

+D
[
â†3
] )

+ γ D
[
â2
]
, γ > 0 . (12)

Physical realizability follows immediately from the Lind-
blad form of (12), while properties (ii) and (iii) are shown
in Ref. [13]. We have chosen the coefficients in (12) so
that A3(t) has the same gain g = exp(γt) as A2(t). In
this case a simple analytic expression like (6) cannot be
found for its average output photon number. It is nev-
ertheless possible to show that A3(t) leads to an aver-
age output photon number which is irreproducible by the
paramp [13].

Physical properties— We now turn to the question of
what differentiates amplifiers which are paramp simula-
ble from those that are not. A hint is provided by the
nonlinear dependence on â and â† seen in L2 and L3,
suggesting that the physics separating paramp simulable
and unsimulable amplifiers might have something to do
with multiphoton processes. To tackle this question we
focus on the family of counterexamples defined by L2,
which involve two-photon processes.

To start, we note that L2 in fact appears as a special
case of the so-called (degenerate) two-photon amplifier
with the master equation [20, 21]

d

dt
ρ(t) = κ⇑D[â†2]ρ(t) + κ⇓D[â2]ρ(t) . (13)

This equation was derived from first principles start-
ing from an atom-photon Hamiltonian with two-photon
interactions by Lambropoulos in which κ⇑ and κ⇓ are
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𝜔0 

FIG. 2: Fundamental atom-photon interactions in A1(t) and
A2(t). Photons emitted spontaneously (i.e., noise photons)
are shown in blue while stimulated ones (i.e., signal photons)
are in red (with the input signal photon shown in black). (a)
A1(t): Stimulated emission (top left), spontaneous emission
(top right), and absorption (bottom). (b) A2(t): Left: Singly
stimulated emission where a two-photon emission occurs as
a cascade of stimulated and spontaneous emissions. Right:
Two-photon spontaneous emission. Two-photon absorption
and stimulated emission events (not shown) occur at the same
rate when κ⇑ = κ⇓ and do not provide net gain [13].

further related to microscopic quantities [54]. Here, it
suffices to express them as κ⇑ = γ n⇑ and κ⇓ = γ n⇓
where γ is an effective atom-photon coupling strength
while n⇑ and n⇓ are the fractional atomic populations in
the excited and ground states respectively. Two-photon
amplifiers have been widely studied for some time [20–
32] and their output photon statistics have been inten-
sively studied for the model of (13) and special cases
of it [20, 21]. Already in Ref. [20], Lambropoulos noted
that linear amplification, i.e. one-photon gain, was some-
how possible with L2 upon setting κ⇑ = κ⇓ = γ/2 in
(13) despite the amplifier being described by an inher-
ently two-photon model [See Sec. V.C of [20]. Also com-
pare his Eqs. (5.9b)–(5.9c) with our Eqs. (5)-(6)]. To
explain this he postulated that the amplification had to
involve a “half noise half signal” process, originating from
two-photon emissions whereby “the emission of one of
the photons is induced and the other spontaneous” [55].
However, to the best of our knowledge, this assertion has
remained unsubstantiated to date. If we are able to af-
firm the speculated mechanism underlying L2, we would
not only have validated Lambropoulos’s conjecture, but
will also be guided to what kind of physics prevents a
phase-preserving linear amplifier from being simulable by
a paramp. As we now explain, L2 can be understood in
terms of the elementary atom-photon interactions shown
in Fig. 2(b).

Attempts to understand the photon statistics of the
two-photon amplifier naturally treat the density operator
of the signal mode â as a central object of analysis, and
thus work in the Schrödinger picture. This is a major
drawback in understanding the noise mechanism because
the internal modes of the amplifier noise are traced out
in such a description [20]. We are therefore motivated to
work in the Heisenberg picture where the amplifier noise
appears explicitly as a time-dependent operator. This

will allow us to track how the noise arises at the output
and arrive at Fig. 2(b).

Before we analyse A2(t) in the Heisenberg picture, it
is instructive to review how such an analysis works for
the example of A1(t). Its Heisenberg-picture equivalent
for the signal â(t) can be shown to be given by [13, 33]

dâ(t) =
1

2

(
κ↑ − κ↓

)
â(t) dt+ dŴ (t) , (14)

where dŝ(t) ≡ ŝ(t + dt) − ŝ(t) for arbitrary ŝ(t). Equa-
tion (14) may be derived from a familiar model of the
field interacting with a two-level atom. In this case, κ↑
and κ↓ are the effective excited-state and ground-state
populations in an atomic gain medium that implements
one-photon interactions. The term dŴ (t) is a quantum
Wiener increment and represents the noise being added
to the signal as it is being amplified according to (14).
It is an atomic operator that is independent of the signal
and has zero mean. All its higher-order moments vanish
except the second-order ones given by the quantum Itô
rules [33–38]

dŴ †(t) dŴ (t) = κ↑ dt , dŴ (t) dŴ †(t) = κ↓ dt . (15)

Since we are now working explicitly in continuous time,
the input and output signals are to be identified as â(0)
and â(t) respectively. Applying quantum Itô calculus,

(14) can be shown to satisfy [â(t), â†(t)] = 1̂ for all t, as
required in order to be consistent with quantum mechan-
ics.

