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Abstract: We theoretically study the optical properties of an ensemble of two-level atoms
coupled to a one-dimensional waveguide. In our model, the atoms are randomly located in the
lattice sites along the one-dimensional waveguide. The results reveal that the optical transport
properties of the atomic ensemble are influenced by the lattice constant and the filling factor
of the lattice sites. We also focus on the atomic mirror configuration and quantify the effect
of the inhomogeneous broadening in atomic resonant transition on the scattering spectrum.
Furthermore, we find that initial bunching and persistent quantum beats appear in photon-photon
correlation function of the transmitted field, which are significantly changed by the filling factor
of the lattice sites. With great progress to interface quantum emitters with nanophotonics, our
results should be experimentally realizable in the near future.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

In the past decades, waveguide quantum electrodynamics (QED) has raised great interest owing
to its promising applications in quantum devices and quantum information technologies [1–12].
Waveguide QED describes interaction phenomena between electromagnetic fields confined to a
one-dimensional (1D) waveguide and nearby quantum emitters. In practice, the waveguide can be
realized with a number of physical systems such as surface plasmon nanowire [13–16], diamond
waveguide [17–20], optical nanofiber [21–27], photonic crystal [28–35], and superconducting
microwave transmission line [36–41]. Recently, photon transport in a 1D waveguide coupled to
quantum emitters has been widely studied both in theory [42–50] and experiment [51–53].

Single-photon scattering by multiple emitters has been studied, which gives rise to much richer
optical behaviors due to multiple scattering effects. Kien et al. [54] calculated the spontaneous
emission from a pair of two-level atoms near a nanofiber, where a substantial radiative exchange
between distant atoms was demonstrated. Later, Tsoi and Law [55] studied the interaction
between a single photon and a chain of N equally spaced two-level atoms in a 1D waveguide. In
contrast to the single-atom case [1,56], they found that a photon can be perfectly transmitted
near the resonance atomic frequency, and the positions of transmission peaks and their widths
are sensitive to the relative position between atoms. Moreover, Chang et al. [57] showed
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that an ensemble of periodically arranged two-level atoms with a specific lattice constant can
form an effective cavity within the nanofiber. Then, Liao et al. [58] developed a dynamical
theory for calculating photon transport in a 1D waveguide coupled to identical and nonidentical
emitters, where the effects of the waveguide and non-waveguide vacuum modes are included.
With a real-space approach, Zhou et al. [59] investigated the dependence of the single-photon
superradiant emission rate on the distance between atoms in a 1D waveguide. Later, Kornovan
et al. [60] studied the subradiant collective states in a periodic 1D array of two-level atoms
and showed that long-lived subradiant states can be obtained with proper system parameters.
Recently, Corzo et al. [61] experimentally observe a single collective atomic excitation in arrays
of individual caesium atoms trapped along an optical nanofibre. Their work paves the way to
herald, store and read out a single collective atomic excitation in waveguide-QED platforms.

Due to atomic collisions during the loading process, each lattice trap site surrounding a 1D
waveguide contains at most a single atom in current experiments [62]. In fact, photon scattering
by a waveguide-mediated randomly distributed atomic chain has attracted much attention and
been studied both in theory [63–67] and experiment [68–70]. Motivated by these important
works, we here focus on the optical properties of an ensemble of two-level atoms coupled to a 1D
waveguide. In our work, we assume that the atoms in our system are randomly trapped in the
lattice along the 1D waveguide, which is different from the cases where the atoms are arranged
periodically. We calculate the scattering properties of a weak coherent input field through an
atomic chain and average over a large sample of atomic distributions. Provided that the input field
is monochromatic, we first study the scattering properties of a two-level atomic chain coupled
to a 1D waveguide. The results show that the transport properties are influenced by the lattice
constant and the filling factor of the lattice sites. We calculate the optical depth as a function of
the lattice constant, concluding that different choices of the lattice constant change the optical
depth. Optical depth measures the attenuation of the transmitted field in a material. In quantum
memory, the storage efficiency of a medium is determined by the optical depth [71]. We then
focus on the atomic mirror configuration and give the reflection spectra of the incident field
with different choices of the filling factors of the lattice sites. Also, we analyze the effect of the
inhomogeneous broadening in atomic resonant transition on the scattering spectrum of the input
field. Besides, we check the validity of the Markovian assumption and discuss the non-Markovian
effect on the scattering spectra when the number of the atoms is large. In a multi-atom system,
one mainly focus on the quantum interference between the various fields scattered by atoms.
Especially, the interference effect in the photon-photon correlation function is called ‘quantum
beat’ (oscillation) [72]. Studying the persistent quantum beats may reveal the nonlinearity of
the atoms in a 1D waveguide. Finally, we calculate the second-order correlation function of
the transmitted field with different choices of the filling factors of the lattice sites. We find that
quantum beats appear in photon-photon correlation function of the transmitted field. Moreover,
when we increase the filling factor of the lattice sites, quantum beat lasts longer. Therefore, the
filling factor of the lattice sites provides an efficient way to modify the quantum beats in the
second-order correlation function of the transmitted field.

