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EXECUTIVE SUMMARY

INTRODUCTION/BACKGROUND 
In the recommendations made to the revised Singapore-Cambridge General Certificate 

of Education Advanced Level (A-level) Mathematics curriculum (Ministry of Education (MOE): 
Curriculum Planning and Development Division (CPDD), 2015a, 2015b), an emphasis was 
placed on the use of constructivist pedagogy to deepen students’ understanding of concepts 
and appreciation of the disciplinarity of the subject, and the development of students’ critical 
and inventive thinking capacities that are relevant to the 21st century. Current practices in the 
Junior Colleges (JCs), with its lecture and tutorial system, remain largely didactic with direct 
instruction being the main pedagogical approach. To support the shift in pedagogical approach, 
empirically-tested learning designs that embody the constructivist principles, and were proven 
effective in Singapore’s classrooms were needed.  

This project proposed the use of Productive Failure (PF), a learning design that 
embodies constructivist principles, empirically tested, and proven effective and tractable in 
Singapore mathematics classrooms (Kapur, 2008, 2010, 2011, 2012, 2014a; Kapur & 
Bielaczyc, 2012). Given PF’s positive learning outcomes and its alignment to the 
recommendations made in the revised A-level curriculum, the MOE’s CPDD’s Mathematics 
Unit collaborated with the PF research team, and through MOE’s existing processes and 
structures, worked with the JCs to translate the learning design across key concepts in the 
Singapore A-level Statistics curriculum.  

STATEMENT OF PROBLEMS 
A commitment to a constructivist epistemology requires that teachers build upon 

learners’ prior knowledge. Task and activity structures of learning designs should afford the 
elicitation of both students’ formal and intuitive prior knowledge, and explicates how these 
conceptions could be leveraged effectively in and for teaching and learning. These aims are 
embodied in the PF learning design, which embodies four core, interdependent mechanisms: 
(a) activation and differentiation of prior knowledge in relation to the targeted concepts, (b)
attention to critical conceptual features of the targeted concepts, (c) explanation and
elaboration of these features, and (d) organisation and assembly of the critical conceptual
features into the targeted concepts.

Since PF’s inception in Singapore mathematics classrooms in 2007, a proof-of-concept 
was established, and its embodied conjectures tested. Results consistently demonstrated that 
students in the PF condition outperform their Direct Instruction (DI) counterparts on conceptual 
understanding and transfer, without compromising performance on basic procedural 
knowledge (Kapur, 2008, 2010, 2011, 2012; Kapur & Bielaczyc, 2011, 2012). With its strong 
learning effects, and the design being employed in the instruction of statistics since 2009, and 
the support from CPDD Mathematics unit, it was proposed to translate the learning design 
across the A-level statistics curriculum. This gives us the confidence in the efficacy of the PF 
design, and obviates the need for the comparison of the effects of PF design with a DI 
condition. 

PURPOSE OF STUDY 
To support the learning experiences advocated in the revised A-level Statistics 

curriculum and help students experience deeper learning of mathematics concepts, we 
proposed translating the PF learning design across key concepts in the A-level curriculum, 
focusing on the strand of Statistics. Accordingly, the main objectives of our purpose and 
anticipated outcomes were: 
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i. to embark on curriculum development that supported the learning experiences advocated
in the revised A-level Statistics curriculum using PF principles. We proposed to develop,
implement, and refine tasks in six key statistical topics of probability, binomial distribution,
normal distribution, sampling and central limit theorem, hypothesis testing, and correlation and
regression in the Higher 1 and 2 levels;
ii. to build teachers’ capacity in implementing learning experiences advocated in the revised
A-level Statistics curriculum that are designed with PF principles. We aimed to develop and
implement the associated professional development (PD) program and materials so that
teachers would be supported in the implementation of the revised curriculum. The objective
was to have teachers gain expertise in implementing PF tasks through a thorough
understanding of an instructional framework that gets students to generate solutions followed
by instruction, and to build their content knowledge and pedagogical content knowledge
necessary to work with and build upon students’ ideas.; and
iii. to continue to impact student learning. Based on our past research on PF principles and
mechanisms, we anticipated student learning to be positively impacted. We hypothesised that
participating students of different ability levels would get to develop critical knowledge and
skills, persistence amidst failures and challenges, and hone their collaboration skills.

To fulfil the objectives, a three year-project was proposed to proceed in two phases, a 
development and pilot (July 2014 to December 2015) phase, and a wider implementation 
phase (January 2016 - July 2017). To achieve the outcomes of the project, the following 
deliverables were proposed: 
i. Curriculum Development. In the first phase, an initial version of the units was proposed to
be designed, reviewed by subject matter experts to ensure face validity, and then piloted and
refined in 5 JCs by December 2014. By December 2015, a draft package of the PF units would
be developed, comprising the PF complex problems and their associated activity structures.
By December 2016, the PF units would be implemented on a wider scale to 10 JCs for another
round of refinement, culminating in a final and complete package of PF units that cover the six
key topics in the Statistics curriculum, ready for roll out to all JCs at the start of 2017.
ii. Teachers Capacity Building. During the first phase, apart from collaborating with 10
teachers from 5 JCs in the pilot and implementation of the PF units, three full days of PD would
be provided for these teachers, and interested teachers recruited by the MOE. Focus group
discussions and interview protocols would be carried out to find out the teachers’ feedback to
the units and training. In the second phase, the units would be implemented to a wider base
of at least 20 teachers from 10 schools; another round of a three-full-day PD would be provided,
such that teachers of all JCs (approximately 350) could be trained,
iii. Student Learning. Each time a PF unit is piloted, students’ RSMs and their reactions to
the complex problems would be captured and analysed, to not only evaluate the quality of
student learning and its fidelity to PF principles, but also to design teacher PD. In the pilot and
implementation of a complete PF unit, process (student-generated RSMs and engagement
measures) and learning outcome measures (post assessments that measured students’
procedural knowledge required to solve typical A-level items, conceptual knowledge and
transfer) would be collected.

PARTICIPANTS AND METHODOLOGY / DESIGN 
In the PF teaching method, students were first engaged in solving a complex problem 

(the generation and exploration phase) collaboratively which targets a concept that they were 
not formally taught. They were then taught the canonical concept later (the consolidation 
phase), building on students’ RSMs. The generation and exploration phase took one period 
(between 30 and 50 minutes), while the consolidation phase, between 30 and 80 minutes.  

In the implementation of the six PF units, participants included 1191 JC students and 
61 teachers (54 tutors, 7 lecturers) from 14 JCs. The teachers and classes were recruited via 
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CPDD, and participation was voluntary. A total of 144 JC teachers were trained through the 
PD sessions. A Networked Learning Committee (NLC) that was formed during the project saw 
the participation of 10 JC teachers. The six PF units targeting the six key statistical concepts 
(see “Purpose of Study” of the Executive Summary for the units), which were developed, 
piloted, implemented, and validated as planned, formed the materials for the project. Each unit 
comprised the PF complex problem(s), students’ RSMs, and materials for the PD for teachers 
in implementing the unit, and was subjected to at least one iteration post pilot.  

In building teacher capacity, a PD workshop, which was conducted by the research 
team, was designed such that teachers could get an embodied sense of what PF was from 
the standpoint of a learner and a teacher, through experiencing a PF cycle during the 
workshop. As these workshops attracted a third of all mathematics JC teachers, the research 
team and the officers from the CPDD developed two more PD workshops that targeted 
teachers who would champion the PF teaching method in their schools, which could aid the 
diffusion of the teaching method within the schools. For the implementations in 2016, RAs 
from the research team also visited the individual schools prior to the implementations of their 
chosen units to address any issues or questions that participating teachers might have before 
they implement the learning design in their classrooms. As it was challenging to form focus 
groups to obtain teachers’ opinions regarding the PF learning design, an online survey was 
sent to all Mathematics HODs instead to get schools’ feedback on the PF learning design and 
the workshops.  

While the initial aim of the project was to examine whether student learning was 
positively impacted, we further extended this by exploring and examining the extent to which 
student learning was related to teachers’ enactment of the consolidation. To do so, multiple 
data sources, for both student and teacher learning were tapped. Teachers’ enactment of the 
consolidation lessons were coded according to the PF learning design principles for the 
consolidation phase (Kapur & Bielaczyc, 2012). Both quantitative and qualitative analytical 
techniques were used to analyse the effects of the PF learning method. To assess whether 
that students’ learning was positively impacted, (i) the kinds of learning that students’ were 
engaged in during the translation of PF, (ii) the quality of the teachers’ enactment of the 
consolidation lessons and their effect on students’ learning; and (iii) the possible factors that 
affected the quality of the teachers’ enactment of the consolidation lessons were examined. 

FINDINGS / RESULTS 
Over the two years, we saw the incorporation of the two-phased PF learning design in 

14 JCs in their existing instructional formats. Generally, teachers had no problem introducing 
the collaborative activity to initiate the learning of the targeted concept. The consolidation 
phase was modified to incorporate into the various instructional formats in the JCs, attesting 
to the possibility of incorporating the PF learning design into the lecture tutorial system. 
Overall, an additional tutorial lesson for the group work prior to the first lecture was required 
to ensure that the PF design was incorporated. 

While the PD and champion teacher workshops saw 41.1% of the entire JC 
Mathematics teachers being trained, there was evidence of some of these trained teachers 
propagating the use of PF to untrained colleagues in the schools. In addition, a NLC on 
constructivist pedagogy for A-Level mathematics teachers, led by a lead teacher from a JC, 
facilitated by a principal Master teacher, and participated by 11 other teachers from 6 different 
JCs, was formed due to teachers’ interests in designing PF units on their own. Twelve of 20 
schools responded to the 9-item online survey (see “Method/ Design”). Most of the 
respondents had positive views of PF, with 8 schools expressing their interest in the 
continuation of PF in the instruction of statistics in their schools. 
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Teachers’ consolidation quality was categorised as low, medium and high. In terms of 
student learning, students were able to produce an average of 4 solutions to the complex 
problems across all units (M = 4.17, SD = 1.86, n = 813). Analysis of students’ performance 
was conducted on (i) all valid class that implemented all units and (ii) those that implemented 
the normalisation unit only; the latter analyses was conducted as the post-tests had better 
internal reliabilities. Results for classes that did the normalisation unit suggest that 
consolidation quality impacted students’ learning: high quality consolidation classes had 
significantly better conceptual understanding scores on the post-assessments compared to 
those with medium and low consolidation ratings. This finding seemed to resonate with the 
findings from the classes across all units, where classes with low consolidation ratings had 
significantly lower conceptual understanding and transfer scores. While these results need to 
be interpreted with care, they generally point to the direction that better consolidation lesson 
quality seemed to result in deeper understanding of statistical concepts among students. 

To gain further insights into the variations of quality on teachers’ consolidation lessons, 
we examined those who conducted more than one consolidation lessons during the project. 
Evident from the results above, while training status seemed not to differentiate the 
consolidation quality among the teachers, the year of execution seemed to show a difference 
in consolidation performance. Consolidation lessons that were delivered in 2016 were better 
in quality as compared to those in 2015.  

DISCUSSION 
 From the translation project, greater insights were gained into the effect of the teachers’ 

enactment of the PF teaching method. The results showed that better consolidation lesson 
quality seemed to result in deeper understanding of statistical concepts. The results seemed 
to point to importance of the teacher’s role, particularly in the execution of the consolidation 
phase of the PF learning design. Given that PF has a principled way for teachers to build upon 
spontaneous student production, lessons that exhibited fewer instances of the mechanisms in 
PF in the building of students’ solutions would possibly have a negative impact on students’ 
conceptual understanding of the targeted concept. 

The project also shed light into factors that effectively support teachers’ enactment of a 
new learning design. Analyses of teachers who conducted more than one PF lesson revealed 
that lessons that were conducted in 2016 were better than those in 2015. This result could be 
due to their access to the revised PD materials that make critical features salient, better 
collegial support and additional support from the research team in helping teachers prepare 
for lessons. Considering these, for current teaching practice and culture to transform, and for 
in-service teachers to embrace a new practice, the design of PD must not only allow teachers 
to gain an understanding of the mechanics of the PF method, but also to gain content and 
pedagogical knowledge. These also need to be accompanied with other forms of structural, 
in-site and collegial support.  

The project also illuminated the ways an alternative learning design could be made 
sustainable beyond the scope of the project. Apart from the positive feedback from HODs on 
PF, the project also witnessed the voluntary formation of an NLC. These positive indications 
attest to the possible sustainability of the PF learning method in the JC Mathematics classes. 
Reflecting on this unexpected, positive development, future research could consider how such 
an alternative design could be sustainably integrated into classroom practice, while taking into 
account of teachers’ knowledge, belief, and professional needs.  