The advantage of (14) is that it allows us to see how
the noise contributes to the amplifier output explicitly.
In particular, we can extract some basic physics about
the amplification of â by considering the evolution of the
average photon number:

d
〈
n̂(t)

〉
= (κ↑ − κ↓)

〈
n̂(t)

〉
dt+ dŴ †(t) dŴ (t) (16)

= (κ↑ − κ↓)
〈
n̂(t)

〉
dt+ κ↑ dt . (17)

The first two terms in (17) show that population inver-
sion in the gain medium is necessary for a positive contri-
bution to the signal’s energy, i.e., for amplification. The
third term given by κ↑ comes directly from the noise

operator dŴ (t) and represents noise photons added to
the signal. Furthermore, each term in (17) can be under-
stood to correspond to an elementary atom-photon inter-
action (i.e., stimulated emission, absorption, or sponta-
neous emission) [18, 39]: The first term is proportional to
both the intensity of the light reaching the atom 〈n̂(t)〉 as
well as the effective atomic population of the excited state
κ↑ and corresponds to stimulated emission. Similarly, we
know that the number of absorption events in the gain
medium should be proportional to 〈n̂(t)〉 and the effective
ground-state population of the atoms. This corresponds
to the term −κ↓〈n̂(t)〉 in (17) where the negative sign
indicates that absorption removes energy from the field.
The only atom-photon interaction that does not depend
on the signal’s energy, but only on the excited-state pop-
ulation of the gain medium, is spontaneous emission, and
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is given by the last term in (17). This highlights the well-
known facts about linear amplifiers that rely on single-
photon interactions: First, that stimulated emission and
population inversion are essential for amplification, and
second, that spontaneous emission is the physical mech-
anism responsible for adding noise to the signal. A sum-
mary of these processes is shown in Fig. 2(a).

The Heisenberg-picture equation for â corresponding
to the two-photon amplifier of (13) is [13]

dâ(t) =
(
κ⇑ − κ⇓

)
â†(t) â2(t) dt

+ 2κ⇑ â(t) dt+ â†(t) dŴ (t) . (18)

This is an Itô quantum stochastic differential equation [6,

10, 14, 42, 43] where dŴ (t) is again an atomic operator
with zero mean and such that

dŴ †(t) dŴ (t) = 4κ⇑ dt , dŴ (t) dŴ †(t) = 4κ⇓ dt .
(19)

Again, it can be shown that (18) preserves [â(t), â†(t)] =

1̂ for all t [13]. The Heisenberg equation of motion for â
corresponding to L2 may then be obtained from (18) by
setting κ⇑ = κ⇓ = γ/2. This gives

dâ(t) = γ â(t) dt+ â†(t) dŴ (t) . (20)

Note here that (20) now carries a signal-dependent noise

given by â†(t)dŴ (t) . This is the “half signal half noise”
which Lambropoulos spoke of in Ref. [20]. It is also re-
ferred to as multiplicative noise in random process theory
[4, 45]. We can now show exactly what the multiplicative
noise in (20) is in terms of elementary atom-photon inter-
actions by considering how the average photon number
evolves. Using quantum Itô calculus we have,

d
〈
n̂(t)

〉
= 2 γ

〈
n̂(t)

〉
dt+

〈
â(t) â†(t)

〉
dŴ †(t) dŴ (t) (21)

= 2 γ
〈
n̂(t)

〉
dt+ 2 γ

[〈
n̂(t)

〉
+ 1
]
dt . (22)

The first term in (22) is inherited from the γ â(t)dt term
in (20) and corresponds to one-photon stimulated emis-
sion as it depends on κ⇑ and 〈n̂(t)〉. Since the model
restricts the atoms to have only two-photon transitions,
this term by itself does not complete a full atomic tran-
sition from excited to ground state with the emission
of two photons. To complete the picture we must take
into account for the photons from the remaining terms
in (22), which are noise photons insofar as they arise

from the atomic operator dŴ (t). In contrast to (17),
there are now two types of noise photons. The first is
linear in 〈n̂(t)〉, so it corresponds to a one-photon emis-
sion that depends on the signal strength reaching the
atom. The fact that it is a noise photon suggests that
it came from spontaneous emission while the fact that
it depends on the signal means that such a spontaneous
emission is “stimulated”—conditioned on a stimulated
emission having taken place just before it. The seemingly
strange possibility of getting one-photon amplification in

a two-photon model can now be resolved when we take
the stimulated photon corresponding to the first term
in (22) together with the signal-dependent noise photon
to arrive at the two-photon process shown on the left
of Fig. 2(b). This is the underlying mechanism respon-
sible for linear (i.e. one-photon) amplification in a gain
medium with only two-photon transitions. The remain-
ing type of noise photon is due to the 2γ in (22) which
corresponds to two-photon spontaneous emission. This
is shown on the right in Fig. 2(b).