In contrast to a conventional periodic chain of identical emitters, we here provide a numerical
method to deal with the filling imperfection of the atoms in lattice sites along the 1D waveguide.
That is, we take the average values from a large sample of atomic spatial distributions. In fact,
while the lattice sites are periodic, the disorder caused by the filling imperfections leads to a
non-periodic chain of atoms. Due to strong trap light fields, inhomogeneous broadening of atomic
transitions may exist in experiment. Thus, we here analyze the influence of inhomogeneous
broadening on the optical properties of the incident field. Besides, we also focus on the atomic
mirror configuration and give the reflection spectra of the incident field with imperfect filling
of atoms in the lattice sites. Our numerical results show that, the effects of atomic mirror
configuration are robust to filling imperfections and depend purely on the periodicity of the lattice
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sites. That is, the atomic mirror configuration can be also constructed with imperfect filling of the
atoms along a 1D waveguide. By calculating the photon-photon correlation function, we study
the nonlinearity of the atoms mediated by waveguide modes and observe persistent quantum
beats. In a word, our work is a step towards non-periodic atomic chain in waveguide-QED
platforms, and the results give a comprehensive understanding of the linear and nonlinear optical
properties of atom-waveguide system.

2. Model system

In this section, we consider a system comprising an ensemble of two-level atoms spaced along a
1D waveguide, as shown in Fig. 1. Each atom has two electronic levels, i.e., the ground state |g⟩
and the excited state |e⟩. We assume that the transition with the resonance frequency ωa between
states |g⟩ and |e⟩ is coupled to the guided modes of the 1D dielectric waveguide. By generating
an optical lattice external to the waveguide, the atoms can be trapped in fixed positions [52,74].
Here, the frequency ωa is assumed to be away from the waveguide cut-off frequency so that the
left- and right-propagating fields can be treated as completely separate quantum fields [1,13].
Under rotating wave approximation, the Hamiltonian of the system in real space is given by
(ℏ = 1) [1]

H =
n∑︂

j=1
ωaσ

j
ee + ivg

∫
dz
[︁
a†L (z)

∂aL (z)
∂z

− a†R (z)
∂aR (z)
∂z

]︁
− g̃

∫
dz

n∑︂
j=1

δ(z − zj)
{︁
σ

j
eg[aR (z) + aL (z)] + H.c.

}︁
,

(1)

where vg is the group velocity of the field, zj represents the position of the atom j, and aL

(aR) denotes the annihilation operator of left (right) propagating field. The coupling constant
g̃ =

√
2πg is assumed to be identical for all modes, where g denotes the single-atom coupling

strength to waveguide modes. The atomic operators σj
αβ = |αj⟩⟨βj |, where α, β = g, e are energy

eigenstates of the jth atom. n is the number of the atoms trapped along the waveguide.

Fig. 1. (a) Schematic diagram of the propagation of an input field through a two-level
atomic ensemble (grey dots) coupled to a 1D waveguide (the cylinder). The wavy line
denotes the optical lattice external to the waveguide, and the lattice constant is marked by d.
A weak coherent field (green arrow) is incident from left to scatter with the atomic ensemble,
which produces output fields including a transmitted part (blue arrow) and a reflected part
(red arrow). In practice, due to the collisional blockade mechanism [73], either zero or one
atom is trapped in each lattice site [68,69].

