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Abstract

In this paper, we investigate some versions of d-space, well-filtered space and Rudin space concerning various
countability properties. It is proved that every Tj space with a first-countable sobrification is an w-Rudin
space and every first-countable Ty space is well-filtered determined. Therefore, every w-well-filtered space
with a first-countable sobrification is sober. It is also shown that every irreducible closed subset in a first-
countable w-well-filtered space is countably directed, hence every first-countable w*-well-filtered d-space is
sober.
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1. Introduction

In non-Hausdorff topology and domain theory, the d-spaces, sober spaces and well-filtered spaces form
three of the most important classes (see [1,3-5,7-17, 19-25]). In [19, 22, 23], we introduced and studied
the Rudin spaces, well-filtered determined spaces and w-well-filtered spaces. Some relationships and links
among these new non-Hausdorff topological properties, the well studied sobriety and well-filteredness were
uncovered. In [23], it was proved that in a first-countable w-well-filtered space X, every irreducible closed
subset of X is directed under the specialization order of X. It follows immediately that every first-countable
w-well-filtered d-space is sober.

In the current paper, we continue studying some aspects of d-space, well-filtered space and Rudin spaces
concerning countability. Employing countably directed sets, we define two new types of topological spaces —
w*-d-spaces and w*-well-filtered spaces. It is proved that every T space with a first-countable sobrification
is an w-Rudin space and every first-countable Ty space is well-filtered determined. Therefore, every w-well-
filtered space with a first-countable sobrification is sober. From these, we obtain that if a T space X is
second-countable or first-countable with a countable underlying set, then X is an w-Rudin space, and X
is sober if it is additionally w-well-filtered. We also show that in each first-countable w-well-filtered space,
every irreducible closed subset is countably directed, hence every first-countable w-well-filtered w*-d-space
is sober. Using the topological Rudin Lemma, we prove that a Ty space X is w*-well-filtered iff its Smyth
power space is w*-well-filtered iff its Smyth power space is an w*-d-space.
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2. Preliminaries

In this section, we briefly recall some fundamental concepts and notations that will be used in the paper.
Some basic properties of irreducible sets and compact saturated sets are presented. For further details, we
refer the reader to [5,8,17].

For a poset P and A C P, let JA = {z € P: 2z < aforsomea € A} and 1A = {&x € P : = >
a for some a € A}. For x € P, we write |« for [{z} and 1z for T{x}. A subset A is called a lower set (resp.,
an upper set) if A= |A (resp., A ="TA).

For a set X, |X| will denote the cardinality of X. Let N denote the set of all natural numbers with the
usual order and w = |NJ|, and let w; denote the smallest cardinal number of all uncountable cardinalities.
For a cardinal number # and a poset P, let P(<¥) = {F C P : F is nonempty and |F| < x}. The set
{1 F: F € P(<¥)} is denoted by FinP.

A nonempty subset D of a poset P is directed if every two elements in D have an upper bound in D.
The set of all directed sets of P is denoted by D(P). A subset I C P is called an ideal of P if I is a directed
lower subset of P. Let Id(P) be the poset (with the order of set inclusion) of all ideals of P. Dually, we
define the notion of filters and denote the poset of all filters of P by Filt(P). A poset P is called a directed
complete poset, or depo for short, if for any D € D(P), VD exists in P.

As in [5], the upper topology on a poset @, generated by the complements of the principal ideals of Q,
is denoted by v(Q). A subset U of @ is Scott open if (i) U = 1U, and (ii) for any directed subset D C @
with VD existing, VD € U implies DNU # (). All Scott open subsets of @ form a topology, called the Scott
topology on @ and denoted by o(Q). The space 2Q = (Q,0(Q)) is called the Scott space of Q. The upper
sets of @ form the (upper) Alexandroff topology a(Q).

For a Ty space X and A C X, the closure of A in X is denoted by clx A or simply by A if there is no
confusion. We use <x to denote the specialization order on X: x <x y iff € {y}. In the following, when
a Ty space X is considered as a poset, the partial order always means the specialization order provided
otherwise indicated. Let O(X) (resp., C(X)) be the set of all open subsets (resp., closed subsets) of X, and
let SY(X) = {fz: 2 € X}. Define S.(X) = {{z} : 2 € X} and D.(X) = {D: D € D(X)}.

A nonempty subset A of X is irreducible if for any Fy,Fy € C(X), A C Fy U Fy implies A C Fy or
A C Fy. Denote by lrr(X) (resp., Irro(X)) the set of all irreducible (resp., irreducible closed) subsets of X.
Clearly, every directed subset of X is irreducible. The space X is called sober, if for any F' € Irr.(X), there
is a unique point a € X such that F' = m.

Remark 2.1. In a Tj space X, if z € X and A C X such that A = {2}, then VA exists in X and
r=VA=\A

The following two lemmas on irreducible sets are well-known.

Lemma 2.2. Let X be a space and Y a subspace of X. Then the following conditions are equivalent for a
subset ACY:

(1) A is an irreducible subset of Y.
(2) A is an irreducible subset of X.
(3) clx A is an irreducible subset of X.

Lemma 2.3. If f : X — Y is continuous and A € Irr(X), then f(A) € lrr(Y).

A Ty space X is called a d-space (or monotone convergence space) if X (with the specialization order) is
a depo and O(X) C o(X) (cf. [5, 20]).

Definition 2.4. ([23, Definition 3.7]) A Tp space X is called a directed closure space, DC space for short, if
Irre(X) = D.(X), that is, for each A € Irr.(X), there exists a directed subset of X such that A = D.

For any topological space X, G C 2% and A C X, let OgA ={G € G: G A # 0} and OgA = {G €
G : G C A}. The symbols OgA and OgA will be simply written as GA and OA respectively if no ambiguity
occurs. The lower Vietoris topology on G is the topology that has {OU : U € O(X)} as a subbase, and the
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resulting space is denoted by Py (G). If G C lrr(X), then {OgU : U € O(X)} is a topology on G. The upper
Vietoris topology on G is the topology that has {OgU : U € O(X)} as a base, and the resulting space is
denoted by Ps(G).

Remark 2.5. Let X be a T} space.

(1) If Sc(X) C G, then the specialization order on Py (G) is the set inclusion order, and the canonical
mapping nx : X — Pu(G), given by nx (z) = {z}, is an order and topological embedding (cf. [5, 8, 17]).

(2) The space X*® = Pg(Irro(X)) with the canonical mapping nx : X — X* is the sobrification of X (cf.
[5, 8]).