Our physical picture of the multiplicative noise in (20)
thus allows us to see how it is signal dependent. It is pre-
cisely this signal-dependent noise that leads to a photon-
number gain of g4 in (6) which ultimately makes it im-
possible for the paramp to simulate it as shown in (11).
This can be seen explicitly from (22) where the first term
contributes photons at a rate 2γ〈n̂(t)〉 to the signal, while
the signal-dependent noise contributes another 2γ〈n̂(t)〉
photons per unit time to make up a total rate of 4γ〈n̂(t)〉
[which leads to the fourth power of g in (6) and sub-
sequently in (11)]. Because (20) is the simplest form
of a phase-preserving linear amplifier with multiplicative
noise, it may be expected that other such amplifiers with
more complicated signal-dependent noise can also violate
(3), as we showed with A3(t) from Eq.(12).

We note that non-degenerate variants of the left pic-
ture in Fig. 2(b) (i.e. a two-photon emission with unequal
transition frequencies) has been observed in experiments
and are known in the literature as singly stimulated emis-
sion [47–49] (see Ref. [22] and the references therein for
more details). What we have done in this section on
the physical properties of our counterexamples is to show
that (i) multiplicative noise prevents a phase-preserving
linear amplifier from being paramp simulable, and (ii)
explain the physical basis of this multiplicative noise in
terms of elementary atom-photon interactions.

It is also possible to interpret (20) and its associated
linear amplification purely from the perspective of quan-
tum stochastic processes. In this interpretation (20) is
understood to generate linear amplification as a result of
the correlations between the amplifier-added noise and
the signal. This follows from the Stratonovich form of
(20) which is derived in Ref. [13]. Such a process may in
principle be realised using ion traps [50].

Finally, our discussion above sheds light on how A2

evades the claimed proof of the universality of the
paramp model in Ref. [12]. The authors of Ref. [12] math-
ematically characterize a phase-preserving linear ampli-
fier as a composition of a perfectly noiseless (and unphys-
ical) amplifier with a noise map that restores physicality
[56]. Crucially, this added noise was taken to be signal-
independent, thus excluding multiplicative noise of the
kind found in A2 by fiat.
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Supplementary Material for “Phase-Preserving Linear Amplifiers Not Simulable by
the Parametric Amplifier”

I. THE TWO-PHOTON AMPLIFIER

A. Overview

We have already said in the main text that the degenerate two-photon amplifier can be modelled by the master
equation

d

dt
ρ(t) = κ⇓D[â2] ρ(t) + κ⇑D[â†2] ρ(t) . (23)

This may be derived within the Born–Markov framework of open-systems theory [1–3]. The procedure leading to the
master equation (23) is fairly well understood so we will not derive it here. We will, however, derive the corresponding
Heisenberg equation of motion for â in Sec. I B since it is the Heisenberg-picture treatment that has played a critical
role for understanding the physics of the multiplicative noise which we met in (18)–(22). In addition, the Heisenberg-
picture treatment of open systems is somewhat less well known compared to the Schrödinger-picture theory. The
specific form of the Heisenberg equation of motion used in (18)–(22) assume that the atomic baths behave as white
noise so we must then take this limit after deriving the Heisenberg equation of motion. This then turns the Heisenberg
equation for â into a quantum stochastic differential equation.

Generally, a stochastic differential equation can be classified to be one of two kinds [4, 5]: The first kind is a
stochastic differential of the Stratonovich form. The second kind is a stochastic differential equation of the Itô
form. One advantage of the Stratonovich form is that normal calculus can used when manipulating these equations.
However, this makes the statistical moments of â, such as the photon number, or two-time correlation functions more
cumbersome to derive. On the other hand, a stochastic differential equation in the Itô form requires one to learn
new rules of differentiation and integration. This is known as Itô calculus. Itô equations have the advantage that
its noise terms are always independent of the system variables and this leads to computational simplicity provided
that Itô calculus is correctly applied. These general properties of Stratonovich and Itô calculi also apply to quantum
stochastic differential equations [6, 7].