CONTRIBUTIONS 
Theory. This study deepens our understanding of the mechanics of the PF learning design, in 
particular in the design of the consolidation phase. The framework adopted in this project also 
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presents a viable approach that practitioners can adopt if they were adopting similar 
constructivist learning models where teachers are expected to build upon students’ ideas to 
teach canonical concepts. Future research will need to consider the role of the teacher, and 
both the hurdles they face when embracing a new teaching method, and address this in the 
design of the translational effort. 

NIE Programmes and Practice. To help sustain the use of constructivist pedagogies in 
mathematics instruction in the classroom, there is a need to ensure for pre-service 
programmes to advocate and support the use of such teaching pedagogies in the training of 
new teachers. The six PF units developed for the project will be made available to the relevant 
tutors involved in the pre-service courses for A-level mathematics teachers. 

Student/Teachers assessment, Capacity, Curriculum. The PF materials could be used not 
only to support the learning experiences advocated in the revised A-level statistics curriculum, 
but also be employed for formative assessments of their students’ learning, for the building of 
teachers’ capacity in implementing pedagogies that embody constructivist principles, and for 
the development of the curriculum that seek to include constructivist elements. The units will 
serve the materials to exemplify and concretise the constructivist approach that is advocated 
in the A-level mathematics curriculum. 

Policy. The lessons learnt from this project provide an important reference to future translation 
projects on possible strategies (e.g., the types of PD or PD materials that would gain better 
traction among in-service teachers) that NIE and MOE could adopt when addressing policy 
practice gap.  

Practice. The project puts forth a learning design that A-level teachers could adopt in the use 
of constructivist learning designs in the deep learning of concepts. The formation of and 
continuous effort of the NLC, a by-product of the project, is also the other positive development, 
and will contribute to a more sustainable interest in employing constructivist approaches in the  
A-level mathematics classrooms in Singapore. Future research could look into the
sustainability of such constructivist designs in practice, such that teachers could design their
own units themselves.

CONCLUSION 
The translation of the PF learning design across the A-level Statistics curriculum 

represents a commitment to transform teaching practice that allow for the deep learning of 
mathematics and the embodiment of 21st century learning. With the MOE’s encouragement 
for teachers to pursue more constructivist pedagogies that allow their students to experience 
deep learning, this development project serves as a useful reference for future efforts to 
broaden the use of a constructivist learning method across the curriculum.  
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Statistics Curriculum  

Lee Ngan Hoe 
National Institute of Education 

1. Introduction/Background
In the recommendations made to the revised Singapore-Cambridge General 

Certificate of Education Advanced Level (A-level) Mathematics curriculum (Ministry of 
Education (MOE): Curriculum Planning and Development Division (CPDD), 2015a, 2015b), 
an emphasis was placed on the use of constructivist pedagogy to deepen students’ 
understanding of concepts and appreciation of the disciplinarity of the subject, and the 
development of students’ critical and inventive thinking capacities that are relevant to the 21st 
century. Current practices in the Junior Colleges (JCs), with its lecture and tutorial system, 
remain largely didactic with direct instruction being the main pedagogical approach. To support 
the shift in pedagogical approach, empirically-tested learning designs that embody the 
constructivist principles, and were proven effective in Singapore’s classrooms were needed.  

A candidate for this endeavour was the Productive Failure (PF) learning design, an 
empirically tested pedagogical learning design that demonstrated its effectiveness and 
tractability in Singapore mathematics classrooms (Kapur, 2008, 2010, 2011, 2012, 2014a; 
Kapur & Bielaczyc, 2012). The learning design engages students in generating solutions to 
novel problems first before teaching them the concept. While students typically fail in their 
problem-solving efforts, their sub-optimal solutions can be a productive resource in preparing 
them to learn better from subsequent instruction. Following its inception in 2007, the PF 
research team worked with 7000 students and 137 teachers from 14 schools of primary, 
secondary, and junior college levels to establish a strong proof-of-concept for the learning 
design. Results consistently demonstrated that students in the PF condition outperform their 
Direct Instruction (DI) counterparts on conceptual understanding and transfer, without 
compromising performance on basic procedural knowledge (Kapur, 2008, 2010, 2011, 2012; 
Kapur & Bielaczyc, 2011, 2012).  

Given its strong learning effects, tractability in Singapore mathematics classrooms, and 
alignment to the recommendations made in the revised A-level mathematics curriculum, the 
PF learning design was found suitable to support the learning experiences advocated in the 
revised A-level Statistics curriculum. Working in synergy with MOE’s CPDD’s Mathematics 
Unit, the PF research team at the National Institute of Education (NIE) leveraged MOE’s 
existing processes and structures to translate the PF learning design across key concepts in 
the Statistics curriculum. Funding for this translational effort came from the Office of 
Educational Research (OER), NIE, in July 2014. In this three-year developmental project, the 
team was able to fulfil its objectives. The experiences enabled the team to gain an insight into 
how constructivist learning designs could be made amenable in the existing JC system, the 
conditions that encouraged A-level teachers to implement constructivist learning designs, 
such as PF, in their classrooms, and how professional development (PD) could be designed 
to transfer the expertise required to implement such designs. The findings from this 
translational project might serve as a useful reference for future projects seeking to not only 
broaden the use of constructivist learning designs in the Singapore mathematics classrooms, 
but also to ensure their sustainability in terms of meeting the varying instructional needs of 
teachers and their students.  
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2. Statement of Problems

2.1. PF and its alignment with constructivism
A commitment to a constructivist epistemology requires that teachers build upon 

learners’ prior knowledge. Task and activity structures of learning designs should afford the 
elicitation of the kinds of knowledge — representations, solutions, strategies, ideas — that 
students can spontaneously generate using their formal as well as intuitive prior knowledge. 
In addition to the understanding of students’ conceptions, it is also important that the learning 
design explicates how these conceptions could be leveraged effectively for teaching and 
learning. These features are the cornerstone of the Productive Failure (PF) learning design 
(Kapur, 2008, 2010).  

The PF learning design embodies four core, interdependent mechanisms: (a) 
activation and differentiation of prior knowledge in relation to the targeted concepts, (b) 
attention to critical conceptual features of the targeted concepts, (c) explanation and 
elaboration of these features, and (d) organisation and assembly of the critical conceptual 
features into the targeted concepts (for a fuller explication of the design principles, see Kapur 
and Bielaczyc (2012)). These mechanisms are embodied in a two-phase design: a generation 
and exploration phase (Phase 1) followed by a consolidation phase (Phase 2). Phase 1 affords 
opportunities for students to spontaneously generate and explore the affordances and 
constraints of multiple representation solution methods (RSMs), wherein activation and 
differentiation of prior knowledge affords noticing of the critical features of the concept. Phase 
2 affords opportunities for organising and assembling the relevant RSMs into canonical RSMs, 
wherein the activated knowledge creates the conceptual hooks for the new knowledge to be 
integrated and assembled. The designs of both phases were guided by the following core 
design principles that embody the abovementioned mechanisms: (i) create problem-solving 
contexts that involve working on complex problems that challenge but do not frustrate, rely on 
prior mathematical resources, and admit multiple RSMs (mechanisms a and b); (ii) provide 
opportunities for explanation and elaboration (mechanisms b and c); and (iii) provide 
opportunities to compare and contrast the affordances and constraints of failed or sub-optimal 
RSMs and the assembly of canonical RSMs (mechanisms b–d). 

Since PF’s inception in Singapore mathematics classrooms in 2007, a proof-of-concept 
was established, and its embodied conjectures tested. The efficacy of the PF learning design 
compared to the traditional DI was demonstrated in several studies (Kapur, 2010, 2012, 2014a, 
2014b, 2015a; Kapur & Bielaczyc, 2012). In the DI condition, students received instruction on 
the targeted concept followed by problem solving. In the PF condition, students engaged in 
problem-solving first before being instructed on the targeted concepts. The main findings from 
these studies were as follow: (1) despite seemingly failing in their collective and individual 
problem-solving efforts, PF students significantly outperformed their counterparts in the 
traditional DI classrooms in conceptual understanding and transfer, without compromising 
procedural fluency (Kapur, 2010, 2012, 2014a, 2014b, 2015a; Kapur & Bielaczyc, 2012); (2) 
students with significantly different mathematical abilities were not as different in terms of their 
ability to generate multiple RSMs to complex problems posed during the generation and 
exploration phase (Kapur, 2012, 2014), challenging the strong and persistent belief among 
the teachers we worked with that such problem solving design is more appropriate for students 
with high mathematics problem-solving ability, as measured by national standardised 
problem-solving tests in mathematics; and (3) the number of RSMs generated was positively 
and significantly correlated to learning gains, showing that students’ RSM generation capacity 
predicted how much they learnt from PF (Kapur, 2012, 2014a, 2014b, 2015a). In several 
studies, we found that the number of RSMs generated by the groups in the PF condition had 
significant effects on procedural fluency, conceptual understanding, and transfer items on the 
post-test.  



Project Number: DEV 03/14 MK 
Name of PI: Associate Professor Lee Ngan Hoe 2016 

10 
May 2016 - Office of Education Research (OER), NIE 

Taken together, these findings evidenced the mechanisms embodied in the PF design. 
Specifically, the spontaneous generation of RSMs represents an activation and differentiation 
of prior knowledge. Such activation and differentiation creates the necessary conditions for 
students to notice the critical features of the concept, which then affords opportunities for 
better encoding and elaboration during instruction. The significant correlation between the 
number of RSMs and effects on learning outcomes further support these explanations. In 
particular, effects on transfer suggest that such spontaneous generation of RSMs also affords 
students to assemble knowledge in ways that allow better cueing and retrieval in novel 
problem-solving contexts. In other words, spontaneous generation aids noticing and encoding 
of critical domain information, as well as its retrieval in novel contexts (Kapur, 2015b). 

2.2. Shifting pedagogical approach in A-level statistical instruction 
Given the features of the PF learning design, it is evidently strongly in line with MOE’s 

latest recommendation for the revised A-level mathematics curriculum (see Section 1). In 
addition, the PF research also presents a theoretically sound and empirically grounded 
interpretation of the MOE’s “Teach Less, Learn More” initiative, and supports MOE’s 
aspirations of helping students in the Singapore education system to be confident people, self-
directed learners, and active contributors (Ministry of Education, 2013). These 21st century 
skills, such as the development of critical and inventive thinking, perseverance amidst failures 
and challenges, and collaboration with others, are also embodied in the PF learning design.  

With  strong empirical evidence for the mechanisms embodied in the PF design, and 
PF’s demonstrated learning gains that have largely been stable and consistent across several 
studies in Singapore classrooms, particularly across a spectrum of student abilities, it is 
therefore ideal to support the learning experiences in the revised A-level mathematics 
curriculum. With the PF learning design being employed in the instruction of statistics since 
2009, and the support from CPDD Mathematics unit, it was proposed to translate the learning 
design across the A-level statistics curriculum. Such evidence gives us the confidence in the 
efficacy of the PF design, and obviates the need for the comparison of the effects of PF design 
with the current traditional direct instruction adopted in the classrooms. 

3. Purpose of Study

3.1. Objectives
Given the alignment of PF to the recommendations made in the review of the A-level 

curriculum, we proposed to support the learning experiences advocated in the revised A-level 
Statistics curriculum by translating the PF learning design across key concepts in the A-level 
curriculum, working in close collaboration with the MOE’s CPDD Mathematics Unit. From the 
consultations and insights that we drew from MOE experts from the Math Unit, the strand 
chosen was on Statistics, and such a translational effort would potentially help students 
experience deeper learning of statistical concepts. Accordingly, the main objectives of our 
purpose and anticipated outcomes were: 

(a) to embark on curriculum development that supported the learning experiences advocated
in the revised A-level Statistics curriculum using PF principles. We proposed to develop,
implement, and refine tasks in the topics of probability, binomial distribution, normal
distribution, sampling, hypothesis testing, and correlation and regression in the Higher 1
and 2 levels. PF targets the initial learning for each of these topics, and therefore, the
curriculum time devoted to implementing PF would comprise the starting 2-3 periods for
each unit, which was estimated to be approximately 25-30% of the overall time allocated
for teaching all the Statistics topics;

(b) to build teachers’ capacity in implementing learning experiences advocated in the revised
A-level Statistics curriculum that are designed with PF principles. We aimed to develop and
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implement the associated PD program and materials so that teachers would be supported 
in the implementation of the revised curriculum. The objective was (i) to have teachers gain 
expertise in implementing PF tasks through a thorough understanding of an instructional 
framework that gets students to generate solutions followed by instruction, and (ii) to build 
their content knowledge and pedagogical content knowledge necessary to work with and 
build upon students’ ideas; and  

(c) to continue to impact student learning. Based on our past research on PF principles and
mechanisms, we anticipated student learning to be positively impacted. We hypothesised
that participating students of different ability levels would get to develop critical knowledge
and skills, persistence amidst failures and challenges, and hone their collaboration skills.