A subset A of a space X is called saturated if A equals the intersection of all open sets containing
it (equivalently, A is an upper set in the specialization order). We shall use K(X) to denote the set of all
nonempty compact saturated subsets of X and endow it with the Smyth preorder, that is, for Ky, Ky € K(X),
K, C Ky iff Ky C K;. The space Ps(K(X)), denoted shortly by Pg(X), is called the Smyth power space
or upper space of X (cf. [9, 17]). Tt is easy to verify that the specialization order on Pg(X) is the Smyth
order (that is, <p, (xy=C). The canonical mapping {x : X — Ps(X), x — Tz, is an order and topological
embedding (cf. [9, 10, 17]). Clearly, X is homeomorphic to the subspace S*(X) of Ps(X) by means of £x.

Lemma 2.6. Let X be a Ty space. For any nonempty family {K; : i € I} C K(X), V
iff Nier Ko € K(X). In this case \/;c; Ki = (), K-

Proof. Suppose that {K; : i € I} C K(X) is a nonempty family and \/,.; K; exists in K(X). Let K =
Vier Ki. Then K C K; for all i € I, and hence K C (,.; K;. For any x € ;; K;, T2 is a upper
bound of {K; : i € I} C K(X), whence K C fz or, equivalently, T C K. Therefore, (),.; K; C K. Thus
Nicr Ki = K € K(X).

Conversely, if (o, K; € K(X), then (,; K; is an upper bound of {K; :i € I} in K(X). Let G € K(X)
be any other upper bound of {K; : i € I}, then G C K; for all i € I, and hence G C (,.; K;, that is,
Nicr Ki C G, proving that \/,_; K; = (,c; K. O

ser K exists in K(X)

iel

Lemma 2.7. ([17, Proposition 7.21]) Let X be a Ty space.

(1) If K € K(Ps(X)), then | K € K(X).
(2) The mapping |J : Ps(Ps(X)) — Ps(X), K — UK, is continuous.

A Ty space X is called well-filtered if it is Ty, and for any open set U and filtered family £ C K(X),
(N KCU implies KCU for some KeX.

Remark 2.8. The following implications are well-known (cf. [5]):

sobriety = well-filteredness = d-space.
For a Ty space X, let D¥(X) = {D C X : D is countable and directed} and D*(X) = {D : D € D*(X)}.
Definition 2.9. ([22, Definition 3.1]) A poset P is called an w-dcpo, if for any D € D¥(P), VD exists.

Definition 2.10. (][22, Definition 3.4]) Let P be a poset. A subset U of P is called w-Scott open if (i)
U = MU, and (ii) for any countable directed set D with VD existing, VD € U implies that D N U # 0.
All w-Scott open sets form a topology on P, denoted by o, (P) and called the w-Scott topology. The space
YuP = (P,0,(P)) is called the w-Scott space of P.

Clearly, o(P) C 0,,(P). The converse need not be true, see Example 6.9 in Section 6.

Definition 2.11. ([22, Definition 3.6]) A Tj space X is called an w-d-space (or an w-monotone convergence
space) if for any D € D¥(X), there exists a (unique) point x € X with D = {z}, or equivalently, D¥(X) =
S.(X).

Some characterizations of w-d-spaces were given in [22, Proposition 3.7].
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Definition 2.12. ([22, Definition 3.9]) A Tj space X is called w-well-filtered, if X is and for any countable
filtered family {K, : n < w} C K(X) and U € O(X), it holds that

ﬂKngU = dno <w, K,, CU.

nw

Proposition 2.13. For an w-well-filtered space X and a countable filtered family {K, : n < w} C K(X),
Nhew Kn € K(X).

Proof. Clearly, N, K, is saturated and (), K, # 0 (0therw1se N
some m < w, a contradiction). Now we verify that (0

new Kn = 0 implies K,,, = ) for
K, is compact. Let {U; : i € I} be an open

n<w

cover of (), ., K. As X is w-well-filtered, we have K,,, C [J;c; U; for some ng < w. By the compactness
of K, there is J € I<%) such that K,, C Uies Ui, and hence N, ., Kn € Kpn, € U,y Us. Thus
Nhew Kn € K(X). O

Proposition 2.14. For a Ty space X, the following conditions are equivalent:

(1) X is w-well-filtered.

(2) For every continuous mapping f : X — Y from X to a Ty space Y and a countable filtered family
{Kn:in <w} CK(X), 1f (ﬂn<w ) =Ny Tf(Kn).

(3) For every continuous mapping f : X — Y from X to a w-well-filtered Y and a countable filtered family
{Kn:n<w} CKEX), M (MNhew En) = Npew TFIR).

(4) For every continuous mapping f : X — Y from X to a sober space Y and a countable filtered family
{Kn n< w}' g K( ) Tf (ﬂn<w ) = ﬂn<w Tf(Kn)

Proof. (1) = (2): It is proved in [4, Lemma 8.1] for sober spaces and the proof is valid for w-well-filtered
(cf. [23, Theorem 5.1]). For the sake of completeness, we present the proof here. It needs only to check

Npeo Tf(ER) €1 (ﬂn<w n) Let y € ﬂn<wa( ). Then for each n < w, {y} N f(K,) # 0, that is,
K, N f1({y}) # 0. Since X is w-well-filtered, f~*({y}) N N,<., Tf(Kn) # 0 (otherwise, N, ., 1f(Kn) C

X\ f7*({y}), which implies that K,, € X \ f~!({y}) for some m < w, a contradiction). It follows that
{y} n f (nn<w Tf( )) 7é (Z) This lmphes that Y€ T ( n<w n) So mn<w Tf(Kn) g Tf (ﬂn<w TKn)

(2) = (3)= (4): Trivial.

(4) = (1): Let nx : X — X?® (= Pg(Irre(X))) be the canonical topological embedding from X into its
soberification. Suppose that {K, : n < w} C K(X) is a countable filtered family, U € O(X), and KX C U.
If K,, € U for each n < w, then by Lemma 3.1, X\ U contains a minimal irreducible closed subset A that still
meets all K,,. By condition (4) we have ﬂn<w Tire. () 1x (Kn) = v, () 11X (Nhew TKR) C T (x)Nx (U) =
Ot (xyU. Clearly, A € (N, ., Tiwr.(x)1x (Kp), and whence A € Oy (x)U, that is, ANU # 0, being in
contradiction with A C X \ U. Thus X is w-well-filtered. O

3. Rudin spaces and well-filtered determined spaces

In Section 3, we recall some results about the topological Rudin Lemma, Rudin spaces, w-Rudin spaces,
well-filtered determined spaces and w-well-filtered determined spaces in [10, 15, 22, 23] that will be used in
the next three sections.

Rudin’s Lemma is a useful tool in non-Hausdorff topology and plays a crucial role in domain theory (see
[3,5-9,11]). Heckmann and Keimel [10] presented the following topological variant of Rudin’s Lemma.

Lemma 3.1. (Topological Rudin Lemma) ([10, Lemma 3.1]) Let X be a topological space and A an irre-
ducible subset of the Smyth power space Ps(X). Then every closed set CCX that meets all members of A
contains a minimal irreducible closed subset A that still meets all members of A.