The difference between the two forms of stochastic differential equations originate in the order in which the white-
noise limit is taken. We obtain a Stratonovich quantum stochastic differential equation when we take the white-noise
limit of the Heisenberg equation of motion at the end of its derivation (as opposed to the start). The rigorous
justification of this is given by the Wong–Zakai theorem [8, 9]. Hence, when we take the white-noise limit of the
resulting Heisenberg equation of motion for â in Sec. I B we arrive at a Stratonovich equation. From this we will
proceed to derive the average evolution from this within the Stratonovich framework in Sec. I C. This calculation
allows us to understand linear amplification in (23) as the result of correlations between the noise and the signal. For
this reason one may refer to the case of κ⇑ = κ⇓ as a noise-induced amplifier. As just mentioned, the Stratonovich
form of the Heisenberg equation makes it more difficult to calculate moments of â, so we will convert our Stratonovich
quantum stochastic differential equation for â into its equivalent Itô form. This then gives us exactly (18) in the main

text. We then show, in Sec. I D, that on using Itô calculus the canonical commutation relation [â(t), â†(t)] = 1̂ is
preserved for all t as it should be in the Heisenberg picture.

B. Amplitude equation of motion

The two-photon amplifier given in the main text by the master equation (13) and the Itô stochastic equation (18)
may be derived by modelling the signal as a single bosonic oscillator (with Hilbert space HA) coupled to a bath of
two-level atoms (with Hilbert space HB) that mediate two-photon transitions. The atoms model the gain medium

that is used for amplification. The full Hamiltonian Ĥ on HA ⊗HB is

Ĥ = ~ω0 â
†â+

∑
n

~ωn
2

π̂zn + â2 Π̂† + â†2 Π̂ , (24)

where ω0 is the oscillator’s natural frequency and π̂zn, π̂+
n , and π̂−n are atomic operators for the nth atom, defined by

π̂zn = π̂+
n π̂
−
n − π̂−n π̂+

n , π̂+
n = |⇑n〉〈⇓n| , π̂−n = |⇓n〉〈⇑n| . (25)
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We have also defined the bath operators

Π̂ = ~
∑
n

ξn π̂
−
n , Π̂† = ~

∑
n

ξ∗n π̂
+
n . (26)

The bath will be assumed to be at temperature T so that its state ρB is given by

ρB =
⊗
n

ρn , ρn =
exp
(
−β~ωnπ̂zn/2

)
Zn

, (27)

where we have defined β = 1/kB T , and kB is the Boltzmann constant. The normalisation of ρn (also the partition
function) is

Zn = Tr
[

exp
(
−β~ωnπ̂zn/2

)]
= 2 cosh

(
β~ωn

2

)
. (28)

It will also be useful to introduce the shortands for the atomic populations in the nth atom:

〈⇑n|ρn|⇑n〉 ≡ N⇑(ωn, T ) , 〈⇓n|ρn|⇓n〉 ≡ N⇓(ωn, T ) . (29)

The Heisenberg equation of motion for the oscillator’s amplitude â is defined by

d

dt
â(t) = − i

~
eiĤt/~

[
â(0), Ĥ(0)

]
e−iĤt/~ , (30)

where Ĥ(0) = Ĥ. Noting that at the initial time the system and bath operators commute, we find

d

dt
â(t) = −i ω0 â(t)− i

~
2 â†(t) Π̂(t) . (31)

where Π̂(t) = exp(iĤt/~) Π̂ exp(−iĤt/~). It helps to move into a rotating frame at the oscillator frequency by
defining

ā(t) = â(t) ei ω0t . (32)

Differentiating ā(t) and using (31) we get

d

dt
ā(t) = − i

~
2 ā†(t) Π̂(t) ei 2ω0 t . (33)

We see that ā(t) is coupled to Π̂(t). To deal with this one may substitute the formal solution for Π̂(t) back into (33)
iteratively. However, if the system and bath are only weakly coupled then we can approximate the system evolution
up to second order in the interaction strength. This step constitutes the so-called Born approximation, after which
we arrive at

d

dt
ā(t) = − i

~
2 ā†(t) Π̃(t) ei 2ω0t − 2

~2
ā†(t)

∫ t

0

dt′ ā2(t′)
[
Π̃(t), Π̃†(t′)

]
ei 2ω0(t−t′) , (34)

where we have defined

Π̃(t) = ~
∑
n

ξn π̂
−
n (0) e−i ωnt . (35)

The system’s evolution is now affected by the history of Π̃(t) in the commutator inside the integrand. We can simplify
this by first replacing the bath commutator by its average, which is justified if we are going to use the Heisenberg
equation of motion for calculating expectation values. The dependence on the history of Π̃(t) can then simplified by
making the Markov approximation: This relies on the characteristic timescale over which ā(t) evolves to be much
longer than the timescale over which bath correlations decay. In this regime we can then replace the system operators
at time t′ < t, by the present time t and extend the top limit of the time integrals to infinity. Doing so allows us to
compute the time integral in (34) by assuming the distribution of transition frequencies of the atoms to be sufficiently

dense. We may then convert the sum over atomic degrees of freedom in Π̃(t) into an integral by introducing a function
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D(ω) which counts how many atoms there are per transition frequency in the bath. That is, D(ω) dω is the number
of atoms in the bath with a transition frequency in the range from ω to ω + dω. We then have

d

dt
ā(t) =

(
κ⇑ − κ⇓

)
ā†(t) ā2(t)− i

~
2 ā†(t) Π̃(t) ei 2ω0t , (36)

where we have further defined

κ⇑ = γ N⇑(2ω0, T ) , κ⇓ = γ N⇓(2ω0, T ) , γ ≡ 2πD(2ω0) |ξ(2ω0)|2 . (37)