The Heisenberg equation of the motion for the atomic operator is

σ̇
j
ge = −iωaσ

j
ge + ig̃(σj

gg − σ
j
ee)[aR (zj) + aL (zj)]. (2)
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Likewise, we can also obtain the Heisenberg equations of motions for left and right propagating
fields in the waveguide

(
1
vg

∂

∂t
−
∂

∂z
)aL (z) =

ig̃
vg

n∑︂
j=1

δ(z − zj)σ
j
ge,

(
1
vg

∂

∂t
+
∂

∂z
)aR (z) =

ig̃
vg

n∑︂
j=1

δ(z − zj)σ
j
ge.

(3)

Then, we transform them to a co-moving frame with coordinates z′ = z, t′ = t − z/vg, and get the
equation of motion for aR

∂

∂z′
aR (z

′) =
ig̃
vg

n∑︂
j=1

δ(z′ − zj)σ
j
ge(t′). (4)

Integrating over z′ ∈ [z − vgt, z], we obtain

aR (z, t) − aR (z − vgt) =
ig̃
vg

n∑︂
j=1

∫
dz′δ(z′ − zj)σ

j
ge(t′). (5)

Since the contribution from a time earlier than z − vgt is zero, the lower limit of the integral on
the right hand side of Eq. (5) can be extended to −∞. We then get

aR (z, t) = aR,in (z − vgt) +
ig̃
vg

n∑︂
j=1

θ(z − zj)σ
j
ge(t −

z − zj

vg
). (6)

Here θ represents the Heaviside step function, and aR,in (z − vgt) denotes the input field which
evolves from the initial time to the present without interacting with the atoms. Similarly, the
operator aL (z, t) for the left-moving field is written as

aL (z, t) = aL,in (z + vgt) +
ig̃
vg

n∑︂
j=1

θ(zj − z)σj
ge(t −

zj − z
vg

). (7)

Then, we insert Eq. (6) and Eq. (7) into Eq. (2) and get the evolution of the atomic coherence

σ̇
j
ge = −iωaσ

j
ge −

g̃2

vg
(σ

j
gg − σ

j
ee)

∑︂
l
σl

ge(t −
|zj − zl |

vg
). (8)

By defining new operators Sj
ge via σj

ge = Sj
gee−iωint, we transform Eq. (8) into a slow-varying

frame. Here ωin denotes the frequency of an external driving field, which is close to the atomic
resonance frequency ωa with wave vector ka. Thus, we find the equation of motion

Ṡj
ge(t) = i∆Sj

ge(t) −
Γ0

2
[Sj

gg(t) − Sj
ee(t)] ×

∑︂
l

Sl
ge(t −

|zj − zl |

vg
)eikin |zj−zl | , (9)

where ∆ = ωin − ωa, and kin = ωin/vg. Γ0 = 4πg2/vg denotes the single-atom spontaneous
emission rate into waveguide modes. In fact, the operator on the right hand side of Eq. (9) can be
expanded as

Sl
ge(t −

|zj − zl |

vg
) = Sl

ge(t) −
|zj − zl |

vg
Ṡl

ge(t) +
1
2
(
|zj − zl |

vg
)2 × S̈l

ge(t) + · · · . (10)

For small separations, i.e., |zj − zl | ≪ vg, the system is Markovian [75]. In this case, the time delay
for propagation between the atoms can be neglected and so the photon-mediated interactions
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between atoms occur instantly. Omitting higher order terms of Eq. (10), we get

Ṡj
ge(t) = −

Γ0

2
[Sj

gg(t) − Sj
ee(t)]

∑︂
l

Sl
ge(t)e

ikin |zj−zl | + i∆Sj
ge(t). (11)

From the above equation, we can extract an effective Hamiltonian for our system [57]

Heff = −∆

n∑︂
j=1

Sj
ee − i

Γ0

2

n∑︂
j,k=1

eika |zj−zk |Sj
egSk

ge. (12)

Considering the spontaneous emission of the excited state into free space, we can add an imaginary
part −i Γ

′

e
2 to the energy of the excited state [76]. Thus, the atomic chain mediated by the 1D

waveguide can be described by a non-Hermitian effective Hamiltonian [75]