For a T space X and K C K(X), let M(K)={AeC(X): KNA#0{for all K € K} (that is, L C CGA)
and m(K) = {4 € C(X) : A is a minimal member of M(K)}.

Based on the topological Rudin Lemma, Rudin spaces and well-filtered determined spaces were introduced
and studied in [23] (see also [19]).



Definition 3.2. ([23, Definition 4.6 and Definition 4.7]) Let X be a Tj space and A a nonempty subset of
X.

(a) The set A is said to be a Rudin set, if there exists a filtered family X C K(X) such that A € m(K) (that
is, A is a minimal closed set that intersects all members of K). Let RD(X) denote the set of all closed
Rudin sets of X.

(b) The space X is called a Rudin space, RD space for short, if Irr.(X) = RD(X), that is, every irreducible
(closed) set of X is a Rudin set.

Definition 3.3. ([23, Definition 6.1]) Let X be a T space and A a nonempty subset of X.

(a) The set A is called a well-filtered determined set, WD set for short, if for any continuous mapping
f: X — Y to a well-filtered space Y, there exists a (unique) y4 € Y such that f(A) = {ya}. Denote
by WD(X) the set of all closed well-filtered determined subsets of X.

(b) The space X is called a well-filtered determined space, WD space for short, if all irreducible (closed)
subsets of X are well-filtered determined, that is, Irr.(X) = WD(X).

Proposition 3.4. ([23, Proposition 6.2]) Let X be a Ty space. Then D (X) C RD(X) C WD(X) C Irr.(X).

In the class of T; spaces, by Proposition 3.4, we have the following implications:

Sober = DC = RD = WD.

A topological space X is locally hypercompact if for each x € X and each open neighborhood U of z,
there is TF € FinX such that z € int 1F C1F C U (cf. [3]). A space X is called core-compact if (O(X), C)
is a continuous lattice (cf. [5]).

Proposition 3.5. ([3, Proposition 3.2]) Let X be a locally hypercompact Ty space and A € lrr(X). Then

there exists a directed subset D C | A such that A = D. Therefore, X is a DC space, and hence a Rudin
space.

Proposition 3.6. ([23, Theorem 6.10 and Theorem 6.15]) Let X be a Ty space.

(1) If X is locally compact, then X is a Rudin space.
(2) If X is core-compact, then X is a WD space.

It is not known wether every core-compact T space is a Rudin space. By Proposition 3.6, we immediately
deduce the following result.

Corollary 3.7. ([15, Theorem 3.1], [23, Theorem 6.15]) Every core-compact well-filtered space is sober.
In [22], the following countable versions of Rudin spaces and WD spaces were introduced and studied.

Definition 3.8. ([22, Definition 5.1]) Let X be a T space and A a nonempty subset of X.

(a) The set A is said to be an w-Rudin set, if there exists a countable filtered family K C K(X) such that
A € m(K). Let RD,(X) denote the set of all closed w-Rudin sets of X.

(b) The space X is called w-Rudin space, if Irro(X) = RD,(X) or, equivalently, all irreducible (closed)
subsets of X are w-Rudin sets.

Definition 3.9. ([22, Definition 5.4]) Let X be a T space and A a nonempty subset of X.

(a) The set A is called an w-well-filtered determined set, WD,, set for short, if for any continuous mapping
f: X — Y to an w-well-filtered space Y, there exists a (unique) y4 € Y such that f(A4) = {ya}.
Denote by WD,,(X) the set of all closed w-well-filtered determined subsets of X.

(b) The space X is called w-well-filtered determined, w-WD space for short, if Irr.(X) = WD, (X) or,
equivalently, all irreducible (closed) subsets of X are w-well-filtered determined.




For a Tj space X, it was proved in [22, Proposition 5.5] that S.(X) C D¥(X) C RD,(X) C WD, (X) C
Irr.(X). Therefore, every w-Rudin space is w-well-filtered determined.

Definition 3.10. A Tj space X is called an w-DC space if Irr.(X) = D¢ (X), that is, for each A € Irr.(X),
there exists a countable directed subset of X such that A =

By [22, Theorem 5.11], we have the following result.

Proposition 3.11. For a T space X, the following conditions are equivalent:

(1) X is sober.

(2) X is an w-DC and w-d-space.

(3) X is an w-DC and w-well-filtered space.

(4) X is an w-Rudin and w-well-filtered space.

(5) X is an w-well-filtered determined and w-well-filtered space.

4. w*-Scott topologies and w*-d-spaces
We now introduce and study two new types of spaces.

Definition 4.1. A nonempty subset D of a poset P is called countably directed if every nonempty countable
subset of D has an upper bound in D. The set of all countably directed sets of P is denoted by D“*(P).
The poset P is called a countably directed complete poset, or w*-dcpo for short, if for any D € D« (P), vD
exists in P.

Clearly, {{z} : x € P} C D¥ (P) C D(P).

Example 4.2. For the countable chain N (with the usual order of natural numbers), (N(<%) C) is directed
in 2, but not countably directed.

Definition 4.3. A subset U of a poset P is w*-Scott open if (i) U = 1U, and (ii) for any countably directed
subset D with VD existing, VD € U implies D N U # (. All w*-Scott open subsets of P form a topology,
called the w*-Scott topology on @ and denoted by 0,+(Q). Let X« Q = (Q, 0.+ (Q)).

Clearly, v(P) C 0(P) C 0,+(P) C a(P). In general, a(P) # o,~(P) as shown in Example 6.9 below.

Remark 4.4. For a poset P, the w*-Scott topology o,+(P) on P is at the same time a o-lattice (of
subsets). A o-lattice of subsets is a collection of subsets that is closed under countable unions and countable
intersections. Indeed, for any countable family {U, : n < w} C 0y,+(P), [, <., Un is clearly an upper subset
of P. Let D be a countably directed subset of P for which VD € (), ., U,. Then for each n < w, VD € Uy,
whence there is d,, € DN U,. As D is countably directed, there is d* € D such that d* > d,, for all n < w,
and hence d* € (", _, U,. Thus ), __ U, € oy« (P).

nw n<w

Definition 4.5. A T} space X is said to be an w*-d-space (or an w*-monotone convergence space), if every
subset D that is countably directed relative to the specialization order of X has a sup, and the relation
sup D € U for any open set U of X implies DN U # (.

For a T, space X (endowed with the specialization order), let D¥"(X) = {D : D € D* (X)}. Then
5.(X) C D' (X) € D(X).

Proposition 4.6. For a Ty space X, the following conditions are equivalent:

(1) X is an w*-d-space.

(2) DY (X) = S.(X), that is, for any D € D" (X), the closure of D has a (unique) generic point.
(3) X is an w* dcpo and O(X) C o+ (X).
(4)

4) For any D € D¥ (X) and U € O(X), () 1d C U implies td C U (i.e., d € U) for some d € D.
deD



Proof. (1) & (2): Clearly, (2) implies (1). Now we show that (1) implies (2). Let D € DW*(XL Then by
(1), VD exists and the relation VD € U for any open set U of X implies DN U # (). Therefore, D = {VD}.
(1) = (3): Trivial.