In (36) we have neglected shifts in the oscillator’s frequency due to the bath correlation functions on the grounds that
they are typically very small [2, 3]. Physically this can be expected since atoms that are detuned from 2ω0 would not
be expected to have a strong two-photon coupling. The dominant coupling occurs for the on-resonance case and they
give rise to κ⇑ and κ⇓.

C. Noise-induced amplification

1. Effect of noise within Stratonovich calculus

Taking the expectation value of (36) gives us

d

dt

〈
ā(t)

〉
=
(
κ⇑ − κ⇓

) 〈
ā†(t) ā2(t)

〉
− i

~
2
〈
ā†(t) Π̃(t)

〉
ei 2ω0t , (38)

If we can calculate the expectation value of the noise term in (38) then we know what effect it has on the signal on
average. However, it is not immediately obvious how to do this since the evolution of ā(t) under (36) will correlate

it with Π̃(t). Therefore we must treat
〈
ā†(t) Π̃(t)

〉
with care. Typically it is difficult to proceed further without

assuming anything about Π̃(t). Therefore it is often useful to consider the white-noise limit of (36). In so doing we
obtain the Stratonovich equivalent to (18) from the main text (except for some scaling of the noise operator which

we will take into account later). This means that we may approximate the autocorrelations of Π̃(t) to have as small
a correlation time as we like. Effectively one may take

〈
Π̃†(t) Π̃(t− τ)

〉
=

~2

2
κ⇑ δ(τ) ,

〈
Π̃(t) Π̃†(t− τ)

〉
=

~2

2
κ⇓ δ(τ) . (39)

Integrating (36) allows us to arrive at

〈
ā†(t)Π̃(t)

〉
=
〈
ā†(0)Π̃(t)

〉
+
(
κ⇑ − κ⇓

) ∫ t

0

dt′
〈
ā†2(t′) ā(t′)Π̃(t)

〉
+ 2

i

~

∫ t

0

dt′
〈
Π̃†(t′) ā(t′)Π̃(t)

〉
e−i 2ω0t

′
. (40)

Because we are assuming Π̃(t) to have short correlation times we can factorise multitime averages between noise
operators at time t and system operators at time t′ provided that t > t′. For example, for any system operator ŝ,〈

ŝ(t′) Π̃(t)
〉

=
〈
ŝ(t′)

〉〈
Π̃(t)

〉
= 0 , t > t′ , (41)

where we have noted that Π̃(t) has zero mean. When t > t′ the noise Π̃(t) and system variable ŝ(t′) are in fact
independent so we have [

ŝ(t′), Π̃(t)
]

= 0 , t > t′ . (42)

The case of t = t′ then depends on the form of ŝ and the operator that couples to the bath as defined by V̂ [10]. For

the case considered here this can be seen to give [ā(t), Π̃(t)] = 0. Hence we have,〈
ā†(t)Π̃(t)

〉
= 2

i

~
〈ā(t)〉 e−i 2ω0 t

∫ ∞
0

dτ
〈
Π̃†(t− τ)Π̃(t)

〉
ei 2ω0τ = i~κ⇑ 〈ā(t)〉 e−i 2ω0 t . (43)

Substituting this back into (38) thus gives

d

dt
〈ā(t)〉 =

(
κ⇑ − κ⇓

) 〈
ā†(t) ā2(t)

〉
+ 2κ⇑ 〈ā(t)〉 . (44)
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For ease of writing let us define

ŵ(t) = − i
~

2 Π̃(t) ei 2ω0t , (45)

and relabel ā(t) as â(t) (keeping in mind that it is an equation of motion in the rotating frame). Considering the case
of κ⇑ = κ⇓ = γ/2 we can then write (36) simply as

d

dt
â(t) = â†(t) ŵ(t) , (46)

and where the average of this is simply (44) written in terms of ŵ(t),〈
â†(t) ŵ(t)

〉
= γ 〈â(t)〉 . (47)