3.2. Proposed Deliverables 
To fulfil the objectives of the translational effort (see Section 3.1 above), a three year-

project was proposed to proceed in two phases. In the first development and pilot phase, 
which was to last for the first half of the project (July 2014 to December 2015), we planned to 
design and develop the PF units, and pilot these to 5 JCs. During this phase, we proposed for 
a first round of PD to be provided to ensure that teachers were equipped with the necessary 
content and pedagogical content knowledge to implement the units. A first draft set of units 
was also planned to be ready by the end of the first phase. In the second wider implementation 
phase (January 2016 - July 2017), we planned for another round of implementation of the 
tasks, and then for the rolling out of a final set of units by December 2016, dovetailing into the 
implementation schedule of the revised syllabuses in 2017.  

In the development and pilot phase, we projected to have 125 students and 10 
teachers from 5 JCs in the early implementation and refinement of the units. In the wider 
implementation phase, we were looking at potentially 600 students and 20 teachers from 10 
JCs in the wider implementation phase, and eventually reaching out to all teachers 
(approximately 350) by the end of the project.  

3.2.1. Proposed Curriculum Development 
In the development of the curriculum, we planned for a set of PF units that support the 

learning experiences advocated for in the revised A-level Statistics curriculum. An initial 
version of the units was proposed to be designed by December 2014, and then piloted and 
refined in 5 JCs. By December 2015, a draft package of the PF units would be developed, 
comprising the PF complex problems, their associated activity structures, students’ RSMs, 
updated PD materials for teachers, covering the necessary content and pedagogical content 
knowledge needed to facilitate students in their problem solving efforts and conducting 
effective consolidation lessons that build on students’ ideas.  

By December 2016, we would implement the PF units on a wider scale to 10 JCs for 
another round or refinement, culminating in a final and complete package of PF units that 
cover the key topics in the Statistics curriculum. These would be ready for roll out to all JCs at 
the start of 2017. 

3.2.2. Proposed Teachers Capacity Building 
We planned to work via MOE’s existing structures and processes to collaborate with 

at least 10 teachers from 5 JCs in the first phase for the pilot and delivery of the PF units, and 
with a larger group of teachers from 10 JCs in the second wider implementation phase.  

To acquaint JC mathematics teachers with the PF learning design and support their 
effort in implementing the design in their classes, training would be provided by the research 
team. Aiming to have PD conducted for teachers of all JCs (approximately 350), dovetailing 
into the implementation schedule of the revised syllabuses to all schools at the start of 2017, 
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we planned for three full days of PD to be provided for each phase. In the second phase, MOE 
officers and teachers from the first phase could be engaged as co-trainers and school-based 
resource persons respectively to further provide PD support during and after implementation. 
Focus group discussions and interview protocols developed and validated in past PF research 
would be carried out to find out the teachers’ feedback to the units and training.   

3.2.3. Proposed Student Learning 
Each time a PF unit was piloted, students’ RSMs and their reactions to the complex 

problems would be captured and analysed. These would be used not only to evaluate the 
quality of student learning and its fidelity to PF principles, but also in the design of teacher PD 
to help them build capacity to facilitate and build upon such student production.  

We planned for student learning to be examined through process and learning outcome 
measures each time a complete PF unit was piloted. Process measures included student-
generated RSMs, and engagement measures, namely students’ perception of their learning, 
their interest in the problem task’s solution, and their mental effort exerted when solving the 
problem task. These engagement instruments were validated over a number of PF studies in 
Singapore schools over the last seven years (Kapur, 2010, 2011, 2012, 2014a; Kapur & 
Bielaczyc, 2012). Learning outcomes were measured through assessment instruments 
developed for each PF topic, and were administered to all students after each topic. Consistent 
with past PF research, these assessment instruments not only measured procedural 
knowledge required to solve typical A-level items, but also conceptual knowledge and transfer 
items to evaluate gains in student learning. These process and outcome measures would 
serve as monitoring tools to evaluate the efficacy of the PF implementation (see Section 4.2.3. 
for more details).   

4. Methodology and Design

4.1. Materials: curriculum developed
Six PF units, targeting the key Statistical concepts of (i) conditional probability, (ii) 

binomial and Poisson distributions, (iii) normalisation, (iv) sampling and central limit theorem, 
(v) hypothesis testing, and (vi) correlation and regression, were developed. The initial version
of each unit comprised the PF complex problem(s), students’ RSMs, the analysis and
facilitation guides for the students’ RSMs, and the suggested solution for the problem task for
teachers (see Appendix A1 and A2 for samples). The development of the units was kept
internal within the research team comprising NIE researchers and MOE experts. Feedback of
the tasks was also solicited from subject experts in CPDD, to ensure the face validity of the
materials.

The PF units were subjected to a round of review after January and April PD workshops 
conducted in 2015 (see Section 4.2.2). From the feedback of the teachers and the 
observations from the implementation of units in the classrooms, the research team added an 
additional section that highlighted the necessary critical features that teachers could consider 
when conducting their consolidation lessons (see Appendix A3 for an illustration). While these 
critical features were mentioned in workshops, the research team felt that including the critical 
features formally in the PD materials for teachers to refer to might better help them in their 
consolidation attempts, in terms of organising, analysing the RSMs, and how these RSMs 
compared and contrasted to the canonical concept. This additional section on the critical 
features was made available for the workshops conducted from November 2015 onwards. 

The complex problem for each PF unit was first piloted and refined before being 
implemented on a larger scale in the classrooms. The complex problems of the normalisation, 
hypothesis testing, and correlation and regressions units were respectively piloted to 18, 23, 
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and 20 groups of JC1 students (n = 112), each student working in pairs or triads, between 
September and October 2014. The RSMs obtained from the pilot were used not only to assess 
whether students were able to generate RSMs for the units, but also as resources for the 
research team to build the facilitation guides for the teachers’ PD. These units were later 
implemented in the classrooms in 2015 and 2016. The complex problems of the sampling and 
central limit theorem, conditional probability, and binomial and Poisson distribution units were 
developed and confirmed in early 2015. The units of sampling and central limit theorem and 
binomial and Poisson distribution units were piloted in the ecological settings of the 
classrooms in 2015 and 2016 respectively. The conditional probability problem was piloted in 
both the ecological settings of one school (2 groups) and 6 groups of students (n=18) in 
another school in the year 2015. All of these units underwent at least one iteration post pilot.  

Consolidated hard and soft copies of all PF units will be made available to MOE 
teachers via the MOE, CPDD, and NIE. Soft copies of the units will also be deposited in the 
link http://constructivistld.rdc.nie.edu.sg/wordpress/productive-failure-2/materials-for-a-level-
teachers/ for interested individuals who are not part of the Singapore teaching service. Given 
that the materials were developed for the MOE, access to these materials for interested 
individuals needs to be monitored. The password to the link could be requested from the 
Principal Investigator (PI) upon permission.  

4.2. Participants and procedure 

4.2.1. Implementation of the PF units 
In the implementation of the six PF units, participants included 1191 JC students and 

61 teachers (54 tutors, 7 lecturers) from 14 JCs. The teachers and classes were recruited via 
CPDD, and participation was voluntary. In the PF teaching method, students were first 
engaged in solving a complex problem (the generation and exploration phase) collaboratively 
which targets a concept that they were not formally taught. In our implementations, most 
students worked in pairs or triads. They were then taught the canonical concept later (the 
consolidation phase; see design principles in Section 2.1). The generation and exploration 
phase took one period, and lasted between 30 and 50 minutes. Teachers spent between 30 
and 80 minutes consolidating students’ RSMs to the complex problem, and building on the 
RSMs to instruct the canonical concept.  

4.2.2. Teacher capacity building 
The CPDD Mathematics unit invited teachers from all JCs to attend the PD workshop. 

To reach out to as many teachers as possible and cater to their busy schedules, five (instead 
of the planned two) such workshops were conducted in January, April, and November in 2015, 
and May and November in 2016. Workshops were held in a centrally located JC, and were 
conducted either as a series of three afternoon workshops or a full day workshop lasting 8 
hours.  

In line with the objectives for building teacher capacity, (see Section 3.1), and 
leveraging the PD framework that was developed from the OER-funded “Building Teachers’ 
Capacity in Assessment for Learning of 21st Century Skills in Mathematics” project, the PD 
workshop was designed such that teachers could get an embodied sense of what PF was 
from the standpoint of a learner and a teacher, through experiencing a PF cycle, i.e., a 
generation and exploration phase, followed by a consolidation phase. Prior to a workshop, 
teachers were first provided with a pre-workshop task to consider and examine the complex 
problems that were designed for the units of normalisation, hypothesis testing, and correlation 
and regression, and reflect the conceptual ideas that were necessary in instructing these 
concepts through an examination of a sample of three students’ RSMs for these units. During 
a workshop, teachers were introduced to the PF learning design, and an overview of its aims, 

http://constructivistld.rdc.nie.edu.sg/wordpress/productive-failure-2/materials-for-a-level-teachers/
http://constructivistld.rdc.nie.edu.sg/wordpress/productive-failure-2/materials-for-a-level-teachers/
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design principles, and research. The units of normalisation, hypothesis testing, and correlation 
and regression were then discussed, with teachers experiencing a PF cycle for each unit. For 
each unit, teachers got into groups and were presented with a complex problem of a unit and 
the entire set of possible students’ RSMs for the complex problem. Teachers evaluated the 
quality of student-generated solutions and described ways in which they can build upon the 
solutions to teach the targeted concept effectively. After this “generation and exploration” 
phase, the trainer consolidated teachers’ responses, and discussed ways to effectively 
compare and contrast student-generated solutions with the canonical answer and targeted 
concepts.  

Unlike the planned number of workshops, which were supposed to be two sets of three-
day workshops, five sets of such workshops were conducted throughout the project. As 
participation for the PD workshops was voluntary, the workshops attracted the participation of 
131 teachers, which was only a third of the entire JC Mathematics teacher population. This 
meant that two in three teachers were either unaware of PF or were under-exposed to a 
possible method that could help them in the building of students’ solutions to instruct the 
targeted concepts, thereby resulting in an undeveloped expertise in implementing 
constructivist designs across schools. In addressing this issue, the research team and the 
officers from the CPDD developed a second type of PD workshops that targeted at teachers 
who would champion the PF teaching method in their schools, which could aid the diffusion of 
the teaching method within the schools, such that teachers could learn more about PF from 
their more informed colleagues. The second type of workshops comprised two sessions. The 
first of these was a “PF Champion Teacher Workshop” that was conducted in November 2015. 
At this workshop, teachers were asked to discuss ways to introduce alternative lesson designs, 
such as PF, in the actual ecologies in the classrooms and to their colleagues. Teachers’ 
responses were collated, and a comprehensive write up was provided for them to assist them 
in introducing PF to their colleagues and students. The other series of workshops for champion 
teachers was the “Designing for PF” workshop. Teachers who signed up for this workshop, 
which aimed to help teachers understand what it entailed to design a PF task, attended the 
sessions conducted in January and February 2016. These workshops were designed to equip 
teachers with the necessary knowledge and skills to help their colleagues better appreciate 
the teaching method, and support their colleagues in implementing the method in their classes. 
These champion teachers workshops attracted 32 teachers who were nominated from 15 JCs, 
59.4% of whom were attendees of the PD workshops. With both the PD and champion teacher 
workshops, a total of 144 teachers were trained. 

For the implementation of the PF units, 54 teachers implemented at least one PF unit; 
of these, 40 of the teachers attended at least one workshop. For the teachers who attended 
the workshops in November 2015 onwards, they had access to revised PD materials that 
included the critical features that teachers could leverage in analysing students’ RSMs (see 
Section 4.1). For the implementations in 2016, RAs from the research team also visited the 
individual schools prior to the implementations of their chosen units to address any issues or 
questions that participating teachers might have before they implemented the learning design 
in their classrooms.   