(3) = (4): Suppose that D € D (X) and U € O(X) with () td € U. Then by condition (3),

tvD= () 1tdCUE€ o, (X). Therefore, VD € U, whence d € U fodres%me de D.

(4) ;e(g): For each D € D¥"(X) and A € C(X) with D C A, by condition (4), we have DN () 1d # ()
(otherwise, DN (] td = 0 implies () 1td € X \ D, whence 1d C X \ D for some d € D by cond;ueicj)jn (4), a
contradiction). éi:lre)ct anz € DN d(d]zl%d. Then D C |z C D, and hence D = |x. Thus X is an w*-d-space.

€

O

By Proposition 4.6, every d-space is an w*-d-space, and for any w*-dcpo P, ¥« P is an w*-d-space. Let
Q= (N(<“), Q). Then @ is an w*-dcpo but not a depo, whence ¥« Q is an w*-d-space but not a d-space.

Definition 4.7. A T, space X is called a countably directed closure space, or w*-DC space for short, if
Irro(X) = DY (X), that is, for each A € Irr.(X), there exists a countably directed subset D of X such that

A=D.
Now we introduce another countable version of well-filtered spaces.

Definition 4.8. A T} space X is called w*-well-filtered, if for any countably filtered family {K; : i € I} C
K(X) (that is, {K;:i € I} € D* (K(X))) and U € O(X), it satisfies

(K CU = 3jeK; CU.
i€l

Clearly, every well-filtered space is w*-well-filtered. The converse implication does not hold in general,
as shown by the following example.

Example 4.9. Let P = (N(<‘”), C). Then P is countable and every countably directed subset of P has
a largest element, whence o,+(P) = a(P). It is well-known that in an Alexandroff space of a poset, the
compact saturated sets are exactly the upward closures of finite sets (see, for example, the first paragraph
of Section 3.2 of [10]). So K(Z.-P) = {1F : F € P(<¥)}. Hence every family of elements of K(X,-P)
is countable, and consequently, any countably filtered family of elements of K(X,+P) has a least element.
Therefore, ¥+ P is w*-well-filtered. Since P is not a dcpo (P is directed but has no largest element), %« P
is not a d-space, and hence not well-filtered.

Proposition 4.10. Every w*-well-filtered space is an w*-d-space.

Proof. Let X be an w*-well-filtered space and D € D*"(X). Then {fd : d € D} € D* (K(X)). By the
w*-well-filteredness of X, we have (), Td € X \ D or, equivalently, (o, Td N D # 0. Therefore, there is

z € (Nygep TdN D, and hence D = {x}. O
Proposition 4.11. For an w*-well-filtered X and a countably filtered family {K; : i € 1} C K(X), ;7 Ki €
K(X).

Proof. The proof is similar to that of Proposition 2.13 and so is omitted. O

In the following, using the topological Rudin Lemma, we prove that a Ty space X is w*-well-filtered
iff the Smyth power space of X is w*-well-filtered iff the Smyth power space of X is an w*-d-space. The
corresponding results for well-filteredness and w-well-filteredness are proved in [21, 22, 23].

Theorem 4.12. For a Ty space X, the following conditions are equivalent:
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(1) X is w*-well-filtered.
(2) Ps(X) is an w*-d-space.
(3) Ps(X) is w*-well-filtered.

Proof. (1) = (2): Suppose that X is an w*-well-filtered space. For any countably filtered family K C K(X),
by Proposition 4.11, (K € K(X). Therefore, by Lemma 2.6, K(X) is an w*-dcpo. Clearly, by the w*-well-
filteredness of X, OU € o+ (K(X)) for any U € O(X). Thus Pg(X) is an w*-d-space.

(2) = (3): Suppose that {K; : i € I} C K(Ps(X)) is countably filtered, i € O(Ps(X)), and [,c; K; CU.
Then {K; : ¢ € I} is directed in K(Ps(X)) (with the specialization order, i.e., the Smyth order), whence
{Ki:iel}elm(Ps(Ps(X))). If K; € U for all i € I, then by Lemma 3.1, K(X) \ U contains an irreducible
closed subset A that still meets all I; (i € I). For each i € I, let K; = JTkx)(ANK;) (= UANK:)).
Then by Lemma 2.7, {K; : i € I'} C K(X) is countably filtered, and K; € A for all i € I since A = |k x)A.
Let K = (\;c; K;. Then K € K(X) and K = \/gx){K; : i € I} € A by Lemma 2.6 and condition (2).
We claim that K € (,.; K;. Suppose, on the contrary, that K ¢ (,c; K;. Then there is a j € I such that
K€K SelectaGe ANK;. AsG e K = Tkx)Kj and K € K;, we have G Z K, ie., K Z G. It follows

that g € K; = | J(ANK,) for alli € T and G ¢ OK(K)@. For each i € I, by g € K; = |J(ANK;), there is a
K? € ANK,; such that g € K7, whence K7 € OK(K)@OAQKZ-. Thus OK(K)@Q.AQICZ- # () forallieI.
By the minimality of A, we have A = OK(K)@ N A, and consequently, G € ANK; = OK(K)@ NANK;,
which is a contradiction with G ¢ Ox(x){g}. Thus K € (),c;Ki €U C K(X) \ A, being a contradiction
with K € A. Therefore, Ps(X) is w*-well-filtered.

(3) = (1): Suppose that K C K(X) is countably filtered, U € O(X), and (K C U. Let K = PCILE
K € K}. Then KcC K(Ps(X)) is countably filtered and m;% C OU. By the w*-well-filteredness of Pg(X),
there is a K € K such that fyx)K C OU, whence K C U, proving that X is w*-well-filtered. O

X
X

Definition 4.13. A T, space X is called a countably directed closure space, w*-DC space for short, if
Irro(X) = DY (X), that is, for each A € Irr.(X), there exists a countably directed subset of X such that

A=D.
By Remark 2.8, Proposition 4.6 and Proposition 4.10, we deduce the following result.

Proposition 4.14. For any Ty space X, the following conditions are equivalent:

(1) X is sober.
(2) X is an w*-DC and w*-well-filtered space.
(3) X is an w*-DC and w*-d-space.

Finally, it is worth mentioning that some discussions in Section 4 can be carried out for a general (infinite)
cardinal number X. Explicitly, for an arbitrary cardinal number R, a nonempty subset D of a poset P is
called N-directed if every E € D™ has an upper bound in D. The set of all R-directed sets of P is denoted
by DY (P). The poset P is called an R-directed complete poset, or R*-dcpo for short, if for any D € DY’ (P),
VD exists in P. So one get the w*-directedness by taking X = w; and the directedness by taking X = w. We
would gain in generality this way. In fact, instead of mere cardinals, one may even consider arbitrary subset
selections consisting of (some) directed subsets of a poset P (cf. [2]) and carry out some similar discussions
for an arbitrary subset selection of P.