The derivation of (47) proves that linear amplification can be induced by the amplifier added noise when it comes
in the form of multiplicative noise. For this reason we can refer to (46) as a noise-induced amplifier (henceforth
abrreviated to noisiamp). We can also understand noisi amplification as classical correlation between the internal
noise source of the amplifier and the signal that is being amplified. This is the essential content of (47). Though such
equations are not typically encountered in the amplifier literature, it is certainly allowed within the Born–Markov
framework of open-systems theory. The important point to note here is that neither the Markov approximation, nor
Stratonovich calculus, treat ŵ(t) as true idealised white noise. All that is required is for ŵ(t) to have a very small but
nonzero correlation time, otherwise (47) would be zero and there would be no point to the derivation above. In other
words, if there is no correlation between the noise and signal, there is no amplification. Having said this, it is possible
to convert (46) to a form where ŵ(t) really is ideal white-noise for which its correlations with any system variable
always vanishes. This is given by the Itô form corresponding to (46) and we will consider it in Sec. I D. Before taking
this on we briefly discuss how one might be able to observe noisi amplification in ion traps.

2. Realisation using ion traps

The noisiamp in (46) and (47) may in principle be realised using ion traps as follows. Trapped ions can be thought
of as possessing two degrees of freedom, an internal degree of freedom which we can effectively think of as a two-level
atom, and a motional degree of freedom. The internal degree of freedom has basis states |g〉 (ground state) and |e〉
(excited state), while the Fock basis |n〉 is used for the motional degree of freedom. Implementing (46) and (47) is
equivalent to implimenting (23) with κ⇑ = κ⇓ = γ/2.

In order to implement the two-photon cooling in (23) with κ⇑ = κ⇓ = γ/2, the trapped ion interacts with a laser field
detuned from the carrier transition by −2ω0, where ω0 is the natural frequency of the trap. The ion then relaxes at the
carrier frequency, effectively implementing two-photon loss (|g, n〉 → |g, n− 2〉). Similarly, another laser field detuned
by 2ω0 is used to implement the two-photon heating process (|g, n〉 → |g, n+ 2〉). These processes are illustrated
in Fig. 3. The ion must be deep in the Lamb-Dicke regime [11], ensuring the sidebands are resolved and relaxation

occurs predominantly at the carrier frequency. The Lamb–Dicke parameter is given by η = (2π/λ)
√
~/2mω0 cos θ,

where λ is the wavelength of the incident laser field, m is the mass of the ion, and θ is the angle between the laser
field and the motion of the ion. The Lamb-Dicke parameter must satisfy η2(2n + 1) � 1, where n is the Fock state

FIG. 3: Energy diagram of a trapped ion with natural frequency ω0 interacting with two laser fields detuned by ±ω0 from
the carrier frequency. Relaxation processes occur at a much faster rate compared to the sideband interactions, effectively
implementing two-photon heating and cooling.
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of the ion’s motion. To implement (23) with κ⇑ = κ⇓ = γ/2, the heating and cooling is required to have the same
rate γ/2, which is controlled by the Rabi frequency Ω of the applied laser fields, and is given by γ ≈ η2Ω. A similar
realisation has been proposed in Ref. [12] to implement the quantum van der Pol oscillator.

D. Conversion to Itô form and consistency with quantum mechanics

1. The two-photon amplifier in Itô form

Using (45) we may write the Stratonovich equation (36) as

d

dt
â(t) =

(
κ⇑ − κ⇓

)
â†(t) â2(t) + â†(t) ŵ(t) . (48)

From (43) it is not difficult to see that the Itô equivalent of (48) is given by

dâ(t) =
(
κ⇑ − κ⇓

)
â†(t) â2(t) dt+ 2κ⇑ â(t) dt+ â†(t) dŴ (t) , (49)

where dŝ(t) ≡ ŝ(t+ dt)− ŝ(t) for any operator ŝ and dŴ (t) = ŵ(t) dt satisfies the Itô rules

dŴ †(t) dŴ (t) = 4κ⇑ dt , dŴ (t) dŴ †(t) = 4κ⇓ dt . (50)

Note that as we have mentioned earlier, the Itô equation has the property that〈
â†(t) dŴ (t)

〉
= 0 . (51)

However, there is now an extra term of order dt in (49) containing 2κ⇑ â(t) that makes sure it has the same average as
(48). While the Stratonovich and Itô equations can have different appearances, the physics described by each within
their respective calculus must be identical. Equation (49) can be derived directly from (48) by treating the time
derivative as an implicit equation [13]. Alternatively, (49) can also derived by treating ŵ(t) as a quantum white-noise
process from the start. This can be achieved using the time-evolution operator in the rotating frame:

Û(t, 0) = T/

{
exp

[
−i
∫ t

0

dt′ V̂ (t′)

]}
, (52)

where T/ denotes chronological time ordering. Here V̂ (t) is in the rotating frame with respect to the free evolution
and where all such time dependencies are grouped into ŵ(t) [see (45)],

V̂ (t) = â2(0) ŵ†(t) + â†2(0) ŵ(t). (53)

The time dependence of â(t) in (49) is thus defined by

â(t) = Û†(t, 0) â(0) Û(t, 0) . (54)