H1 = −

n∑︂
j=1

(∆ + iΓ
′

e/2)S
j
ee − i

Γ0

2

n∑︂
j,k=1

eika |zj−zk |Sj
egSk

ge, (13)

where Γ′e denotes the decay rate of the state |e⟩ into free space.
In this work, we mainly study the scattering properties of a weak coherent input field. Then,

the driving part is given by Hd =

√︂
Γ0 vg

2 E
∑︁n

j=1(S
j
egeikinzj + H.c.), with E being the amplitude of

the weak input field (Rabi frequency
√︂
Γ0 vg

2 E). Finally, the dynamics of the atomic ensemble is
described by the Hamiltonian H = H1 + Hd. Since the incident field is assumed to be sufficiently

weak (
√︂
Γ0 vg

2 E≪Γ
′

e), we can neglect quantum jumps [46]. Initially, all atoms are prepared in the
ground state |g⟩, and the weak coherent field is input from the left. Using input-output method
[75], we obtain the transmitted (t) and reflected (r) fields

at(z) = Eeikinz + i

√︄
Γ0

2vg

n∑︂
j=1

Sj
geeika(z−zj),

ar(z) = i

√︄
Γ0

2vg

n∑︂
j=1

Sj
gee−ika(z−zj).

(14)

Thus, the transmittance (T) and reflection (R) of the weak input field are given by

T =
⟨ψ |a†t at |ψ⟩

E2 , R =
⟨ψ |a†r ar |ψ⟩

E2 , (15)

where |ψ⟩ denotes the steady state of the atomic ensemble.

3. Numerical results

3.1. Scattering properties of the input field

Here, provided that the incident field is monochromatic, we study the scattering properties of
the weak input field with N = 100 equally spaced lattice sites along the 1D waveguide. We
assume that either zero or one atom is trapped in each lattice site, and all sites are identical with a
filling factor p. In other words, n atoms are placed randomly over N sites with a filling factor
p = n/N for each site. In Figs. 2(a)–2(d), we show transmission spectra of the incident field as a
function of the detuning ∆/Γ0 with different values of lattice constant d. For each lattice constant,
we present the transmission spectra with four different filling factors, i.e., p = 0.4, 0.6, 0.8, 1.0.
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We find that, the transmission spectrum for kad = 0 is identical to that for kad = π, and the
transmission spectra for kad = 1 and kad = π/2 are almost the same. Moreover, after calculating
many transmission spectra with different choices of lattice constant d (not shown), we conclude
that different values of kad do not qualitatively influence the transmission properties, excluding
those very close to mπ (m is an integer). Besides, for the case kad = mπ, when we increase
the filling factor, the lineshapes of the transmission spectra exhibit significant broadening, as
shown in Fig. 2(a) and Fig. 2(d). This is because, the collective decay rates of the atoms into the
waveguide modes become enhanced when the filling factor of the lattice sites rises. Different
from the Lorentzian line shape in the transmission spectrum of the single two-level atom case
[1], we find that the transmission for an atomic array is approximately zero in a window centered
at ∆ = 0 for the cases kad = π/2 and kad = 1.0 [77], as shown in Figs. 2(b)–2(c). Besides, as
shown in Fig. 2(e), we give the transmission spectra for four choices of the decay rate Γ′e with
kad=0.95π. The results show that, in the case Γ′e = 0, there are N − 1 (here N = 4 in Fig. 2(e))
peaks near the resonance frequency in the transmission spectrum for a linear chain of N atoms,
which has been discovered in Ref. [55]. While, when we increase the decay rate Γ′e gradually,
the peaks will be washed out one by one. For example, for a chain of four atoms, there are two
peaks and one peak left in the cases Γ′e = 0.01Γ0 and Γ′e = 0.1Γ0 , respectively. Especially, no
peak appears when the decay rate increases to Γ′e = 0.17Γ0 . Thus, the peaks in the transmission
spectra are sensitive to the existence of Γ′e. To observe these peaks in experiment, the decay rate
Γ′e needs to be strongly suppressed.