5. First-countability of sobrifications and w-Rudin spaces

In this section, we prove that if the sobrification of a Tj space X is first-countable, then X is a w-Rudin
space. Hence every w-well-filtered space having a first-countable sobrification is sober.

We first give two useful lemmas. Our proof arguments (and also the proof argument of Theorem 5.6
below) are inspired by those of [15, Theorem 3.1] and [1, Proposition 4.1] (see also [22, Theorem 4.1]), such
constructions originate from M. Schroder [18].



Lemma 5.1. Let X be a Ty space and A € C(X). For {U, :n e N} COX) withU; 22Uz 2 ..2U, 2
Upi1 2 oo, if A€ m({U, : n € N}) and x,, € U, N A for each n € N, then any subset of {x, : n € N} is
compact.

Proof. Suppose E is a nonempty subset of C {z,, : n € N} and {V; : i € I'} is an open cover of E, that is,
ECUse, Vi

Case 1. EN (X \V;) is finite for some j € I.

Then there is I; € I(<%) such that EN (X \V;) CU

Case 2. EN (X \ V;) is infinite for all ¢ € I.

For each i € I, since Uy 2 Uy 2 ... DU, 2 Upy1 2 ... and x,, € U, N A for each n € N, we have that
U, NAN(X\V;) # 0 for all n € N, and hence AN (X \ V;) = A by the minimality of A. It follows that
AC e, (X\ Vi) = X\ U, Vi. Therefore, E C AN{J,; Vi =0, which is impossible.

By Case 1 and Case 2, F is compact. O

il Vi, and hence E C V; U Uite Vi.

Lemma 5.2. Let X be a Ty space and A € Irro(X). For any open neighborhood base {OU; : i € I} of A in
X®, Aem({U, :iel}).

Proof. Clearly, A € M({U; : i € I}). Suppose B € C(X) and B C A. If B # A, then AN (X \ B) # 0,
and hence A € &(X \ B). Since {OU; @4 € I} is an open neighborhood base at A in X®, there is j € I such
that OU; C O(X \ B) or, equivalently, U; C X \ B. Therefore, Uy N B =10. So B¢ M({U; : i € I}). Thus
Aem({U; :i€I}). O

Proposition 5.3. For a Ty space X, the following two conditions are equivalent:

(1) X is second-countable.
(2) X* is second-countable.

Proof. Clearly, the correspondence U <> OU is a lattice isomorphism between O(X) and O(X?) (recall
that X° = Py (lrr.(X))). Whence, for a B C O(X), B is a base (or a subbase) of X iff OB = {QU : U € B}
is a base (or a subbase) of X*®. Therefore, X is second-countable iff X*® is second-countable. O

For a countable Tj space X, it is easy to see that X is second-countable iff X is first-countable. Suppose
that X is first-countable. Let X = {z,, : n € N}. For each n € N, by the first-countability of X, there is a
countable base B,, at x,,. Let B = UneN B,,. Then B is a countable base of X. Thus X is second-countable.
Therefore, by Proposition 5.3, we deduce the following corollary.

Corollary 5.4. If a Ty space X is first-countable and | X| < w, then X* is second-countable.
Since first-countability is a hereditary property, by Remark 2.5, we have the following result.
Proposition 5.5. For a Ty space X, if X® is first-countable, then X is first-countable.

The converse of Proposition 5.5 does not hold in general, as shown in Example 5.12 below. It is worth
noting that the Scott topology on a countable complete lattice may not be first-countable, see [22, Example
4.8].

Now we give one of the main results of this paper.

Theorem 5.6. Every Ty space with a first-countable sobrification is an w-Rudin space.

Proof. Suppose that X is a Ty space and X7 is first-countable. Now we show that X is an w-Rudin space.
Let A € Irr.(X). By the first-countability of X*, there is an open neighborhood base {QU, : n € N} of A
such that

QU1 20U 2...20U, 2 ...,

or equivalently, ... C U, C ... C Uy C U;. By Lemma 5.2, A € m({U, : n € N}). For each n € N, choose
an x, € U,NA, and let K,, = Mz, :m >n}. Then K1 DKy D ...20 K, D...,and {K,, : n € N} CK(X)
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by Lemma 5.1. Clearly, A € M({K, : n € N}). For any B € C(X), if B is a proper subset of A, that is,
AN(X\B)=A\B#0, then A € O(X \ B) € O(X?®) (= O(Pu(lrre(X)))). Therefore, OU,,, C O(X \ B)
for some m € N, and hence U,, C X \ B or, equivalently, U,, N B = (). Thus B ¢ M ({K,, : n € N}), proving
Aem({K, :neN}). So X is an w-Rudin space. O

By Proposition 5.3, Corollary 5.4 and Theorem 5.6, we deduce the following two results.
Corollary 5.7. Every second-countable Ty space is an w-Rudin space.
Corollary 5.8. FEvery countable first-countable Ty space is an w-Rudin space.
Theorem 5.9. Fvery w-well-filtered space with a first-countable sobrification is sober.

Proof. For A € Irr.(X), by Theorem 5.6, there is a countable filtered family {K,, : n € N} C K(X) such
that A € m({K,, : n € N}). Since X is w-well-filtered, (), o Kn € X \ A, that is, (), cy Kn N A # 0. Choose
2 € Npen Kn N A. Then {2} € M({K, : n € N}) and {2} C A. By the minimality of A, we have A = {z}.
Thus X is sober. 0

By Corollary 5.7, Corollary 5.8 and Theorem 5.9, we get the following two corollaries.
Corollary 5.10. FEvery second-countable w-well-filtered space is sober.
Corollary 5.11. FEvery countable first-countable w-well-filtered space is sober.

In Theorem 5.6 and Theorem 5.9, the first-countability of X® can not be weakened to that of X as shown
in the following example (see also Example 6.9 in Section 6).

Example 5.12. Let w; be the first uncountable ordinal number and P = [0,w;). Then
(a) C(ZP)={lt:te P}U{D,P}.

(b) XP is compact since P has a least element 0.

(¢) XP is first-countable.

(d) (XP)® is not first-countable. In fact, it is easy to verify that (¥.P)® is homeomorphic to X[0,w;]. Since
sup of a countable family of countable ordinal numbers is still a countable ordinal number, [0, w;] has
no countable base at the point w;.

(e) P is an w-depo but not a depo (note that P is directed and VP does not exist). So X P is an w-d-space
but not a d-space, and hence not a sober space.

(f) K(ZP) = {tz: z € P}. For K € K(XP), we have inf K € K, and hence K = finf K.