Often the time-evolution operator is specified by a Hudson–Parthasarthy equation (a quantum stochastic Schrödinger
equation) [13, 14, 37]

dÛ(t, 0) =

{
− 1

2

[
κ⇑ â

2(t) â†2(t) + κ⇓ â
†2(t) â2(t)

]
dt− 1

2

[
â2(t) dŴ †(t)− â†2(t) dŴ (t)

]}
Û(t, 0) . (55)

In practice it is easier to derive the Itô quantum stochastic differential equation from the Hudson–
Parthasarathy/stochastic Schrödinger equation (55). We emphasise here that (52) [or (55)], along with (53) and
(50) provide an independent and way of deriving (49) that is void of any reference to baths at thermal equilibrium.
Equation (53) simply couples the signal represented by â(t) to a quantum white-noise process ŵ(t).

2. Preservation of canonical commutation relation

We can show that (49) preserves the canonical commutation relation for â and â†. If at time t we have [â(t), â†(t)] =

1̂, then we must have

d
[
â(t), â†(t)

]
= 0 . (56)
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𝜔0 

𝜔0 

FIG. 4: Various two-photon atom-field interactions occurring in (59) via an intermediate virtual level (dashed line). From left
to right: Two-photon absorption, two-photon stimulated emission, two-photon emission with one stimulated emission and one
spontaneous, two-photon spontaneous emission.

Omitting the time argument for ease of writing we have

d
[
â, â†

]
= (dâ) â† + â (dâ†) + (dâ)(dâ†)− (dâ†)â− â†(dâ)− (dâ†)(dâ) (57)

= (κ⇑ − κ⇓)(â†â2â† + â â†2â− 2 â†2â2) dt− 4 (κ⇑ − κ⇓) â†â dt . (58)

On normal ordering the first two terms in the parentheses on the right-hand side we arrive at (56). As part of the
proof of (56) we have also worked out the photon-number evolution in the general case when κ⇑ 6= κ⇓. Its average
gives

d

dt
〈â†â〉 = 2 (κ⇑ − κ⇓)

〈
â†2â2

〉
+ 8κ⇑

〈
â†â
〉

+ 4κ⇑ . (59)

In the main text we worked out the corresponding atom-photon interactions taking place when κ⇑ = κ⇓ so that the
nonlinear term in (59) does not contribute to the noisiamp [see Fig. 2(b) of the main text]. The nonlinear term here
represents a two-photon generalisation of the linear (i.e. one-photon) amplifier. We depict the necessary atom-photon
interactions associated with the general two-photon amplifier in Fig. 4.

II. PHASE PROPERTIES

A. Phase covariance

We define an arbitrary linear amplifier to be phase covariant if and only if its map A(t) (assumed to be completely-
positive and trace-preserving) commutes with the phase-shift map,

A(t)Pϕ = PϕA(t) . (60)

The phase-shift map is defined by

Pϕ ρ = exp(−iϕn̂) ρ exp(iϕn̂) ≡ ρϕ . (61)

where n̂ = â†â. This same property has been referred to as “phase-preserving in the strict sense” in Ref. [15].
To prove that A(t) is phase covariant, we can think of A(t) as many compositions of A(δt) in the limit that

δt −→ 0. That is, if we define δt = t/n then A(t) = [A(δt)]n as n −→ ∞. Hence to show that a linear amplifier is
phase covariant, all we have to do is show that its map satisfies (60) for an infinitesimal time interval dt. Since our
counterexamples to the paramp conjecture in the main text are of the form A(t) = exp(Lt) with L in the Lindblad
form, we see that A(dt) = 1+ L dt. The condition A(dt)Pϕ = PϕA(dt) then becomes

LPϕ = Pϕ L . (62)

It is then possible to show that (62) is true. Here we will in fact prove that A(t) = exp(Lt) is a phase-covariant
channel as long as L is any m-photon dissipator. That is,

D[âm]Pϕ = PϕD[âm] , D[â†m]Pϕ = PϕD[â†m] . (63)
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This covers both our counterexamples to the paramp conjecture. For D[âm] we have,

D[âm]Pϕ ρ = âm ρϕ â
†m − 1

2
â†m âm ρϕ −

1

2
ρϕ â

†m âm (64)

=
(
e−iϕn̂ eiϕn̂

)
âm ρϕ â

†m (e−iϕn̂ eiϕn̂)− 1

2

(
e−iϕn̂ eiϕn̂

)
â†m

(
e−iϕn̂ eiϕn̂

)
âm ρϕ

− 1

2
ρϕ â

†m (e−iϕn̂ eiϕn̂) âm (e−iϕn̂ eiϕn̂) (65)