During the workshops and implementations, we did not manage to form focus groups to 
obtain teachers’ opinions regarding the PF learning design, given the teachers’ very busy 
schedules. After discussing with CPDD, an online survey was sent to all Mathematics Heads 
of Departments (HODs) instead to get schools’ feedback on the PF learning design and the 
workshops. The online survey, which was conducted between the 4th and 18th November 2016, 
was designed to find out about (1) their views on PF, (2) how the learning design was used (if 
applicable), and (3) their future plans of using it in their schools (see Appendix B for the items). 
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4.2.3. Analysis of student learning and teacher enactment in the classrooms 

While the initial aim of this project was to examine whether student learning was 
positively impacted through the PF learning design, we decided to further extend this, by 
exploring and examining the extent to which student learning was related to teachers’ 
enactment of the consolidation. Past research had already established the efficacy of the PF 
learning on the students’ learning (e.g., Kapur, 2008, 2012), the impact of teachers’ role on 
students’ learning was not made apparent. As such, we felt that it was timely to leverage what 
was obtained from this project, to gain some sense and insights into the relationship between 
teacher’s consolidation quality and student learning. To analyse the effects of the translation 
of the PF learning method on student learning and teacher enactment, multiple data sources 
for both student and teacher learning were tapped, and these included:  

i. Demographic information.
ii. Baseline assessment measures of prior ability for mathematics from Singapore-

Cambridge General Certificate of Education Ordinary-level (GCE O-level) Elementary (E-
math) and Additional (A-math) scores.

iii. Students’ collective artefacts of the generation and exploration phase i.e., their RSMs.
iv. Students’ perception of the learning experience, their interest in their solutions, and

perceived mental effort of the generation and exploration phase. Students’ perceptions of
the learning experience were measured by a nine-item, 7-point (strongly disagree to
strongly agree) Likert scale engagement survey. Items were taken from both the lesson
engagement scale used in earlier PF studies (e.g., Kapur, 2014a, 2014b) and from the
situational interest scale by Chen, Darst, & Pangrazi (2001). Students also estimated the
amount of mental effort they exerted using a 9-point rating scale (very, very high mental
effort to very, very low mental effort) that is commonly used in the cognitive load literature
as a measure of cognitive load (Paas, 1992). As for the extent to which students were
interested in the solution to the problem task, this was tapped via an item that used 7-
point rating scale (not at all to very much). All survey items can be found in Appendix C.

v. Individual level criterion based post assessments were developed to assess student
understandings of the targeted concepts. The post-test for each unit comprised categories
that assessed (i) students’ procedural fluency of the concept, (ii) students’ conceptual
understanding of the concept, and (iii) transfer items that test on students’ flexibility of
concepts relating to those more advanced than what they have learnt. The post-tests for
the six units ranged from 15 to 24 items, and were administered between 30 to 45 minutes,
vis-à-vis  the test length. All post-tests were constructed for the project and feedback on
the items was solicited from NIE researchers and MOE experts to ensure content validity.
Sample questions of these post-tests for one of the units, normalisation, are shown in
Appendix D.

vi. Classroom observation notes of the students’ collaboration effort and teachers’ enactment
of the consolidation lessons.

The teachers’ enactment of the consolidation lessons rated and coded according the 
principles of PF learning design for the consolidation phase (Kapur & Bielaczyc, 2012). In an 
effective consolidation lesson, teachers should build upon the student-generated RSMs that 
were activated during the generation and exploration phase. Through a whole-class 
discussion, teachers could compare and contrast the affordances and constraints of the RSMs, 
and in the process, engage students to attend to and notice the critical features of the targeted 
concept. The explanation and elaboration of these features should further aid students’ in the 
encoding process, allowing them to develop a deep understanding of the concept. Once all 
the critical features were being attended to, teachers could then explain how these critical 
features were assembled in the canonical concept. In addition to the task of consolidating 
students’ solutions and the building of students’ solutions, teachers should also ensure the 
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necessary participation structures, such that students are engaged in the lesson. They could 
provide students’ with opportunities to explain their solutions, or explain student thinking 
behind the selected solutions. While paraphrasing students’ explanation, or elaborating upon 
students’ solutions, teachers should explicitly focus attention on the critical features, and in 
the process, invite other students in the discussion by questioning, explaining, and elaborating 
upon one another. Finally, teachers should also establish the appropriate social-surround, 
such that students feel safe to explore, and engage in productive participation and discussion. 
When setting the tone for the class, teachers could set the expectations that the discussion of 
student-generated RSMs is not to assess them as correct or incorrect, but to get students to 
appreciate the process of coming up with RSMs as an important part of mathematical practice 
(Thomas & Brown, 2007) and understanding why and under what conditions some RSMs are 
better than others is important for developing mathematical understanding (diSessa & Sherin, 
2000). The rating criteria for the consolidation phase of the PF learning design is found in 
Table 1. 

Table 1. 
Rating criteria used to assess teachers’ consolidation. 

No Element Feature 
1 

Task 

Activated students' solutions 
2 Analysed student-generated and canonical ideas via critical features 
3 Compare and contrast student-generated and canonical ideas via critical features 
4 Attended to, explained and elaborated critical features 
5 Organise and assemble critical features into targeted concept 
6 

Participation Structure 
Student engagement - allow students opportunity to explain solution 

7 Students engagement - teacher asks questions, and paraphrase students' responses, 
while drawing attention to critical features 

8 Social Surround 
Teacher creates a safe space to explore the affordances and constraints of student-
generated RSMs with the view of improving upon them, and not assessing them as 
correct or incorrect.  

Each consolidation lesson was rated out of maximum of 9 marks. Except for the fourth 
feature on attending to, explaining, and elaborating critical features, which was rated using a 
maximum of 2 marks, each of remaining features of a consolidation lesson was given a 
maximum of 1 mark. For ease of interpretation, all final ratings were converted to 10 marks.  

Both quantitative and qualitative analytical techniques were used to analyse the effects 
of the PF learning method. To assess whether that students’ learning was positively impacted, 
(i) the kinds of learning that students’ were engaged in during the translation of PF, (ii) the
quality of the teachers’ enactment of the consolidation lessons and their effect on students’
learning; and (iii) the possible factors that affect the quality of the teachers’ enactment of the
consolidation lessons were examined. The “Findings/Results” in the next section will elucidate
these areas.

5. Findings/ Results

5.1. Translation of Curriculum
Over the two years, we saw the incorporation of the two-phased PF learning design in 

the 14 JCs in their existing instructional formats. Generally, teachers had no problems 
introducing the collaborative activity to initiate the learning of the targeted concept. However, 
there were two adjustments in the implementations that were made in the course of translation. 
First, in terms of the group size, some teachers felt the need for bigger groups for better 
collaboration in their classes, rather than the recommended pairs or triads. This was adhered 
to, and 25 groups out of the 539 groups had four to five students. Second, the way 
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consolidations were conducted was adapted to the various instructional models in the JCs. 
These various models are shown in Table 2. Models 1 to 3 show how PF was incorporated in 
lessons that ran the lecture-tutorial model, while Model 4 exemplifies how PF was used in 
classes that ran an all-tutorial system.  

Table 2. 
Various ways on how the PF learning design was incorporated in the various instructional models in the JCs 

Phase in the PF 
learning design 

Model 1 Model 2 Model 3 Model 4 

1: Generation & 
Exploration   

Solve complex problem 
(group work done in 
tutorial)  

Solve complex problem 
(group work done in 
tutorial) 

Solve complex 
problem (group work 
done in tutorial) 

Solve complex problem 
(group work done in 
tutorial) 

2: Consolidation 
and Assembly: 
Teach canonical 
concept and 
practice  

1. Lecture
 introduced complex

problem to all students in
lecture, including non-PF
students
 built on students’

solutions, got students to
work on problem, and
shared canonical solution
 taught canonical

concepts

1.Lecture
 taught canonical

concepts

1.Tutorial before
lecture:
built/discussed
students’ solutions
and shared canonical
solution

2. Lecture:
taught canonical
concepts

1.Done in Tutorial Style
 built on students’

solutions
 taught canonical

concepts

2.Tutorial (school practice
questions)

2.Tutorial:
• Built/Discussed

students’ solutions,
got students to work
on problem, and
shared canonical
solution

• School practice
questions

3.Tutorial (school
practice questions)

2.Tutorial (school
practice questions)

The above models attested to the possibility of incorporating the PF learning design into 
the lecture tutorial system. Overall, an additional tutorial lesson for the group work prior to the 
first lecture was required to ensure that the PF design was incorporated. All the models also 
ensured that there was not too much time lag between the group work and consolidation 
phase, so that students’ RSMs could be addressed and discussed soon after the group work 
phase.  

5.2. Teacher Capacity Building 
While the PD and champion teacher workshops saw 41.1% of the entire JC Mathematics 

teachers being trained, there was evidence of some of these trained teachers propagating the 
use of PF to untrained colleagues in the schools. In 2016, one of the champion teachers 
trained 11 of her untrained colleagues in the implementation of the Normalisation unit. In 
addition, a Network Learning Committee (NLC) on constructivist pedagogy for A-Level 
mathematics teachers, led by a lead teacher from a JC, and facilitated by a principal Master 
teacher, was formed due to teachers’ interests in designing PF units on their own. Initiated by 
the PI in June 2016 and established in September 2016, the NLC saw the participation of 12 
teachers (including the lead teacher) from 6 different JCs. To facilitate the teachers in their 
efforts, the PI served as the consultant, and one of the co-PIs, Dr Chua Lai Choon guided the 
teachers in terms of lesson design, given his experience in the PF project, and experience in 
teaching JC Mathematics. The teachers managed to design a PF package for teaching of 



Project Number: DEV 03/14 MK 
Name of PI: Associate Professor Lee Ngan Hoe 2016 

18 
May 2016 - Office of Education Research (OER), NIE 

volume of revolution, an area in pure mathematics, and presented their findings and reflections 
in a mathematics conference (Lee et al., 2017). The NLC is active to date.  

Twelve out of the 20 JC HODs responded to the 9-item online survey (see Section 4.2.3). 
Most of the HODs had positive views of PF, with 66.7% of respondents advocating the use of 
PF as a constructivist pedagogical method to teach statistical concepts, and 75% of the 
respondents expressing the intention to to send more of their mathematics teachers to 
participate in future PF PD workshop(s) organised by the MOE or NIE. Eight JCs expressed 
interest in the continuation of PF in the instruction of statistics in their schools. 

Given the above, while not all the JC mathematics teachers attended the workshops, 
the materials and ideas left from the workshops, e.g., facilitation guides and the presence of 
champion teachers, seemed to have interest some JC teachers to advance the learning 
method in their practice, or to employ the method to other units of their interest. These attested 
to the possible sustainability of the learning method.   

5.3. Analysing Student Learning: Relationship with Teachers’ Consolidation 
Quality 

For the analysis of student learning and its possible relationship with consolidation 
lesson quality, we excluded classes that did not have post assessments, or deviated from the 
rest in terms of research design, e.g., post-tests were done two months after the onset of 
implementation, or post-tests were unaligned in terms of fidelity or validity with the rest of the 
other classes were removed.  Given this, from the original total of 1191 students and 85 
classes participated in the PF implementations between the years 2015 and 2016, the final 
set of data of analysis comprised 813 students from 58 classes. 

5.3.1. Teacher Consolidation Quality 
The quality of each of the 58 classes was coded using the rubric of an ideal consolidation 

lesson of the PF learning design (see Table 1 in Section 4.2.3). Two research assistants (RAs) 
rated each lesson, and different ratings were reconciled by a third RA. The inter-rater reliability 
was .94 (Krippendorff’s Alpha), indicating a high level of agreement among coders with regard 
to teachers’ consolidation quality. For both years, the average rating for the quality of the 58 
consolidation lessons is rated at 3.67 (SD = 1.93) out of the possible 9 marks (see Table 1 for 
description of rubric in Section 4.2.3). Table 3 shows the distribution of scores according to 
various aspects of consolidation.  

Table 3. 
Breakdown of teachers’ consolidation quality (n= 58 lessons) according to the various features of an ideal 
consolidation lesson in the PF learning design. For this table, the score for each feature is converted to 1 mark 
(where applicable) to allow for comparison.  

No Feature 
Mean 
(Max 1 
mark) 

SD Score Distribution (Histogram) 

1 Activated students' solutions 0.66 0.28 
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No Feature 
Mean 
(Max 1 
mark) 

SD Score Distribution (Histogram) 

2 Analysed student-generated and 
canonical ideas via critical features 0.61 0.40 

3 
Compare and contrast student-
generated and canonical ideas via 
critical features 

0.10 0.22 

4 Attended to, explained and elaborated 
critical features  0.47 0.26 

5 Organise and assemble critical 
features into targeted concept  0.40 0.35 

6 Student engagement - allow students 
opportunity to explain solution 0.14 0.31 

7 

Students engagement - teacher asks 
questions, and paraphrase students' 
responses, while drawing attention to 
critical features 

0.36 0.36 

8 

Teacher creates a safe space to 
explore the affordances and 
constraints of student-generated RSMs 
with the view of improving upon them, 
and not assessing them as correct or 
incorrect.  

0.47 0.31 

From the descriptive statistics of the distributions of the ratings, teachers seemed 
competent in activating students’ solutions for discussion and analysing them via the 
necessary critical features. However, the results also seemed to suggest that the teachers 
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found it challenging to compare and contrast students’ RSMs with the canonical concept, and 
provide the opportunities for students to share about their solutions, or explain their possible 
thinking behind their RSMs. While the sample of lessons were not large enough to draw a 
conclusion on the definite strengths and weaknesses of the consolidation lessons, the patterns 
drawn from Table 3 could shed some insight into what future PDs could pay attention to when 
developing teachers to implement the PF learning design more effectively in the classrooms.  