(g) P is a Rudin space. One can easily check that Irr.(¥P) = {] 2 : « € P} U{P}. Clearly, | z is a
Rudin set for each € P. Now we show that P is a Rudin set. First, {{s: s € P} is filtered. Second,
P e M({fs:s € P}). For a closed subset B of X P, if B # P, then B = |t for some ¢t € P, and hence
Tt+1)Nlt =0. Thus B ¢ M({ts: s € P}), proving that P is a Rudin set.

(h) 2P is not an w-Rudin space. We prove that the irreducible closed set P is not an w-Rudin set. For any
countable filtered family {fa, : n € N} C K(XP), let 8 = sup{a, : n € N}. Then [ is still a countable
ordinal number. Clearly, |8 € M ({Tay, : n € N}) and P # |8. Therefore, P ¢ m({fta,, : n € N}). Thus
P is not an w-Rudin set, and hence X P is not an w-Rudin space.

(i) XP is w-wellfiltered. If {fz, : n € N} C K(XP) is countable filtered family and U € o(P) with

Mpen T2n € U, then {x, : i € N} is a countable subset of P = [0,w;). Since sup of a countable family

of countable ordinal numbers is still a countable ordinal number, we have § = sup{z, : n € N} € P,

and hence 16 = (N, cyT2n € U. Therefore, § € U, and consequently, z,, € U for some n € N or,

equivalently, Tz, C U, proving that X P is w-well-filtered.
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6. First-countability and well-filtered determined spaces

In this section, we prove that any continuous mapping f : X — Y from a first-countable T, space X to an
w-well-filtered space Y maps any irreducible subset of X to a Rudin set of Y, hence any first-countable w-well-
filtered space is a Rudin space. We also show that any first-countable T} space is well-filtered determined.
In [22], it was proved that in a first-countable w-well-filtered Tj space X, all irreducible closed subsets of
X are directed (see [22, Theorem 4.1]). In the following we will strengthen this result by proving that in a
first-countable w-well-filtered space X, every irreducible closed subset of X is countably directed.

First, we give the following key lemma.

Lemma 6.1. Let X be a first-countable Ty space and A € Irr(X). Then for any {a, : n € N} C A, there
exists a sequence (¢p)nen in A such that the following three conditions hold:

(1) Vn e N, K, = M{cim : m > n} € K(X).

(2) Npen En =Nyen Ten-

(3) ﬂnEN K’n c mnEN Tan'

Proof. For each z € X, since X is first-countable, there is an open neighborhood base {U,(z) : n € N} of
2 such that

Ui(z) 2Uz(z) 2... 2 Uk(z) 2 ...,

that is, {U,(z) : n € N} is a decreasing sequence of open subsets. B
For any m € N and any {(l;,k;) e Nx N:1 <4 <m}, since {a, : n € N} C A and A € lrr(X), we have

ﬂ Uli<a’ki) NA# 0.
i=1
Choose ¢; € Uji(a1) N A. Now suppose we already have a set {c1,ca,...,¢,-1} such that for each
2<1<n—1,
i—1 i
c; € m Ui(Cj) n m Ui(aj) N A.
j=1 j=1
n—1 n n—1
By the irreducibility of A, we have () U,(c;) N () Un(a;) N A # 0. So we can choose ¢, € (] Un(cj) N
Jj=1 j=1 j=1

Un(a]') NA.

7j=1
For each n € N, let K,, = 1{¢;, : m > n}. Now we verify that the sequence (¢,,)nen satisfies the three
conditions in Lemma 6.1.

Claim 1: {K,, : n € N} CK(X) and {K,, : n € N} is a decreasing sequence.

Suppose that n € N and {U; : i € I} is an open cover of Ky, ie., K, C [J;c;U;. Then there is
iop € I such that ¢, € U,;,, and thus there is m > n such that ¢, € Un(c,) C U,. It follows that
¢ € Uk(en) C Un(cn) C Uy, for all k > m. Thus {¢; : & > m} C U,,. For each ¢, where n < k < m,
choose a U;, such that ¢, € U;,. Then the finite family {U;, : n < k < m} U {U;,} covers K,,. So K, is
compact. Clearly, K,, D K,11 for all n € N, that is, {K,, : n € N} is a decreasing sequence.

Claim 2: (), .y Kn = Nyen Ten-

Clearly, (,enTen € Nyen Kn- Now we show [, oy Kyn € T for every m € N. Suppose U € O(X)
with ¢, € U. Then Uy, () (cm) € U for some n(m) € N. For any | > max{m,n(m)}, we have K; = 1{cy :
k>1} € Ups; Uklem) € Ungmy(em) € U. Tt follows that (), .y Kn € (WU e € U € O(X)} = Tep. Thus
Muen Bn € Nyen Ten-

Claim 3: ), .y Kn € Nypen Tan.

For m € N and W € O(X) with a,, € W, we have Uy(y)(am) € W for some k(m) € N. For any
I > max{m,k(m)}, we have K; = t{cr : k > I} C U>;Ur(am) € Upm)(am) € W, and consequently,
T C W. It follows that (), ey Kn S (HUW tam € W € O(X)} = tam. Thus (,cn Kn € ey Tan-

Therefore, the sequence (¢, )nen satisfies the all three conditions in Lemma 6.1. O
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We shall call the countable family {K, : n € N} C K(X) in the above proof a decreasing sequence of
compact saturated subsets related to {a, : n € N} via the sequence (¢p)nen-

Remark 6.2. Suppose that X is a first-countable Ty space and f : X — Y is a continuous mapping from
X toaTyspace Y. Let A € Irr(X) and {a,, : n € N} C A. Then any sequence (¢, )nen of A obtained in the
proof of Lemma 6.1 and {K,, = 1{cm, : m > n} : n € N} satisfy the following additional conditions:

(a) ﬂnGN Tf(Ky,) = ﬂneN Tf(cn).
(b) ﬂneN Tf(Kn) - ﬂneN Tf(an)

Proof. By the continuity of f, f is order-preserving (with the specialization orders of X and Y'), whence
1f(K,) =1{f(em) : m > n} for each n € N.