= e−iϕn̂
(
eiϕn̂ âme−iϕn̂

)
ρ
(
eiϕn̂ â†me−iϕn̂

)
eiϕn̂ − 1

2
e−iϕn̂

(
eiϕn̂ â†m e−iϕn̂

)(
eiϕn̂ âm e−iϕn̂

)
ρ eiϕn̂

− 1

2
eiϕn̂ ρ

(
eiϕn̂ â†m e−iϕn̂

)(
eiϕn̂ âm e−iϕn̂

)
eiϕn̂ . (66)

This can simplified by noting that exp(iϕn̂) â exp(−iϕn̂) = â exp(−iϕ) from which we can also see that

exp(iϕn̂) âm exp(−iϕn̂) = âm e−imϕ . (67)

Equation (66) is thus

D[âm]Pϕ ρ = e−iϕn̂ âmρ â†m eiϕn̂ − 1

2
e−iϕn̂ â†m âm ρ eiϕn̂ − 1

2
eiϕn̂ ρ â†m âm eiϕn̂ (68)

= e−iϕn̂
(
âmρ â†m − 1

2
â†m âm ρ − 1

2
ρ â†m âm

)
eiϕn̂

= PϕD[âm] ρ . (69)

The proof for D[â†m] follows similarly on replacing â with â† and using

exp(iϕn̂) â†m exp(−iϕn̂) = â†m eimϕ . (70)

B. Phase sensitivity

Aside from phase covariance, another important property of linear amplifiers is whether or not it is phase sensitive
[16, 17]. This tries to capture whether the amplification and added noise due to the linear amplifier will differ for
different directions in phase space. A linear amplifier is said to be phase insensitive if and only if for any value of ϕ,
the quadrature

x̂ϕ =
1√
2

[
â exp(−iϕ) + â† exp(iϕ)

]
, (71)

is such that it satisfies

〈x̂ϕ(t)〉 = g 〈x̂ϕ(0)〉 , (72)

〈[∆x̂ϕ(t)]2〉 = g2 〈[x̂ϕ(0)]2〉+N , (73)

where g and N are independent of ϕ, and we have defined ∆x̂ϕ = x̂ϕ−〈x̂ϕ〉. It is simple to show that for the noisiamp
g is as defined already, and

N = g2
(
g2 − 1

)[〈
n̂(0)

〉
+

1

2

]
. (74)

It is clear from these relations that the noisiamp is phase insensitive.

III. A THREE-PHOTON COUNTEREXAMPLE

To demonstrate the non-uniqueness of the noisiamp as an example which cannot be described by the paramp, we
proposed in the main text the example defined by

d

dt
ρ(t) =

γ

9
D[â3] ρ(t) +

γ

9
D[â†3] ρ(t) + γ D[â2] ρ(t) . (75)
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𝑔6 − 1

3
 

𝑛 (𝑡)  

𝑛 (0)  
0 

FORBIDDEN 
REGION 

(𝑔2−1) 𝑏 0  𝑏  0  
† 

𝑛 (𝑡) LB 

𝑔6 

𝑔2 

FIG. 5: No matter how the paramp operating state σ is chosen to change 〈b̂(0) b̂†(0)〉, it cannot produce photon-number
outputs that are entirely within the allowed region above the red-dashed line.

This is clearly a phase-covariant linear amplifier by the results of Sec. II. It is simple to show from this that

d

dt
〈â〉 = γ

〈
â
〉
, (76)

d

dt
〈n̂〉 = 2 γ

〈
n̂2
〉

+ 6 γ
〈
n̂
〉

+ 2 γ . (77)

It is obvious that 〈â(t)〉 = g〈â(0)〉 where g = exp(γ t). However, the output average photon number is now coupled
to its second moment. We can still show that it leads to unattainable values for the paramp by considering a lower
bound of 〈n̂(t)〉 by ignoring the first term of (77). Solving the resulting differential equation gives

〈
n̂(t)

〉
LB

= g6
〈
n̂(0)

〉
+
g6 − 1

3
≤
〈
n̂(t)

〉
. (78)

The paramp with identical amplitude gain has〈
n̂(t)

〉
= g2

〈
n̂(0)

〉
+
(
g2 − 1

) 〈
b̂(0) b̂†(0)

〉
. (79)

When considered a function of 〈n̂(0)〉, (79) is a straight line with gradient g2 and vertical intercept (g2−1) 〈b̂(0) b̂†(0)〉.
This is shown as the black line in Fig. 5. On the same axes (78) is shown as the red dashed line (not to scale). It is also
a straight line but with a larger gradient and vertical intercept (g6− 1)/3. The actual solution to (77) must therefore
lie above the red-dashed line while the area below it (shaded region) is forbidden. Figure 5 clearly illustrates that no

matter how 〈b̂(0) b̂†(0)〉 is chosen (by choosing σ in the ancillary mode), the paramp 〈n̂(t)〉 always has a segment in
the forbidden region of the three-photon example.
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