Fig. 2. The transmission spectra of the input field as a function of the frequency detuning
∆/Γ0 for (a) kad=0, (b) kad=1, (c) kad= π/2, and (d) kad= π with filling factors of the
lattice sites 0.4 (black solid line), 0.6 (red dashed line), 0.8 (green dashed-dotted line), 1.0
(blue dotted line). (e) The transmission spectra of the input field for Γ′e = 0 (black solid line),
Γ′e = 0.01Γ0 (red dotted line), Γ′e = 0.1Γ0 (green dashed-dotted line), Γ′e = 0.17Γ0 (blue
dashed line) with N = 4, p = 1 and kad=0.95π. Parameters: (a)-(d) Γ′e = 0.1Γ0 , N = 100,

(a)-(e) E = 10−4
√︃
Γ0
2vg

.

The opacity of a medium is described by the optical depth D, where T∆=0 = e−D. In Fig. 3(a),
we calculate the optical depth as a function of kad with a filling factor p = 0.5. For 0<kad<2π,
the optical depth is symmetric around kad = π, and its minimum is found at kad = π. For
0<kad<π or π<kad<2π, the optical depth changes with kad periodically and gets the maximum
at some fixed values of kad. Obviously, for kad = mπ, the optical depth is much smaller than that
for the condition kad ≠ mπ. In fact, the case kad = mπ, with m being an integer, corresponds to
the atomic mirror configuration [57,78,79]. For clear presentation, in Fig. 3(b), we present the
reflection of the input field in the resonant case ∆ = 0 as a function of kad with the filling factor
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p = 0.5. We find that, for 0<kad<2π, the reflection spectrum is symmetric around kad = π, and
the maximal reflection occurs at kad = π. For 0<kad<π (π<kad<2π), the reflection spectrum
is symmetric around kad = 0.5π (kad = 1.5π). Besides, the reflection of the input field in the
case kad = mπ is much larger than those for kad ≠ mπ. In fact, for the case kad = mπ, it has
been shown that an array of N atoms is equivalent to an effective ‘superatom’ with N times the
coupling strength to the 1D waveguide [59]. Thus it is possible to use such an atomic ensemble
to compensate for the fact that the ratio Γ0/Γ

′
e is not sufficiently large for an individual atom

and then the input field is strongly reflected. Moreover, we give (T + R) of the input field as a
function of kad with ∆ = 0 and p = 0.5 in Fig. 3(c). Since the transmission of the input field in
the resonant case is nearly zero, Fig. 3(c) is almost identical to Fig. 3(b). As shown in Fig. 3(d),
we also calculate the optical depth D as a function of the filling factor p for three choices of the
lattice constant, i.e., kad = 1, π/2, π. The results show that, the variation trends of optical depth
in the two cases kad = 1 and kad = π/2 are similar, i.e., the optical depth first rises nearly linearly
with the filling factor and it then becomes saturated when the filling factor increases to a certain
value. While for the case kad = π, the optical depth changes slowly with the filling factor of the
lattice sites. The above results show that, in the case kad ≠ mπ, we can obtain a large optical
depth with a modest filling factor. In fact, for a large optical depth, the strong attenuation of the
transmitted field is due to the destructive quantum interference between the incident photon field
and the re-emitted field by the atomic chain in the forward direction.

Fig. 3. (a) The optical depth D versus kad with a filling factor p = 0.5. (b) The reflection of
the input field as a function of kad in the resonant case ∆ = 0 with a filling factor p = 0.5. (c)
Sum of the reflection and transmission of the input field as a function of kad in the resonant
case ∆ = 0 with a filling factor p = 0.5. (d) The optical depth D versus the filling factor p for
kad = 1 (red dots), kad = π/2 (blue circles) and kad = π (black down-triangles). Parameters:

(a)-(d) E = 10−4
√︃
Γ0
2vg

, Γ′e = 0.1Γ0 , N = 100.