First, we show that (o T/ (Kn) = ,en Tf(cn). Clearly, (e Tf(cn) € Nypen T/ (Krn). Now we show
Nnen T/ (Kn) € 1f(cm) for each m € N. Suppose V € O(Y) with f(cp) € V. Then ¢, € f71(V) € O(X),
whence Uy, () (¢m) € f71(V) for some n(m) € N. For any | > max{m,n(m)}, we have K; = t{c, : k > 1} C
Ukst Uk(em) € Upgm)(cm) € f71(V), and consequently, 1f(K;) € V. It follows that (), T/ (K,) € ({V :
flem) €V e OY)} =1f(em). Thus (,en T (Kn) S yen T/ (cn)-

Second, we verify that (), .y Tf(Kn) € ey Tf(@n). For m € N and W € O(Y) with f(a,,) €
W, we have a,, € f~1(W) € O(X), whence Uy (am) C f~1(W) for some k(m) € N. For any | >
max{m, k(m)}, we have K; = Meg : k > 1} € Upsy Uklam) € Ugimy(am) € f7H(W), and consequently,
Tf(K;) C€ W. It follows that (), o T/ (Kn) € (HUW : flam) € W € O(Y)} = 1f(am). Thus N,en T/ (Kn) C
Nnen T/ (@n). 0

Definition 6.3. Let X be a Ty space and f : X — Y a continuous mapping from X to a Ty space Y, and
let A €lrr(X) and {a, : n € N} C A. A countable family {K,, : n € N} C K(X) is said to be

(i) a decreasing sequence of compact saturated subsets related to {a, : n € N}, provided that there is a
sequence (Cp)nen in A such that K, = t{c¢y, : m > n} for each n € N and conditions (1)—(3) of Lemma 6.1
hold. Let K“({a,, : n € N}) denote the set of all decreasing sequences of compact saturated subsets related
to {a, : n € N} and let K*(A) = U{K*({a, : n € N}) : {a,, : n € N} C A},

(ii) a decreasing sequence of compact saturated subsets related to {a, : n € N} and f, provided that
there is a sequence (¢n)nen in A such that K, = t{¢,, : m > n} for each n € N and both conditions
(1)-(3) of Lemma 6.1 and conditions (a), (b) of Remark 6.2 hold. Let K%({a, : n € N}) denote the
set of all decreasing sequences of compact saturated subsets related to {a, : m € N} and f, and let

K$(A) = U{K¢({an : n € N}) : {a, : n € N} C A}.

Proposition 6.4. Let X be an w-well-filtered Ty space, Y a Ty space and f : X =Y a continuous mapping.
Then for any A € Irr(X) and {a, : n € N} C A, we have {f(a,) : n € N} C f(A) € lrr(Y), and f induces
a mapping f* : K“({an, : n € N}) = KY({f(an) : n € N}), where f*({K,, : n € N} = {1f(K,,) : n € N}
for each {K,, : n € N} € KY({a, : n € N}). Whence, f induces a natural mapping fa : K¥(A) —

K<(f(A), {Kn :n € N} = {1f(Ky) : n € N}

Proof. By the continuity of f and Lemma 2.3, {f(an) : n € N} C f(A) € lrro(Y) and f is order-preserving.
Suppose {K,, : n € N} € K“({a,, : n € N}). Then there is a sequence (¢, )nen in A such that K,, = ey,
m > n} for all n € N and conditions (1)—(3) of Lemma 6.1 hold. Since f is order-preserving, 1f(K,) =
Hf(em) : m > n} for each n € N. Now we verify that {1f(K,) : n € N} € KY({f(an) : n € N}); more
precisely, {1f(K,) : n € N} is a decreasing sequence of compact saturated subsets related to {f(ay) : n € N}
via the sequence (f(cn))nen-

Claim 1: ¥n € N1 f(K,,) = N f(cm) : m > n} € KY).

For each n € N, since K,, € K(X) and f is continuous, we have 1f(K,,) € K(Y). Clearly, {1f(K,) :n €
N} is a decreasing sequences of compact saturated subsets of Y.

Claim 2: [\, 1) = Myery 1 (n).

Clearly, ,,en Tf(cn) € N,en Tf(Ky). On the other hand, by (,,cn Kn = [,,en T¢n and Proposition 2.14,
we have (), ey 1 (Kn) = 1/ (Myen Kn) = T (Npen Ten) € Npen T (en). Thus (N, oy T (Kn) = N,en T/ (Cn)-

Claim 3: (e 1 (Kn) € Nyen 1 (an)-
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By MNpen Kn € Npen Tan and Proposition 2.14, M, .y Tf(Kn) = Tf(Npen En) S T (Npen Tan) C

Muen T/ (an).
By Claims 1-3, {1f(K,) : n € N} is a decreasing sequence of compact saturated subsets related to
{f(an) : n € N} via the sequence (f(cn))nen of f(A). O

Proposition 6.5. Suppose that X is a first-countable Ty space, Y is an w-well-filtered Ty space and f : X —
Y is a continuous mapping. Then for any A € lrr(X) and {an, :n € N} C A, (), oy T flan) N f(A) #0

Proof. By Lemma 6.1 and Remark 6.2, there exists a sequence (¢, )nen in A such that (¢, )nen and {K,, =
Mem : m > n} o n € N} satisfy conditions (1)—(3) of Lemma 6.1 and conditions (a), (b) of Remark 6.2. As fis
continuous, {1f(Ky) : n € N} is a decreasing sequence of K(Y'). By Proposition 2.13, ",y Tf(K) € K(Y).

Now we show that (), T/(Kn) N f(A) # 0. Assume, on the contrary, that (), Tf(Kn) N f(A) = 0
or, equivalently, (), .y Tf(Kn) € Y \ f(A). Then by the w-well-filteredness of Y, 1f(K,) C Y \ f(A) for
some n € N, which is in contradiction with {c,, : m > n} C AN K,. Thus (), .y Tf(EKn) N f(A) # 0. As

mneN Tf(Kn) C ﬂnGN 1f(an), we have ﬂnGN Tf(an) N m #0. O

Corollary 6.6. In a first-countable w-well-filtered Ty space X, every irreducible closed subset of X is
countably directed. Therefore, X is an w*-DC space.

Proof. Applying Proposition 6.5 to A € Irr.(X) and the identity idx : X — X. O
By Remark 2.8, Proposition 4.14 and Corollary 6.6, we get the following result.

Theorem 6.7. For a first-countable Ty space X, the following conditions are equivalent:

(1) X is a sober space.

(2) X is a well-filtered space.

(3) X is an w-well-filtered d-space.
(4) X is an w-well-filtered w*-d-space.

A first-countable d-space may not be sober as shown in the following example.

Example 6.8. Let X be a countably infinite set and X, the space equipped with the co-finite topology
the empty set and the complements of finite subsets of X are open). Then

(
(a) C(Xeor) = {0, X} U X (<9 X,os is Ty and hence a d-space.
(b) K(Xeo) = 2%\ {0}

(¢) Xeoy is first-countable.

(d) Xeos is locally compact and hence a Rudin space by Proposition 3.6.

(e) Xeos is non-sober. Kx = {X \ F : F € X(<9)} C K(X,oy) is countable filtered and (Kx = X \

UXE) = X\ X =0, but X\ F # 0 for all F € X(<%). Thus X.. is not w-well-filtered, and
consequently, X..y is not well-filtered and not sober by Remark 2.8.

A topological space Y is said to be a Noetherian space if every open subset is compact (see [8, Definition
9.7.1]). As K(X.op) = 2%\ {0}, the space X.os is a Noetherian space. So Example 6.8 shows that a
Noetherian first-countable Ty space (and hence a locally compact first-countable T space) need not be
w-well-filtered.