The 58 lessons were further categorised into three levels of performance: low (0-3.49 
points); medium (3.5 to 5.99 points); and high (6-9 points). The ranges of these bands were 
based on our assessment of the teachers’ consolidation lessons of the PF learning designs 
based from our observations in the actual classrooms, and the examination of the general 
strengths and weaknesses in the lessons (see Table 3 above). From these, it seemed that an 
acceptable level of performance entailed some activation of students’ solutions (0.5), some 
analysis of students’ generated solutions via the critical features (0.5), some attention to, 
explanation, and elaboration of critical features (1), some organisation and assembly of critical 
features into the targeted concept (0.5), some instillation of the necessary participation 
structure, which include affording students’ opportunity to explain solutions, or teachers’ 
asking questions, paraphrasing students’ responses while drawing attention to critical 
features,(0.5) and some attempt by the teacher to create a safe space for students to explore 
the affordance and constraints of students’ generated solutions with the view of improving 
them, and not assessing them as correct or incorrect (0.5). These features amount to a sum 
of 3.5 points out the maximum of 9 points, which we set as a cut off point for medium level of 
performance. Based on these performance bands, the distribution of high, medium, and low 
performing lessons were 12% (n = 7 lessons), 45% (n = 26 lessons), and 43% (n = 25 lessons) 
respectively.  

5.3.2. Analysing student learning 
Students’ learning via the PF learning design was assessed via process (i.e., the RSMs 

obtained during the group work), engagement (i.e., the perception of learning, the mental effort 
exerted, and interest in the solution for instruction), and outcome measures (i.e., the post-tests) 
that were collected throughout each implementation (see Section 4.2.3 for more information). 
The nine-item perception of the learning experience survey was found to be highly reliable (α 
= .94, n = 802). For the outcome measure, each post-test category (i.e., students’ procedural 
fluency of the concept, conceptual understanding of the concept, and ability to transfer) was 
marked out of 10 marks. The Cronbach’s alphas of these post-tests ranged from .23 to .74. 
The wide range of internal consistencies among the tests could be a result of this being an 
applied research, where conditions are less controlled. The units were not equally subscribed, 
with some units being implemented to less than 70 students in total compared to others that 
were attempted by more than 200 students. In addition, while the questions were deemed to 
be content valid (see Section 4.2.3 for more information), the internal consistencies of some 
of the post-tests could be affected by the multi-dimensional nature of items and the tight test 
development period. Nonetheless, given that the post-tests could provide us with some 
insights into whether the PF learning design impacted student learning, two sets of analyses 
will be conducted, one that include all the units, and the other that involve unit(s) that had post-
tests with fairly acceptable internal consistencies level. For the latter analysis, the unit of 
Normalisation will be chosen, as the post-tests for the topic conducted in the years 2015 and 
2016 had Cronbach alphas of .74 and .67 respectively. 

To control for students’ pre-existing mathematical abilities, students’ Singapore-
Cambridge General Certificate of Education Ordinary-level elementary (E-Math) and 
additional mathematics (A-Math) scores were used as proxy.  
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5.3.3. Analysing the relationship between student learning and teacher 
enactment. 

Table 4 shows the descriptive statistics of the ability measures, group work, outcome, 
and engagement measures collected from the participating classes of low, medium, and high 
performing consolidation lessons for all units (Measures 1 to 9) and for the normalisation unit 
(Measures 10 to 13). These included (i) measures of pre-existing differences, namely the 
students’ O-level E-Math and O-level A-Math scores; (ii) the representation and solution 
methods (RSMs) produced during the generation and exploration phases for the unit; (iii) their 
scores of procedural fluency, conceptual understanding, and transfer components of the post-
tests in both years; and (iv) their average rating of their engagement during the group work 
and the lessons in general, interest in knowing the solution to the PF problem, and average 
mental effort exerted during the lessons. 

Table 4. 
Descriptive statistics of the pre-existing ability, process, outcome, and engagement measures from the low, medium, and 
high quality consolidation classes for (i) all 58 classes and (ii) classes that implemented the normalisation unit. These 
included: (i) Ordinary-level Elementary (O-level E-Math) and Additional mathematics (O-level E-Math and O-level A-Math) 
scores (converted into points 1 (grade A1), 2 (grade A2), 3 (grade B3), and so on; the lower the points, the better the 
grade);(ii) the number of RSMs produced by students during the generation and exploration phases; (iii) their procedural 
fluency, conceptual understanding, and transfer scores from the post-test; and (iv) their mean engagement ratings 
collected during the group work sessions and all lessons (items rated using a 7-point rating scale, 1 representing “Strongly 
Disagree” and 7 for “Strongly Agree”), their interest in the solution (rated using a  7-point rating scale, 1 representing “Not 
at All”, and 7 “Very Much”), and their mental effort used in all lessons (rated using a  9-point rating scale, 1 representing 
“very, very high mental effort”, and 9 “very, very low mental effort”). 

Measures Statis- 
tics 

Quality of Consolidation lessons (max 9 points) 
Low 

(<3.5 points) 
Medium 

(3.5-5.99 points) 
High 

(6 to 9 points) 
Overall 

A. Data from all 58 classes
Process Measures collected during Group Work 

1. RSMs produced Mean 3.89 4.54 3.70 4.17 
SD 1.88 1.81 1.78 1.86 
n 331 381 101 813 

Engagement Measures collected during Group Work 

2. General Learning
(max: 7 points)

Mean 4.75 5.10 4.91 4.94 
SD 1.11 1.10 0.99 1.11 
n 330 381 101 812 

3. Interest In Solution
(max: 7 points)

Mean 5.22 5.57 5.40 5.41 
SD 1.69 1.53 1.74 1.63 
n 330 381 101 812 

4. Mental Effort
(max: 9 points)

Mean 3.81 3.58 3.67 3.69 
SD 1.49 1.56 1.60 1.54 
n 329 381 101 811 

Pre-existing Ability Measures 

5. O-level E-Math scores
(max:9 points)

Mean 2.35 2.00 2.15 2.16 
SD 1.14 0.90 0.91 1.02 
n 324 363 98 785 

6. O-level A-Math scores
(max: 9 points)

Mean 2.83 2.56 2.90 2.70 
SD 1.50 1.28 1.57 1.41 
n 230 318 69 617 

Outcome Measures (controlled for A-level scores) 
7.Post-test Procedural Fluency scores

(max:10 marks)
Mean 5.78 5.70 5.71 5.73 
SD 2.66 3.09 2.98 2.92 
n 230 318 69 617 

8 .Post-test Conceptual Understanding  scores 
 (max:10 marks) 

Mean 4.00 4.67 4.85 4.44 
SD 2.03 1.98 2.17 2.05 
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Measures Statis- 
tics 

Quality of Consolidation lessons (max 9 points) 
Low 

(<3.5 points) 
Medium 

(3.5-5.99 points) 
High 

(6 to 9 points) 
Overall 

n 230 318 69 617 
9. Post-test Transfer  scores

(max:10 marks)
Mean 2.60 3.13 3.22 2.94 
SD 2.47 2.32 2.30 2.38 
n 230 318 69 617 

B. Data from classes that implemented the Normalisation unit (19 classes)

Process Measures collected during Group Work 

10. RSMs produced Mean 5.77 5.42 5.07 5.46 
SD 1.50 1.79 1.81 1.73 
n 65 171 29 265 

Engagement Measures collected during Group Work 

11. General Learning
(max: 7 points)

Mean 4.92 5.22 4.93 5.11 
SD 0.91 1.01 0.95 0.98 
n 65 171 29 265 

12. Interest In Solution
(max: 7 points)

Mean 5.42 5.53 5.21 5.46 
SD 1.46 1.37 1.80 1.44 
n 65 171 29 265 

13. Mental Effort
(max: 9 points)

Mean 3.97 3.65 3.90 3.76 
SD 1.17 1.35 1.57 1.34 
n 65 171 29 265 

Pre-existing Ability Measures 
14. O-level E-Math scores   Mean 1.31 1.84 1.88 1.70 

 (max: 9 points) SD 0.50 0.92 0.82 0.85 
n 65 156 26 247 

15. O-level A-Math scores Mean 1.72 2.31 2.33 2.15 
(max: 9 points) SD 0.52 1.39 1.31 1.23 

n 65 149 24 238 
Outcome Measures (controlled for A-level scores) 
16.Post-test Procedural Fluency scores     Mean 5.15 4.54 5.31 4.79 

 (max:10 marks) SD 3.18 3.51 4.06 3.49 
n 65 149 24 238 

17 .Post-test Conceptual Understanding scores   Mean 5.87 5.57 6.63 5.76 
 (max:10 marks) SD 1.66 1.60 1.43 1.63 

n 65 149 24 238 
18. Post-test Transfer  scores Mean 3.67 3.98 4.11 3.91 

(max:10 marks) SD 2.26 2.20 2.36 2.23 
n 65 149 24 238 

5.3.3.1. Analysis from the data for all units. 

Evident from Table 4, most students were able to produce an average of 4 solutions to 
the complex problems across all the units. Based on the descriptive statistics presented for 
the engagement measures, most students also indicated that they were fairly engaged and 
interested in the complex problems’ answers in the generation and exploration phase of the 
PF learning design. 

As for the engagement ratings prior to the consolidation lessons, one-way ANOVAs 
conducted showed that significant main effects for consolidation quality for interest in the 
complex problem’s solution(F(2, 809) = 4.14, p < 0.05) and general lesson engagement (F(2, 
809) = 9.21, p < 0.001). Post hoc analyses using Tukey HSD revealed that classes of medium
consolidation quality reported significantly greater interest  in the complex’s problem’s solution
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(p < 0.05) and general lesson engagement (p < 0.001) during the generation and exploration 
phase compared to those of low consolidation quality. There were no significant differences 
in these two engagement measures between medium and high quality consolidation lessons. 
There was also no significant difference in the perceived mental effort exerted among the three 
consolidation lesson groups.   

Both E- and A-Math scores were correlated (r(617) =.58, p < 0.001), but as the A-Math 
scores were more correlated to the conceptual understanding (r(617) = -.35, p < 0.001), and 
transfer scores (r(617) = -.18, p < 0.001), they were employed as the covariate when 
comparing the performances of students from classes with different consolidation qualities.  A 
one-way Analysis of Variances (ANOVA) conducted on each measure of students’ pre-
existing ability showed significant difference among the low, medium, and high quality 
consolidation classes in the O-level A-Math scores (F(2, 614) = 3.22, p< 0.05). Post hoc 
analysis using Fisher LSD showed that classes from medium quality consolidation classes 
had significantly better grades compared to low quality consolidation classes (p< 0.05). There 
were no significant differences in grades between medium and high consolidation quality 
classes.  Controlling for the effects of A-Math scores, an Analysis of Covariance (ANCOVA) 
conducted on the generation of RSMs showed a significant effect of consolidation quality (F(2, 
613) = 4.70, p < 0.001); post-hoc analysis Bonferroni t-tests showed that classes in the
medium quality classes had significantly higher number of RSMs compared to high quality
classes (p=0.01). There was no difference in the number of RSMs between medium and low
quality classes.

A multivariate analysis of covariance (MANCOVA) was conducted on student’s 
performance on the post assessment. Controlling for the effects of A-Math scores, the 
MANCOVA analysis revealed a significant main effect of the quality of consolidation lesson 
on students’ post-test scores (F(6, 1222) = 3.19, p < 0.01 ; Wilk's Λ = .969, partial η2 = .015). 
Results indicated that the quality of consolidation lessons was related to students’ conceptual 
understanding scores (F(2, 613) = 8.17, p < 0.001) and their performance on transfer items 
(F(2, 613) = 3.23, p < 0.05) . Post-hoc Bonferroni t-tests showed that students who underwent 
low consolidation quality lessons had significantly lower conceptual understanding scores 
compared to those underwent medium (p < 0.01) and high quality lessons (p < 0.01). Post-
hoc Bonferroni t-tests also showed the same trend, that students who underwent low 
consolidation quality lessons had significantly lower scores on transfer items compared to 
those underwent medium (p < 0.05) and high quality lessons (p < 0.05). There were no 
significant differences in post assessment scores for both conceptual understanding and 
transfer items between medium and high quality consolidation lessons.  

5.3.3.2. Analysis from the data from the Normalisation unit. 

For the responses from 19 classes who implemented the normalisation unit, most 
students were able to produce an average of 5 RSMs to the complex problem of the unit. One-
way ANOVAs conducted did not reveal any significant differences in the engagement 
measures among the classes with different consolidation qualities (see items 11 to 14 of the 
Table 4).  

For the classes that did the Normalisation unit, both the students’ E- and A-Math scores 
were correlated (r(238) =.60, p < 0.001), but as the A-Math scores were more correlated to 
the conceptual understanding (r(238) = -.26, p < 0.001), they were employed as the covariate 
when comparing the performances of students from classes with different consolidation 
qualities. One-way Analysis ANOVA conducted on each measure of students’ pre-existing 
ability significant difference among the low, medium, and high quality consolidation classes in 
the O-level A-Math scores (F(2, 235) = 5.60, p< 0.01). Post hoc using Tukey HSD analysis 
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showed that classes from medium quality consolidation classes had significantly better grades 
compared to low quality consolidation classes (p< 0.01). There was no significant difference 
in grades between medium and high consolidation quality classes. Controlling for the effects 
of A-Math scores, an Analysis of Covariance (ANCOVA) conducted on the generation of RSMs 
did not show any significant difference in the RSMs produced among the consolidation classes 
of different qualities.  