To proceed, we focus on the atomic mirror configuration, e.g., the case kad = π. In Fig. 4(a),
we give reflection spectra of the incident field as a function of the detuning ∆/Γ0 with four choices
of filling factor. We find that a high filling factor results in an increase in the reflection of the
input field. In fact, for a resonant input field, a large number of periodically arranged atoms with
a lattice constant d = mπ/ka can be regarded as an atomic Bragg mirror [57,78,79]. This effect is
not sensitive to the filling imperfections and depends mainly on the periodicity of the lattice sites.
Moreover, in the resonant case ∆ = 0, as shown in Fig. 4(b), the reflection of the atomic Bragg
mirror is enhanced by large number N of lattice sites. In fact, for a modest filling factor, when
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the number of the lattice sites is sufficiently large, the reflection of the atomic Bragg mirror will
approach to 100%. For example, with the filling factor being 0.6, the reflection of the atomic
chain in the resonant case is 99.97% when the number of the lattice sites is 1000 [68,69]. In
particular, two sets of such atomic Bragg mirrors can form a cavity for an atom located between
them, which is shown in Fig. 4(d). Here, the distance d0 between the central atom and the nearest
neighbors in the atomic mirrors satisfies the condition kad0 = 1.5π, such that the central atom
is located at the atomic cavity anti-node to maximize the coupling. As shown in Fig. 4(c), we
calculate the population pe of an initially excited atom inside an atomic cavity with four choices
of the filling factors. The results reveal that vacuum Rabi oscillations occur between the excited
central atom and the atomic cavity. Moreover, the higher the filling factor of the lattice sites is,
the stronger the vacuum Rabi oscillation becomes. This is because the reflection of the atomic
cavity rises when we increase the filling factor, which is shown in Fig. 4(a).

Fig. 4. (a) Reflection spectra of the input field for the filling factors 0.4 (black solid line),
0.6 (red dashed line), 0.8 (green dashed-dotted line), 1.0 (blue dotted line). (b) The reflection
of the input field in the resonant case ∆ = 0 as a function of the number N of the lattice sites
for the filling factors 0.4 (black circles), 0.6 (red up-triangles), 0.8 (green down-triangles),
1.0 (blue asterisks). (c) The population pe of an initially excited atom (green dot in (d) )
inside an atomic cavity (i.e., two sets of atomic Bragg mirrors shown in (d) ) with the filling
factors 0.4 (black solid line), 0.6 (red dashed line), 0.8 (green dashed-dotted line), 1.0 (blue
dotted line), respectively. (d) An initially excited atom (green dot) inside an atomic cavity

(two sets of grey dots) with kad0 = 1.5π and kad = π. (a)-(c) E = 10−4
√︃
Γ0
2vg

, Γ′e = 0.1Γ0 ,
kad = π. (a) and (c) N = 100.

In the above discussions, we assume that these two-level atoms trapped in the lattice are the
same. While, due to strong trap light fields, inhomogeneous broadening of atomic transitions
exists in practical experiment. Here, we consider the inhomogeneous broadening by assigning
a random Gaussian distributed detuning ∆ih with a standard deviation σih to each atom. The
probability density is ρih (∆ih) =

1
σih

√
2π

exp(−
∆2

ih
2σ2

ih
). As shown in Figs. 5(a)–5(d), we show the

influence of Gaussian inhomogeneous broadening of atomic transitions on the reflection of
atomic Bragg mirror, e.g., the case kad = π. Here, ka represents the average of all ka. We find
that, for a fixed filling factor, when the standard deviation σih increases, the reflection in a region
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of the frequency detuning around ∆ = 0 decreases. That is, the reflection of the atomic cavity
shown in Fig. 4(d) is weakened by the inhomogeneous broadening of atomic transitions. The
results also reveal that, for |∆| ≫ Γ0, the reflection of the atomic Bragg mirror is almost robust
to the exist of the inhomogeneous broadening of the atomic transition. Moreover, as shown in
Figs. 5(e)–5(f), we also calculate the reflection spectra of incident field for two cases σih = 1.0Γ0

and σih = 2.0Γ0 with four choices of kad, i.e., kad = 0, 1, 0.5π, π. The results reveal that, in the
two cases σih = 1.0Γ0 and σih = 2.0Γ0 , different choices of kad do not qualitatively change the
reflection spectra when kad ≠ mπ. That is, for a fixed parameter σih, the reflection spectrum is
robust to the variation of the lattice constant d in the case kad ≠ mπ. Besides, in Fig. 6, we also
calculate transmission spectra of the input field for the case kad = π/2 with four filling factors
for σih=0, Γ0 , 2Γ0 , 3Γ0 . We find that, for a fixed filling factor, when the standard deviation σih is
changed from 0 to 3.0Γ0 , lineshapes of the transmission spectra exhibit significant broadening.