The following example shows that a first-countable w-well-filtered Ty space need not be sober. So in
Theorem 6.7, condition (4) (and so condition (3)) cannot be weakened to the condition that X is only an
w-well-filtered space.

Example 6.9. Let L be the complete chain [0,w;]. Then

(a) o(L) # o0,(L). Since sups of all countable families of countable ordinal numbers are still countable
ordinal numbers, we have that {w1} € 0, (L) but {w1} ¢ o(L) (note that wy = sup [0,w1)).
(b) X, L is first-countable.
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(c) o(L) # gy,+(L). It is easy to check that [w,wi] € o+ (L) but [w,w1] ¢ o(L) (note that w = sup N).

(d) K(Z,L) = {ta: a € [0,w]}. In fact, for K € K, we have inf K € K, and hence K = finf K.

(e) XL is not an w-Rudin space. It is easy to check that [0,w;) € Irr.(X,L) (note that {w1} € o, (L)).
If [0,w1) € RD,(XE,L), then by (d), there is a countable subset {a, : n € N} C [0,w;) such that
[0,w1) € m({Taw, : n € N}). Let 8 = sup{a, : n € N}. Then 3 € [0,w), and hence |3 € C(Z,L) and
18 € M({ta, : n € N}), which is in contradiction with [0,w;) € m({Ta, : n € N}).

(f) XL is w-well-filtered. Suppose that {ta,, : n € N} C K(X, L) is countable filtered and U € o,(L) with
Mpen Tan € U. Let o = sup{a, : n € N}. Then {a, : n € N} is a countable directed subset of L and
a € U since ta = [, oy Tan € U. It follows that a,, € U or, equivalently, ta,, € U for some n € N.
Thus ¥, L is w-well-filtered, and hence an w-d-space.

(g) XL is not well-filtered. {1t : ¢ € [0,w1)} C K(E,L) is filtered and (o, Tt = {w1} € ow(L), but
1t & {wy} for all ¢ € [0,w;). Therefore, ¥, L is not well-filtered, and hence it is not sober.

(h) X, L is not a d-space. [0,w;) € Irre(X,L) and [0,w;) is directed, but [0,w1) # cly (y{a} = [0, a] for all
a € L. Thus ¥, L is not a d-space.

(i) X, L is not an w*-d-space. In fact, by (a), {w1} € 0w (L) but {w1} ¢ o,+(L), and hence by Proposition
4.6, ¥, L is not an w*-d-space.

Now we give the second main result of this paper that any continuous mapping f : X — Y from a
first-countable Ty space X to an w-well-filtered space Y maps any irreducible subset of X to a Rudin set of
Y.

Theorem 6.10. Let X be a first-countable Ty space and Y an w-well-filtered Ty space. Then for any
continuous mapping f: X =Y and A € Irr(X), f(A) e RD(Y).

Proof. Let K4 = {,eny T/ (Ky) : {K, : n € N} € K%(A)}. Then by Proposition 2.13, Lemma 6.1 and
Remark 6.2, we have

1° K4 # 0 and K4 C K(Y).

2° 1f(a) € K4 for all a € A.

For {a, : n € N} C A with a,, = a, as carried out in the proof of Lemma 6.1, choose ¢, = a for all n € N.
Then K} = Ky = ... = K, = ... = Ta, and hence 1f(a) = 1f(Ta) = ,cny T (Kn) € Ka.

3° K 4 is filtered.

Suppose that {K, : n € N}, {G,, : n € N} € K¥(A). Then there are two countable subsets {a, : n € N}
and {b, : n € N} of A such that {K, : n € N} € K¥({an : n € N}) and {G, : n € N} € K¢({a, : n € N});
whence, there are two sequences (¢, )nen and (dy,)nen in A such that K,, = t{c,, : m > n} and G,, = t{d.n
m >n} for all n € N, and (¢, )nen and (dy,)nen satisfy conditions (1)—(3) of Lemma 6.1 and conditions (a),
(b) of Remark 6.2, respectively. Consider {s, : n € N} = {c1,d1,¢2,da,...,cn,dn, ...} C A, that is,

{ck n=2k-—1
Sp =

dk n = 2k.

Then by Lemma 6.1 and Remark 6.2, there is {H,, : n € N} € K%({s, : n € N}) C K%(A), and hence

fqneNgf(Hn) - ﬂneN Tf(sn) = ﬂnEN Tf(en) N ﬂnEN Tf(dn) = ﬂneN Tf(Kn) N ﬂneN Tf(Grn). Thus K4 is
tered.

4° f(A) € M(Ky).

For {K, : n € N} € K¢(A), we show (,cy Tf(Hy) N f(A) # @ Assume, on the contrary, that
Mpen Tf () N f(A) = () or, equivalently, Mpen Tf(KR) €Y\ (A) As {1f(K,) : m € N} C K(Y) is
a decreasing family and Y is w-well-filtered, we have 1f(K,,) € Y \ f(A) for some m € N, which is in
contradiction with AN K, # (. Therefore, (), cy T/ (Kn) N f(A) # 0. Thus f(A) € M(K4).

5° f(A) e m(Ka).

If B is a closed subset with B € M (K 4), then for each a € A, by 2°, we have 1f(a) N B # ), and hence
f(a) € B. Tt follows that f(A) C B, and hence f(A) C B. Thus f(A) € m(K4).

By 1°, 3° and 5°, f(A4) € RD(Y). O
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Corollary 6.11. FEwvery first-countable w-well-filtered Ty space is a Rudin space.

Proof. Applying Theorem 6.10 to A € Irr.(X) and the identity idx : X — X. O
By Theorem 6.10, we get another main result of this paper.

Theorem 6.12. Every first-countable Ty space is a well-filtered determined space.

Proof. Let X be a first-countable Tj space and A € Irr.(X). We need to show A € WD(X). Suppose that
f: X — Y is a continuous mapping from X to a well-filtered space Y. By Theorem 6.10, f(A4) € RD(Y),

whence by the well-filteredness of Y and Proposition 3.4, there is a (unique) y4 € Y such that f(A4) = {ya}.
Thus A € WD(X). O

Corollary 6.13. ([22, Theorem 4.2]) Every first-countable well-filtered Ty space is sober.

Remark 6.14. (1) In [16, Example 4.15], a well-filtered space, non-Rudin space X was given. By Corollary
6.13, X is not first-countable.

(2) Let L be the complete chain [0,w]. Then by Example 6.9, 3L is a first-countable w-well-filtered space
but not a sober space. Therefore, by by Proposition 3.11 and Corollary 6.11, ¥, L is a Rudin space but
is not w-well-filtered determined. So first-countability does not imply w-well-filtered determinedness in
general.

Finally, by Theorem 5.6, Corollary 6.11 and Theorem 6.12, we naturally pose the following problem.

Problem 6.15. Is every first-countable T space a Rudin space?
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