Controlling for the effects of A-Math scores, the MANCOVA analysis for the 
Normalisation unit revealed a significant main effect of the quality of consolidation lesson on 
students’ post-test scores (F(6, 464) = 2.20, p < 0.05 ; Wilk's Λ = .945, partial η2 = .028). 
Results indicated that the quality of consolidation lessons mainly affected students’ conceptual 
understanding scores (F(2, 234) = 5.02, p < 0.01). Post-hoc Bonferroni t-tests showed that 
students who underwent high consolidation quality lessons had significantly higher conceptual 
understanding scores compared to those underwent medium (p < 0.05) and low quality 
lessons (p < 0.001). There were no significant differences in post assessment scores for 
conceptual understanding between medium and low quality consolidation lessons.  

5.3.3.3. Insights from the analysis 

Taken together, the results suggest that consolidation quality seemed to have an impact 
on students’ learning. Across all units, classes with low consolidation ratings had significantly 
lower performance on conceptual understanding and transfer items on the post assessments. 
For the normalisation unit, the unit chosen for post-test with fairly reliability internal 
consistencies, classes with high consolidation ratings had significantly better performance on 
conceptual understanding items on the post-test. Both results are in harmony, suggesting a 
possible link between better consolidation quality and deeper learning on targeted statistical 
concepts. 

5.3.4. Insights into teachers’ development through lesson enactment 
To gain further insights into the variations of quality on teachers’ consolidation lessons, 

we examined those who conducted more than one consolidation lessons during the project. 
As most teachers in the project were new to the PF learning design, analysing teachers who 
conducted only 1 consolidation lesson could not provide us with an indicator on how teachers 
developed expertise as they employ the PF teaching method in the instruction of statistical 
concepts. With an examination of the trajectory teachers went through as they implement the 
various units with various classes, we might be able to understand factors that promoted or 
impeded lesson quality.  

From the 54 teachers who implemented the lesson over the two years, 15 teachers 
conducted two or more consolidation lessons. Given that teachers may not be deployed to 
teach Statistics over two consecutive years and the voluntary nature of the project, these may 
explain the low repeat rates. Altogether, 45 lessons were conducted by these 15 teachers. 
Ten of the teachers conducted lessons (n = 31 lessons) after they attended training workshops 
that introduced them to the PF learning design. For 7 of these teachers, they were nominated 
by their schools to champion the PF learning design for the school, and they in turn, attended 
additional training workshops that allowed them appreciate the design principles of the PF 
design and how to the champion the design in their respective schools. Untrained teachers 
learnt about the PF learning design from their colleagues who attended the workshops, and 
referred to the training materials before conducting the lessons. 

Details of all 15 teachers in terms of the number of their consolidation attempts, their 
training profiles, their consolidation attempts that were done prior to their training, their 
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champion teacher status, and the ratings of their consolidation lessons are shown in Table 5 
below. 

Table 5. 
Profile of the teachers who conducted more than one consolidation lesson, arranged according to the year to which 
their first consolidation was held and their training status. Their training profiles, that is whether teachers went to 
the Productive Failure (PF) professional development (PD) workshops (U- untrained; T -trained; UT- mixed), their 
champion teacher status, their number of consolidation lessons conducted, and their number of consolidation 
lessons prior to training are shown. Ratings of consolidation lessons are also captured in chronological order for 
each teacher (C1 represented the first lesson conducted, C2, the second and so on). For each lesson, the rating 
of the lesson (max 9 points), the year that the lesson was conducted and the topic (CP – Conditional Probability, 
BN- Binomial Distribution, NM- Normalisation, SCLT- Sampling & Central Limit Theorem, HT- Hypothesis Testing, 
CR – Correlation & Regression) were captured. For instance, teacher A’s first consolidation lesson is rated 0.00, 
and was conducted for the topic of Conditional Probability in 2015. Lessons conducted in year 2015 are greyed. 

Tea-
cher 

Training Profile  
(U- untrained; T -

trained; UT- 
mixed; * indicates 
that teacher is a 

champion 
teacher) 

# Consoli- 
dation 

Lessons 
conducted 

# Consoli-
dation 

lessons 
conducte
d before 
training 

C1 C2 C3 C4 C5 C6 C7 C8 C9 

A U 2 2 
0 0 

CP, 
2015 

CP, 
2015 

B U 3 3 
0.25 0 0 

SCLT, 
2015 

HT, 
2015 

CR, 
2015 

C U 2 2 
6.25 3.25 

SCLT, 
2015 

CP, 
2016 

D UT 9 3 
2.75 2.75 2.75 3.5 3.5 3.5 1.5 1.75 2.5 

SCLT, 
2015 

SCLT, 
2015 

SCLT, 
2015 

HT, 
2015 

HT, 
2015 

HT, 
2015 

CR, 
2015 

CR, 
2015 

CR, 
2015 

E T 2 0 
4.75 1 
NM, 
2015 

SCLT, 
2015 

F T * 4 0 
4.00 1.25 5.75 6.25 
NM, 
2015 

SCLT, 
2015 

CP, 
2016 

BN, 
2016 

G T * 4 0 
0 0 0.50 0.50 

SCLT, 
2015 

SCLT, 
2015 

CR, 
2015 

CR, 
2015 

H U 2 2 
6.00 4.75 
CP, 

2016 
BN, 

2016 

I U 2 2 
2.75 6.25 
NM, 
2016 

NM, 
2016 

J T * 2 0 
4.00 5.5 
BN, 

2016 
BN, 

2016 

K T 2 0 
6.50 3.50 
HT, 

2016 
CR, 
2016 

L T * 2 0 
3.75 3.75 
CP, 

2016 
CP, 

2016 

M T * 2 0 
4.00 5.00 
NM, 
2016 

CR, 
2016 

N T* 2 0 
5.00 5.25 
NM, 
2016 

CR, 
2016 

O T * 5 0 
2.50 2.00 6.00 4.50 4.50 
CP, 

2016 
CP, 

2016 
NM, 
2016 

NM, 
2016 

CR, 
2016 
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An ANOVA conducted on the 45 lessons did not reveal any significant difference in 
consolidation quality between trained and untrained teachers. Independent sample t-tests, 
however, showed that lessons that were conducted in year 2016 (n = 22 lessons, Mean = 5.10, 
SD = 1.45) had significantly higher ratings compared to lessons conducted in year 2015 (n = 
23 lessons, Mean = 2.08, SD = 1.98; t(43) = -5.81, p < .001). Evident from the results, while 
training status seemed not to differentiate the consolidation quality among the teachers, the 
year of execution seemed to show a difference in consolidation performance. Consolidation 
lessons that were delivered in 2016 were better in quality as compared to those in 2015.  

6. Discussion
In the translation of the PF teaching method in the A-level Statistics curriculum, we set 

out to design and develop a comprehensive set of six validated sets of curricular units that 
targeted the major statistical concepts to support the learning experiences advocated in the 
revised A-level Statistics curriculum using PF principles. Recognising the important roles 
teachers play in ensuring the successful delivery of the teaching method in classroom settings, 
a comprehensive PD programme was designed to help the teachers in facilitating and 
supporting their students’ problem solving efforts in the generation and exploration phase, and 
delivering effective instruction that builds upon students’ ideas in the consolidation and 
assembly phase. With the curriculum in place and teacher capacity built, we aimed to ensure 
a reasonable translation of the learning design in the classrooms that positively affect student 
learning.  

From our translation experience, we gained more insights into (i) the effect of the 
teachers’ enactment of the PF teaching method, in particular the consolidation phase, on 
student learning, (ii) the factors that may effectively support teachers’ enactment of a new 
learning design, and (iii) the ways an alternative learning design, such as that of PF, could be 
made sustainable beyond the scope of the project.    

6.3. Effect of teacher enactment on student learning 
In our analyses, we observed that consolidation quality seemed to have an impact on 

students’ conceptual understanding of the targeted concept. Results from the classes that 
implemented the normalisation unit showed that high quality consolidation classes had 
significantly better conceptual understanding scores on the post-assessments compared to 
those with medium and low consolidation ratings. This finding seemed to resonate with the 
findings from the classes across all units, whereby classes with low consolidation ratings had 
significantly lower conceptual understanding and transfer scores. While these results need to 
be interpreted with care, in view of the varying internal reliabilities of the post-tests of different 
units, they generally point to the direction that better consolidation lesson quality seemed to 
have an impact on deeper understanding of statistical concepts.   

The general direction of results shed light to the important role that teachers play 
impacting students’ learning via the PF learning design. The PF design advances a principled 
way for teachers to build upon spontaneous student production (Kapur, Lee, & Lee, 2018), 
and in doing so, affords students the opportunity to develop deeper levels of understanding of 
the concept and transfer (Kapur, 2015, 2016). In the consolidation phase of the PF learning 
design, the teacher’s role was to activate students’ problem-solving strategies based on their 
formal and intuitive knowledge, and build upon these to instruct the canonical process. In the 
consolidation, teachers had to: (a) direct student attention to get them to notice the critical 
conceptual features, (b) explain and elaborate upon the critical features by engaging students 
in the discussion, and (c) organise and assemble the critical features into the canonical 
solution. By engaging with and building upon students’ prior conceptions, teachers were able 
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to harness the various sub-optimal RSMs that students generate, compare and contrast them, 
and in the process, get students to notice the critical features and discuss how these features 
are related to one another (Kapur & Rummel, 2012). Teachers then got students to see how 
these critical features were coordinated and assembled in the canonical formula. In this 
process, students learn not only what worked and did not work with their incorrect or sub-
optimal solutions, but also why they did not work in comparison with the canonical solutions 
(Loibl & Rummel, 2014).  Given this, consolidation lessons that exhibited fewer instances of 
the above mechanisms in the building of students’ solutions would possibly have a negative 
impact on students’ conceptual understanding of the targeted concept.  

6.4. Factors supporting teachers’ enactment of a new learning design 
Considering that teachers’ enactment of the consolidation lessons might have an impact 

on students’ learning, we attempted to gain an insight on the possible factors that influenced 
teachers’ quality of lesson enactment. Results from our analysis of teachers who conducted 
more than one lesson in the years 2015 and 2016 revealed that lessons in 2016 were better 
conducted compared to those of 2015. Regardless of their training status, which was indicated 
by whether they attended the PF workshops, teachers were on average able to deliver better 
consolidation lessons in 2016.   

This result seemed to shed light on the need for more in-depth engagement of teachers 
in their journey to transform practice. In the lessons conducted in 2016, teachers implementing 
the lessons had access to revised workshop PD materials that revealed the critical features 
that might be useful in analysing the various students’ solutions, which might have been an 
important aid for teachers in organising and delivering the lessons. As mentioned in the 
previous section (Section 6.1) and past research on PF (Kapur, 2015a), lessons that lacked 
the elaboration on the critical features when analysing students’ sub-optimal solutions, and 
the illustration of how critical features were being organised and assembled in the targeted 
concept might possibly have a negative impact on students’ conceptual understanding of the 
targeted concept. The need to make salient these critical features also indicate the necessity 
for a strong focus on conceptual content knowledge in PD materials.  

 In addition, there were also instances of collegial support from some schools, and 
support from the research team in helping teachers to better prepare for lesson. As described 
in section 4.2.2, the research team visited schools prior to implementations, and these 
sessions might have help teachers clarify any question regarding the unit that they were 
implementing. We also noted in the results on teacher capacity building that with the 
development of champion teachers, there were also a few schools that saw more collegial 
support in the form of training conducted by champion teachers for their fellow colleagues in 
the implementation of units. With the additional support, teachers in 2016 might have felt better 
prepared to conduct lessons that were not part of their usual instructional strategies. These 
upgraded PD workshop materials and additional support possibly also benefited teachers who 
implemented lessons without prior training from the PF workshops.  

Considering these, for current teaching practice and culture to transform, and for in-
service teachers to embrace a new practice, the design of PD must take into account the 
teachers’ needs, both in terms of enhancement of their content knowledge, and the types of 
structures and network that they could leverage when embarking on the new practice. This 
observation parallels to the issues identified by Penuel and his colleagues (Penuel, Fishman, 
Yamaguchi, & Gallagher, 2007) in their survey of the factors that make PD effective. They 
noted that effective PD are those that focuses on proximity to practice (i.e., the PD activities 
allowed for teachers to prepare for their classroom practice), that allow teachers to have time 
to use the method in their instruction so that they could assimilate and reflect on it, that 
incorporates some form of collaboration with other colleagues to advance new teaching 
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practice, and focuses on enhancing content and pedagogical knowledge that are necessary 
for the enactment of the new practice. Given these, for teachers to assimilate a new teaching 
method, like PF, PD needs to take into account these multiple factors. As such, while the PF 
workshops may allow teachers to have an understanding of the mechanics of the method and 
have their content and pedagogical knowledge enhanced, these needs to be accompanied 
with other forms of structural, in-site and collegial support that aid the teachers in embracing 
a new practice.  