Fig. 5. Reflection spectra of the incident field as a function of the detuning ∆/Γ0 for σih = 0
(black solid line), σih = 1.0Γ0 (blue dashed line), σih = 2.0Γ0 (green dashed-dotted line),
σih = 3.0Γ0 (red dotted line) with filling factors (a) p = 0.4, (b) p = 0.6, (c) p = 0.8, (d)
p = 1.0. Reflection spectra of the incident field as a function of the detuning ∆/Γ0 for
kad = 0 (green dashed-dotted line), kad = 1 (red dotted line), kad = 0.5π (blue dashed line),
kad = π (black solid line) with (e) σih = 1.0Γ0 and (f) σih = 2.0Γ0 . Parameters: (a)-(d)

kad = π, (a)-(f) E = 10−4
√︃
Γ0
2vg

, Γ′e = 0.1Γ0 , N = 100, (e)-(f) p = 0.5.

As mentioned in Sec. 2, when the separations between atoms are small (|zj − zl | ≪ vg), the
system is Markovian: the causal propagation time of photons between atoms can be ignored and
the interaction between atoms is considered to be instantaneous. While, when we increase of
the number of the atoms, this Markovian assumption may be invalid and the atom-waveguide
system evolves to be non-Markovian. In fact, the non-Markovian nature of the atomic waveguide
system has been widely studied recently [80–84]. As shown in Fig. 7, we check the validity
of the Markovian assumption and discuss the non-Markovian effect in our system. Here, we
give the scattering spectra of the incident field for two choices of kad with two methods. one
is the input-output theory with the effective Hamiltonian described in Sec. 2, another is the
transfer matrix formalism in Ref. [77]. In fact, the deviation between the two results is a sign
of non-Markovian behavior. First, we give the transmission and reflection spectra in the case
kad = 0.5π with N = 100 and N = 500, as shown in Figs. 7(a)–7(b). The results reveal that, for the
case kad = 0.5π with N = 100, although the difference between these two results is macroscopic,
it does not qualitatively influence the scattering properties. Then, we increase the number of the
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Fig. 6. Transmission spectra of the incident field as a function of the detuning ∆/Γ0 for
σih = 0 (black solid line), σih = 1.0Γ0 (blue dashed line), σih = 2.0Γ0 (green dashed-dotted
line), σih = 3.0Γ0 (red dotted line) with filling factors (a) p = 0.4, (b) p = 0.6, (c) p = 0.8,

(d) p = 1.0. Parameters: (a)-(d) E = 10−4
√︃
Γ0
2vg

, kad = π/2, Γ′e = 0.1Γ0 , N = 100.

atoms to be N = 500, and observe that the non-Markovian effect on scattering spectra is slightly
enhanced. Besides, as shown in Figs. 7(c)–7(d), we also study the non-Markovian effect in the
atomic mirror configuration, e.g., kad = π. In this case, the two results in both cases N = 100 and
N = 500 are identical, which indicates that the non-Markovian effect on the scattering properties
disappears in the atomic mirror configuration. In fact, for the case kad = mπ with p = 1, Ref.
[57] has given the analytical results, i.e., R = (NΓ0 )

2

(Γ′e+NΓ0 )
2+4∆2 and T = Γ

′2
e +4∆2

(Γ′e+NΓ0)2+4∆2 , which are
consistent with the results in Ref. [77].

3.2. Two-photon correlation

Correlation between photons is a main feature of nonclassical light, which are characterized by
photon-photon correlation function (second-order correlation function) g2(t) [85]. For a weak
coherent state in our system, the photon-photon correlation function g2 of the output field is
defined as

g(2)α (τ)=
⟨ψ |a†

α
(z)eiHτa†

α
(z)aα (z)e−iHτaα (z)|ψ⟩

|⟨ψ |a†
α
(z)aα (z)|ψ⟩|2

. (16)

Here, |ψ⟩ is the steady-state wave vector and α=T , R.