6.5. Sustainability of the PF learning method 
From the results regarding teacher capacity building, we noted that at least eight JC 

Math HODs indicated that they would continue the use of PF in their schools, and saw the 
voluntary formation of an NLC by a group of 12 A-level teachers, who were interested in 
designing topics of their own interest using the PF learning design. These positive indications 
attest to the possible sustainability of the PF learning method in the JC Mathematics classes. 
Evidently, with the concerted efforts from CPDD and the NIE research team to reach out to 
teachers to consider the use of the PF as a possible constructivist learning design to employ 
in the instruction of statistics, this has interested a proportion of teachers to continue to explore 
PF beyond the scope of the research project.    

While exploring the sustainability of the PF learning design is not the objective of this 
project, the above observations warrant a reflection of how alternative learning designs could 
be included in teachers’ instructional repertoire in the long term. Teachers play a critical role 
in determining the degree of success in implementing instructional innovations (Doyle & 
Ponder, 1977; Ghaith & Yaghi, 1997; Guskey, 1987, 1988; Kennedy & Kennedy, 1996; Stein 
& Wang, 1988; Zhao, Pugh, Sheldon, & Byers, 2002). As curriculum developers attempt to 
bring transformative change in learning and teaching, they face major challenges of teachers’ 
reluctance to adopt new practices (Lortie, 1975) and the continued use of the innovation in 
ways that are congruent with their intent (Fishman, Penuel, Hegedus, & Roschelle, 2011). 
Surveying past research, we noted that factors that hinder teachers from sustaining 
instructional designs include (i) the lack of teacher capacity (Ball, Thames & Phelps, 2008; 
Shulman, 1986); (ii) the expectations and fallacies about learning, such as their beliefs about 
basic knowledge, their expectations of student ability, and perceptions of the innovation’s 
efficiency (Kapur, 2015b); and (iii) teachers’ perceived utility of the instructional innovation, in 
terms the learning design’s value for teachers in the context of their practice (Fishman et al., 
2011). Hence, moving beyond translating an empirically tested learning design in the 
classroom, future research could consider how such a design could be sustainably integrated 
into classroom practice, and taking account of teachers’ knowledge, belief, and professional 
needs.  

7. Contributions of the study
The translation of the PF learning design across the A-level statistical curriculum 

demonstrates the possibility of incorporating an alternative, constructivist learning design in 
various instructional formats that are present in the existing JC classrooms. The seeming 
positive link between teacher’s consolidation instruction and students’ performance on the 
conceptual aspects in the post-tests attests to viability of the PF learning design in supporting 
the deep learning of complex statistical mathematical concepts. This result provides us with 
the confidence to continue in our efforts to propagate the use of constructivist learning designs, 
such as the PF learning design, in the deepening of students’ understanding of concepts, and 
developing their critical and inventive thinking capacities that are relevant to the 21st century.  

7.3. Contributions to theory 
This study deepens our understanding of the mechanics of the PF learning design, in 

particular that of the consolidation phase. Here, we attempted to quantify the fidelity of 
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teachers’ consolidation efforts in accordance to the design principles of the PF learning design, 
and examine the link between teachers’ consolidation quality and students’ learning. Our 
attempts to quantify the fidelity of teachers’ enactment also provided us with insights into ways 
teachers could organise the analysis of students’ solutions, comparing and contrasting them 
via critical features, and assembling these features into the canonical structures in actual 
classroom settings. This sets the stage for further research into the verification of the 
framework that we used in the quantification of teachers’ lesson enactment, and to tease the 
critical components for a consolidation lesson that would impact student in real ecological 
classroom settings. The framework adopted in this project also presents a viable approach 
that practitioners can adopt if they were adopting similar constructivist learning models where 
teachers are expected to build upon students’ ideas to teach canonical concepts.  

From the introduction of a largely unfamiliar pedagogy at a larger scale, the study shed 
light on the factors that shape a successful translation of constructivist learning design, in 
particular on the important role of the teacher. It is important to consider the use of a new 
pedagogy from the teachers’ perspective, in particular their motivation in using the method, 
the content knowledge necessary in ensuring an effective implementation, and addressing 
their beliefs and misconceptions about learning and knowledge, which have an impact on the 
way the method is being introduced in the classroom. Drawing from this, future research on 
expanding the use of a learning design on a larger scale will need to consider both the inner 
and possibly structural hurdles that teachers face when embracing a new teaching method, 
and address this in the design of any translational effort.  

7.4. Contributions to NIE programmes and practice 
To help sustain the use of constructivist pedagogies in mathematics instruction in the 

classroom, there is a need to ensure for pre-service programmes to advocate and support the 
use of such teaching pedagogies in the training of new teachers. The six PF units developed 
to support the learning experiences of the revised A-level Statistic curriculum will be made 
available to the relevant tutors involved in the pre-service courses for A-level mathematics 
teachers. This will ensure that all new A-level mathematics teachers are aware of the approach 
as well as the availability of these instructional materials for use in their practice.  

7.5. Contributions to student/ teachers’ assessment, capacity, and curriculum 
Each of the six PF units contains details of the problem targeting a concept that students 

have yet to formally learn, the analysis of the intuitive conceptions that students have 
regarding the concept, and the possible strategies that A-level mathematics teachers can 
adopt to facilitate students’ problem solving efforts during the “generation and exploration” 
phase, and to consolidate and build upon students’ solutions to teach the canonical concepts. 
The materials could be used not only to support the learning experiences advocated in the 
revised A-level statistics curriculum, but also be employed for formative assessments of their 
students’ learning, for the building of teachers’ capacity in implementing pedagogies that 
embody constructivist principles, and for the development of the curriculum that seek to 
include constructivist elements. Taking together, the six PF units will serve the materials to 
exemplify and concretise the constructivist approach that is advocated in the A-level 
mathematics curriculum. 

7.6. Contributions to Policy 
This project represents a synergistic collaboration between the PF research team at the 

NIE and the Ministry of Education’s MOE’s CPDD Mathematics Unit that leverages MOE’s 
existing processes and structures to translate the PF learning design across key concepts in 
the Singapore A-level Statistics curriculum. The lessons learnt from this project provide 
important references to future translation projects on possible strategies (e.g., the types of PD 



Project Number: DEV 03/14 MK 
Name of PI: Associate Professor Lee Ngan Hoe 2016 

30 
May 2016 - Office of Education Research (OER), NIE 

or PD materials that would gain better traction among in-service teachers) NIE and MOE could 
adopt when addressing policy practice gap.  

7.7. Contributions to Practice 
The project puts forth a learning design that A-level teachers could adopt in the use of 

constructivist learning designs in effecting the deep learning of concepts. Evident from the 
course of this project, there was evidence of some teachers who saw the value of the approach 
and conducting in-house training for their colleagues to use them. The formation of and 
continuous effort of the NLC to promote the use of constructivist approaches in the teaching 
and learning of A-level mathematics, a by-product of the project, is also the other positive 
development, and will contribute to a more sustainable interest in employing such an approach 
at the A-level mathematics classrooms in Singapore. Future research could look into the 
sustainability of such constructivist designs in practice, such that teachers could design their 
own units themselves. 

8. Conclusion
The translation of the PF learning design across the A-level Statistics curriculum 

represents a commitment to transform teaching practice that allow for the deep learning of 
mathematics and the embodiment of 21st century learning. In the realisation of this 
commitment, the development project demonstrated the possibility of (i) ensuring a series of 
well-designed curriculum units that support the instruction of all key concepts of the national 
mathematics curriculum; (ii) providing a comprehensive PD programme that not only provided 
teachers with the necessary knowledge and skills to implement PF statistical units on their 
own, but also interest some to want to try to leverage the learning design in the instruction of 
units beyond statistics; and (iii) impacting student learning positively, particular in terms of their 
conceptual understanding of statistical concepts. With the MOE’s encouragement for teachers 
to pursue more constructivist pedagogies that allow their students to experience deep 
learning, this developmental, translational project serves as a useful reference for future efforts 
to broaden the use of a constructivist learning method across the curriculum.  
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Appendices 

Appendix A 

Snapshots of the PF “Conditional Probability” unit 

1. Group Problem Task

NAME:___________________________________ CLASS:_________ INDEX NO:______ 

DATE:______________ SCHOOL:___________________________________________________ 

Competencies and Scholarships 

An organisation offers three kinds of scholarships, S1, S2 and S3, to junior college students. Successful candidates should have 
an acceptable level of analytical skills (C1) and leadership potential (C2). These two competencies are assessed through 
scholarship interviews, and successful candidates typically have an excellent (E) or acceptable (A) rating on each criterion. As 
such, there are four possible combinations of ratings, EE, EA, AE, and AA, which a successful candidate might receive for his/her 
interview. The committee subsequently take the ratings into consideration and award the scholarship (S1, S2 or S3) to the 
successful candidates.   

In a review, the organisation wants to examine the influence of these two criteria on the decision of scholarship allocation to 
successful candidates. To do this, past records of 1000 successful candidates and their ratings in C1 and C2 are extracted. The 
data is shown in Table 1 below. 

Table 1: Past records of 1000 successful candidates for scholarships 1, 2 and 3  (S1, S2, and S3) 

Scholarship Number of candidates who were awarded the 
scholarship 

Paired ratings of C1 and C2 

EE EA AE AA 
S1 300 120 100 70 10 
S2 300 70 120 90 20 
S3 400 150 150 90 10 

Based on the data above, the review seeks to know which scholarship is most likely to be awarded to an applicant with rating EE, 
EA, AE or AA?  How does knowing the paired ratings of the criterion in advance affect the likelihood of allocation to different 
types of scholarship?  

With your team mates, think about as many ways as possible to determine the likelihood of the type of scholarship awarded given 
the ratings. Include appropriate working and calculations in your solutions, and show all these on blank or foolscap papers. 

2. Analysis and Facilitation Guide of Students’ RSMs for the Problem Task (snapshot)

RSMs Relevant Conceptual Points Constraints of RSM/ 
Misconceptions 

Possible Facilitation 
Approaches/Questions 

The group considered the probabilities 
of getting the paired ratings of EE, EA, 
AE, or AA for each scholarship among 
all the students receiving the same 
scholarship. 

For example, 
Probability of getting EE among 
students receiving S1 = 120

300
= 0.4 

Probability of getting EE among 
students receiving S2 = 70

300
= 0.233 

Probability of getting EE among 
students receiving S3 = 150

400
= 0.375 

The conclusion is that with the rating 
EE, the students is most likely be 
awarded S1.  Similar conclusions can be 
drawn by finding and comparing the 
probabilities for the other paired ratings. 

The solution moves from 
comparing numbers in 
Solution 1 to comparing the 
probabilities. Similarly, this 
solution demonstrates the 
idea of restriction of the 
sample space from all 
students to those students 
who received a type of 
scholarship. Students also 
correctly identified the two 
events as “receiving a 
particular scholarship” and 
“getting a particular paired 
rating”.  

Similar to M3.2, this method shows 
the error of the “transposition of 
conditional fallacy”.  

The following questions may help 
students to understand what the problem 
requires and realise the limitations of the 
solution. 

Q4.1    Can you tell me what required 
probability in the problem is? Is what the 
problem asked consistent with the 
probabilities you have produced? Can 
you explain what the probability values 
represent in your calculations? 

Q4.2   How do you identify the required 
probabilities for comparison purpose in 
the problem? Have you realised that the 
probability is based on some known 
information? Can you tell me what the 
given information is and what is the 
event associated with the required 
probability? 
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RSMs Relevant Conceptual Points Constraints of RSM/ 
Misconceptions 

Possible Facilitation 
Approaches/Questions 

The group found the probability of 
students being awarded a particular 
scholarship and having each of the 
ratings. 

For example,  
Probability of students receiving S1 with 
paired ratings EE, P(receiving S1, 
getting EE) =  120

1000
 

Probability of students receiving S1 with 
paired ratings EA, P(receiving S1, 
getting EA) =  100

1000
 

Probability of students receiving S1 with 
paired ratings AE, P(receiving S1, 
getting AE) = 70

1000

Probability of students receiving S1 with 
paired ratings AA, P(receiving S1, 
getting AA) = 10

1000

Hence S1 is most likely to be awarded 
to these with paired ratings of EE. The 
conclusion for the other two 
scholarships can be drawn similarly. 

The solution demonstrates the 
initial idea of conditional 
probability in that there are 
two events (getting a rating 
and receiving a scholarship) 
involved and their intersection 
is considered in finding the 
probability.  

M5.1   The solution shows an 
error that students misinterpreted 
the required conditional probability 
P(receiving S1| getting rating EE) 
to be the same as joint probability 
P(receiving S1∩ getting EE) by 
ignoring the base rate probability.  
The base case that an applicant 
gets a paired rating EE is ignored, 
which result in this 
misinterpretation.  This is similar 
to the error of “base rate fallacy” 
that tends to ignore the base rate 
information and assumes the 
conditional probability and the 
specific probability are of the 
same size, for example,  
P(receiving S1| getting rating EE) 
= P(receiving S1).  

M5.2    The solution does not 
consider the restriction of sample 
space from the condition given.  
M5.3   The solution also shows an 
error of “transposition of 
conditional fallacy” that students 
misinterpret the two probabilities, 
P(A|B) and P(B|A), to be the same. 

During group facilitation, some 
questions that  teachers may like to ask 
include:   

Q5.1   Can you explain what the 
probability values represent in your 
calculations? 

Q5.2   How do you identify the required 
probabilities for comparison purpose in 
the problem? Have you realised that 
the probability is based on some known 
information? Can you tell me what the 
given information is and what is the 
event associated with the required 
probability? 

Q5.3 How would you represent the 
required probabilities and the 
probabilities you have calculated using 
Venn diagrams? With the Venn 
diagram, are you able to show that the 
probabilities in your solution are the 
same as the required ones?  

3. Conditional Probability Unit: Summary of critical features (snapshot)

The RSMs, which are based on the question of “Competencies and Scholarship”, ask about the likelihood of one 
obtaining a scholarship (Event A) given his/ her paired ratings on two competencies (Event B). 

Critical Feature 
No RSMs Reference 

RSM 
RSM 
considers the 
restriction of 
sample 
space 

RSM 
considers 
simple 
probability 

RSM 
identifies 
the two 
events 

RSM identifies 
conditional 
probability of 
one event 
conditional on 
the other ( the 
required 
relationship of 
the two event) 

1 

Comparing numbers of students who had the same 
outcome of Event B, but different outcomes in Event A 
(e.g., comparing students who had the same paired rating 
but received different scholarships.) 

1    

2 
Using diagrams (e.g., tree diagrams, bar chart, dot 
diagrams) to represent the numbers of students with the 
different awards and paired ratings. 

2    
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Appendix B 

Survey for Heads of Departments 

Dear Heads of Departments, 

The revised A-level Mathematics curriculum advocates the use of constructivist pedagogy to deepen students’ 
understanding of concepts. The Productive Failure (PF) teaching method was introduced to pre-university 
Mathematics teachers as an example of constructivist pedagogy that they could use. Since 2015, the Curriculum 
Planning & Development Division (CPDD) and the National Institute of Education (NIE) have organised workshops 
to introduce teachers to PF.  

We would like to find out teachers’ views on PF and how they have used it in their schools. This would be useful 
for CPDD and NIE to understand the reach and use of PF in the A-level mathematics classrooms. Please complete 
this survey questionnaire and provide your honest and candid feedback. The questionnaire should take no longer 
than 15 minutes to complete and your responses and identity will be kept confidential.      

Thank you and we look forward to your responses! 

--------------------------------------------------------------------------------------------------------------------- 

School: _________________________ 

1. Have you and/or your Math colleagues used the PF teaching method for teaching statistical concepts in
the JC curriculum?

If ‘yes’ , please proceed to question 1(a). If ‘no’ , please proceed to question 1(b). 

1(a). Which of the following statistical units were taught using the PF teaching method, and to what extent 
were the PF classes for the units observed by the PF research team or CPDD officers? 

Statistics units 
All classes observed 
by the PF research 

team or CPDD 
officers 

At least one of the 
classes not 

observed by the PF 
research team or 

CPDD officers 

None of the classes 
observed by the PF 

research team or 
CPDD officers 

 
Conditional Probability 

 
Binomial Distribution 

 
Normalisation 

 Sampling and Central Limit 
Theorem 

 
Hypothesis Testing 

 Correlation and 
Regression 

1(b). What are some reasons why you and/or your colleagues had not used PF? (You may select more than 
one option from the list below.) 
 The PF professional development workshops that were organised by CPDD and NIE did not inspire me

enough to want to try using the method.
 The PF teaching method is not aligned to my teaching philosophy and beliefs.
 The PF teaching method is not suitable for my students’ learning of the concepts.
 The PF teaching method is too time-consuming.
 I do not feel confident enough to use PF.
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 The PF materials/tasks are too difficult to use.
 Other reasons:

2. Regarding the use of PF, to what extent do you agree or disagree with the following statements:

Item 
Strongly 
disagree Disagree 

Neither 
agree or 
disagree 

Agree Strongly 
agree 

(i) I advocate the use of PF as a constructivist
pedagogical method to teach statistical
concepts in my school.

(ii) My colleagues in my department are receptive
to the use of PF to teach statistical concepts.

(iii) I intend to send teachers from my department
to participate in future PF professional
development workshop(s)* organised by the
MOE or NIE.

* These include  (but is not limited to the following
workshops): (1) “Constructivist Pedagogy for A-level
Math Teachers”, (2) “Design for Productive Failure”,
and (3) “PF Champion Teachers”

(iv) I am keen to explore the possibilities of
applying PF for teaching pure mathematics
topics.

3(a). Which of the following statement best describes your school’s position on the use of PF to teach 
statistical concepts: 

 The school does not support nor recommend it to its teachers.
 The school does not hold a position, and allows its teachers to decide whether or not they were to

incorporate PF in their statistics classes.
 The school supports and encourages it, but has yet to offer concrete plans, actions, or structures that would

help teachers incorporate PF in their statistics classes.
 The school supports and encourages it, and has developed concrete plan(s), or taken steps, to facilitate its

use.

3(b). What are your school’s plan(s), if any, for the use of PF in the instruction of statistical/mathematical 
concepts in your school? These plans may be in terms of teachers’ professional training, curriculum design and 
planning etc.   
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Appendix C 
Instruments relating to Lesson Engagement 

I. Perception of General learning: How did you feel about this Lesson?

For survey I, the following seven-point scale below was used. For each statement, students are to use the scale 
and circle the number that most closely matches their opinion.   

Strongly 
Disagree 

Disagree Somewhat 
Disagree 

Neutral Somewhat 
Agree 

Agree Strongly 
Agree 

1 
(SD) 

2 
(D) 

3 
(SwD) 

4 
(N) 

5 
(SwA) 

6 
(A) 

7 
(SA) 

1. I enjoyed the lesson very much.
1 

(SD) 
2 3 4 

(N) 
5 6 7 

(SA) 

2. This activity makes me want to participate.
1 

(SD) 
2 3 4 

(N) 
5 6 7 

(SA) 

3. I felt I was engaged in the lesson.
1 

(SD) 
2 3 4 

(N) 
5 6 7 

(SA) 

4. I was focused.
1 

(SD) 
2 3 4 

(N) 
5 6 7 

(SA) 

5. I was attentive during the lesson.
1 

(SD) 
2 3 4 

(N) 
5 6 7 

(SA) 

6. I participated in the lesson’s activities.
1 

(SD) 
2 3 4 

(N) 
5 6 7 

(SA) 

7. I learned a lot in the lesson.
1 

(SD) 
2 3 4 

(N) 
5 6 7 

(SA) 

8. I was concentrating during the lesson.
1 

(SD) 
2 3 4 

(N) 
5 6 7 

(SA) 
9. Time passed so quickly and before I knew it, the lesson was

over!
1 

(SD) 
2 3 4 

(N) 
5 6 7 

(SA) 

II. Perception of Mental Effort

10. In this lesson, I used:

Very, very 
high mental 
effort 

Very high 
mental 
effort 

High 
mental 
effort 

Rather high 
mental 
effort) 

Neither 
high or  low 
mental 
effort 

Rather low 
mental 
effort 

Low mental 
effort 

Very low 
mental effort 

Very, very 
low mental 
effort 

1 2 3 4 5 6 7 8 9 

III. Interest in the Solution to the Problem

11. How much do you want to know the solution to this problem?

1 
(Not at all) 

2 3 4 5 6 7 
(Very much) 
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Appendix D 
Sample Post-test Items to the “Normalisation” unit 

1. Sample post-test item that assessed students’ procedural knowledge of the concept
(total 4 items)

2. Sample post-test item that assessed students’ conceptual understanding of the concept
(total 13 items)

An equal number of students competed in the 100 m sprint and 100 m swim finals. The timings (in seconds) 
of the champions of the 100 m sprint and 100m swim are shown below, as are the average timings and the 
SDs of the finalists in the two competitions.  

100 m 
sprint 

100 m 
swim 

Champion 11s 40s 
Average of the finalists, M 12s 45s 
SD of the finalists 1s 10s 

Assuming all else being equal, between the two champions, who is the better performer relative to others 
in the same event?  

A. The sprint champion
B. The swim champion
C. Both
D. Not enough information to decide

A school has large number of male students. The school records the heights (in cm) of all male students each year. In 
year 2014, the recorded heights of all male students in the school follow a normal distribution with mean 𝜇𝜇 and SD 𝜎𝜎. In 
year 2015, the heights of the male students in the school follow a normal distribution with mean 𝜇𝜇′and SD 𝜎𝜎′. Use the 
information to answer the following question. 

Suppose David’s height in year 2014 is x (in cm). After standardisation, his height corresponds to the value zx. It is 
known that the probability of a random selected male student who is taller than David in year 2014 is q. Which of the 
following is correct?  

A. P( Z > x) = q

B. P( Z > zx) = q

C. P( Z > x-u
σ

 ) = q - u
σ

 

D. P( Z > x) = q - u
σ

E. None of the above
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3. Sample post-test item that assessed students’ ability to transfer (total 7 items)

The information of the applicants’ GPA and National University Entrance Test scores to University A 
last year is shown in the table below. The dean of University A now decides to consider both the 
applicants’ GPA AND their test scores. David’s GPA and test scores are 3.9 and 82 respectively. Use 
the information to answer the following question.  

Applicants to University A 
last year 

GPA score 
(out of 5) 

National University Entrance 
Test score (out of 100) 

n 400 400 
Mean score 3.7 80 

SD 1 20 

Suppose the information in the table above will not change for this year. If David manages to gain an 
admission, what is the minimum test score that another applicant – John, have to score, in order to 
secure an admission to University A if his GPA score is 3.8?   

A. 82.
B. 84
C. 100
D. An impossible number above 100
E. None of the above.


	DEV-03-14-MK_cover
	DEV-03-14-MK_Or
	0313 MK draft page
	1. DEV 0314 MK_Project Closure Report (Revised)
	Executive Summary
	Introduction/Background
	Statement of Problems
	Purpose of Study
	Participants and Methodology / Design
	Findings / Results
	Discussion
	Contributions
	Conclusion
	Acknowledgements
	Keywords

	Translating Productive Failure in the Singapore A-level Statistics Curriculum
	1. Introduction/Background
	2. Statement of Problems
	2.1. PF and its alignment with constructivism
	2.2. Shifting pedagogical approach in A-level statistical instruction

	3. Purpose of Study
	3.1. Objectives
	3.2. Proposed Deliverables
	3.2.1. Proposed Curriculum Development
	3.2.2. Proposed Teachers Capacity Building
	3.2.3. Proposed Student Learning


	4. Methodology and Design
	4.1. Materials: curriculum developed
	4.2. Participants and procedure
	4.2.1. Implementation of the PF units
	4.2.2. Teacher capacity building
	4.2.3. Analysis of student learning and teacher enactment in the classrooms
	Table 1.



	5. Findings/ Results
	5.1. Translation of Curriculum
	Table 2.

	5.2. Teacher Capacity Building
	5.3. Analysing Student Learning: Relationship with Teachers’ Consolidation Quality
	5.3.1. Teacher Consolidation Quality
	Table 3.

	5.3.2. Analysing student learning
	5.3.3. Analysing the relationship between student learning and teacher enactment.
	Table 4.
	5.3.3.1. Analysis from the data for all units.
	5.3.3.2. Analysis from the data from the Normalisation unit.
	5.3.3.3. Insights from the analysis

	5.3.4. Insights into teachers’ development through lesson enactment
	Table 5.



	6. Discussion
	6.3. Effect of teacher enactment on student learning
	6.4. Factors supporting teachers’ enactment of a new learning design
	6.5. Sustainability of the PF learning method

	7. Contributions of the study
	7.3. Contributions to theory
	7.4. Contributions to NIE programmes and practice
	7.5. Contributions to student/ teachers’ assessment, capacity, and curriculum
	7.6. Contributions to Policy
	7.7. Contributions to Practice

	8. Conclusion
	Acknowledgements
	References
	Appendices
	Appendix A
	Appendix B
	Appendix C
	Appendix D