Now, with a weak input field (
√︂
Γ0 vg

2 E≪Γ
′

e), we discuss the photon-photon correlation function
of the output field in the resonant case ∆ = 0. In Fig. 8, we give the photon correlation function
of the transmitted field with four choices of the filling factor, i.e., p = 0.1, 0.2, 0.3, 0.4. As shown
in Eq. (14), the transmitted field arises from the quantum interference between the incident fields
and the forward fields scattered by atoms. The results show that strong initial bunching appears
in the transmitted field in each case, i.e., g(2)T (t = 0) ≫ 1. When we increase the filling factor, the
initial bunching becomes much stronger. Furthermore, we find persistent quantum beats in the
photon-photon correlation function of the transmitted field [72]. Evidently, higher the filling
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Fig. 7. Transmission (dashed line) and reflection (solid line) spectra of the incident field as
a function of the detuning ∆/Γ0 resulting from the effective Hamiltonian with Markovian
assumption in this work (black) and the transfer matrix formalism in Ref. [77] (red). Note
that the red line and black line in (c) or (d) coincide with each other. Parameters: (a)
kad = π/2, N = 100, (b) kad = π/2, N = 500, (c) kad = π, N = 100, (d) kad = π, N = 500,

(a)-(d) E = 10−4
√︃
Γ0
2vg

, Γ′e = 0.1Γ0 , p = 1, σih=0.

factor of the lattice sites is, more visible the quantum beat becomes. By comparing these four
cases shown in Fig. 8, we find that quantum beat in the photon-photon correlation function g(2)T

lasts longer when we increase the filling factor. The phenomena mentioned above reveal that
many-body quantum systems significantly modify nonclassical property of light in the waveguide,
which is consistent with the results in Refs. [86–88].

Fig. 8. The photon-photon correlation function g(2)T (t) of the transmitted field in the resonant
case ∆ = 0 for the filling factors 0.1 (black line), 0.2 (blue line), 0.3 (red line), 0.4 (green

line). Parameters: E = 10−4
√︃
Γ0
2vg

, kad=π/2, N = 100, Γ′e = 0.1Γ0 , σih=0.
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4. Discussion and summary

Experimentally, our model may be realized in the current nanofiber system. In Refs. [68,69],
arrays of cesium atoms are trapped in the evanescent field of a tapered optical fiber. For a cesium
atom, the ground and excited states are chosen as |g⟩ = {6S1/2, F = 4} and |e⟩= {6P3/2, F=5},
respectively. The optical lattice for trapping atoms can be constructed by a pair of horizontally
polarized red-detuned counterpropagating beams (wavelength λtrap = 1057 nm and power
Ptrap ≈ 2 × 1.3 mW) and a vertically polarized blue-detuned beam (wavelength λblue = 780
nm and power Pblue = 14 mW). In their experiments, cesium atoms are first loaded from a
background vapor to a 6-beam magneto-optical trap, and then they are loaded into an optical
lattice via sub-Doppler cooling. Because of atomic collisions during the loading process [73],
each trap site in their device hosts at most a single atom, which is consistent with the assumption
in the present work. In Ref. [68], to avoid saturation, experimentalists adopt an extremely weak
probe field with a power of Pinput = 150 pW. Finally, with the techniques mentioned above, it is
able to trap thousands of atoms in the lattice sites along the 1D waveguide as in Refs. [68,69].

In conclusion, in this work we study scattering properties of an ensemble of two-level atoms
coupled to a 1D waveguide. Since the precise control of the atomic positions is still challenging
in nanophotonic waveguide system, we assume that the atoms in this work are randomly placed
in the lattice sites along the 1D waveguide. With the effective non-Hermitian Hamiltonian, we
calculate the transmission spectrum of a weak coherent input field, concluding that the optical
transport properties are influenced by lattice constant and the filling factor of the lattice sites. We
compute the optical depth as a function of the lattice constant, and the results reveal that the optical
depth is reduced when lattice constant is close to mπ/ka. We then focus on the atomic mirror
configuration and give the reflection spectra of the incident field with different filling factors of the
lattice sites. We also quantify the influence of the inhomogeneous broadening in atomic resonant
transition on the transmission, and find that the lineshape of the transmission spectrum exhibits
significant broadening when the standard deviation σih becomes larger. Besides, we check the
validity of the Markovian assumption adopted in this work and calculate the non-Markovian
effect on the scattering properties with a large number of the atoms. Finally, we analyze the role
of filling factor played in photon-photon correlation of the transmitted field, and find that initial
bunching and quantum beats are sensitive to the filling factor. Since great progress has been
made to interface quantum emitters with nanophotonic waveguide [89], the results in this work
should be experimentally realizable in the near future.
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