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FUNCTIONS OF BASIC 
OPERATORS IN DIFFERENT 
MATHEMATICAL SYSTEMS 

Fong Ho Kheong 

When different types of mathematical systems are 
examined, we find that some common mathematical properties 
are found in most of them e.g. the closure property, the 
associative property, the uniqueness of the identity element and 
the presence of inverses of each element of a system. Operators 
are used with respect to these properties in these different 
systems, but they are interpreted differently in each system. 
Symbols are often used to represent the different operations. The 
following examples illustrate the different interpretations of 
some basic symbols '+', I - ' ,  'X '  and 's' in different mathematical 
systems. They should be explained clearly to pupils so that 
interference will not occur when they are brought from one 
system to another. 

Operator '+' 
The operator '+' is often used in different systems but this 

operator '+' means different things in the various situations. In 
the primary school, pupils are taught to use '+' for adding 
numbers. For example in 1 + 2, '+' means 'add' or 'plus'. 1 is 
added to 2 to give 3. However in 1 - (+2), the '+' means a 
positive value of 2. Very often the teacher reads 1 - (+2) as one 
minus 'plus 2'. In this way, the actual concept of the positive 
value of 2 is lost. It would only be correct conceptually if the word 
'plus' is replaced by the words 'positive value of'. Thus, it should 
be read as one minus 'positive value of 2'. 

In trigonometry and scale drawing, it would be interesting 
to compare the different functions of the symbol + In 
trigonometry, the symbol '+' used in +X" (Figure 1) denotes the 
'anticlockwise angular measure' of the angle POX. 



Fig. 1 Fig. 2 

However, in scale drawing and map reading, the symbol '+' used 
in +X" (Figure 2) is used to denote the 'clockwise angular 
measure'. In both situations the symbol '+' is used to denote the 
directions of angular measure but one is used to denote 
anticlockwise rotation while the other is for clockwise rotation. 

In the addition modulo X system, the symbol '+' is defined 
as the ordinary sum less the highest multiple of X in the sum. For 
example in ordinary addition, 2 + 3 = 5. However in the addition 
modulo 4 system, 2 + 3 = 5 - 4 = 1. Very often a circle is used in 
the modulo system to indicate the clock addition i.e. 2 + 3 = 1. 

In the vector system, the symbol '+' is also used in the 
addition of vectors. For example X + y is often read as vector x 
plus vector y. The use of the word 'plus' does not convey the 
concept of vector addition to pupils, because the 'plus' here 
means 'is added to'. But in vectors, the symbol '+' should be 
correctly interpreted as 'is followed by'. 

C 

Figure 3 

In Figure 3, there are 2 ways of displacing a particle from the 
point A to the point C. It can be done by direct displacement from 
A to C by vector z or by displacing the particle from A to C via B, 
by vectors x and y (ie. X followed by y). 



Notice that the concept used in vectors is quite similiar to 
that of translation, e.g. in the translation, (a) + (c), '+' means 
'followed by'. 

Operator '-' 

In the.real number system, the symbol '-' is used as an 
operator for subtraction, minus or taking away. For example 4 
- 2 means 4 take away 2 or 4 minus 2. It is also interpreted as the 
'negative value' of a number such as 4 + (-2). 

The symbol '-' is also used in trigonometry and scale 
drawing as 'clockwise angular measure' and 'anticlockwise 
angular measure' respectively. 

In the case of vectors, the symbol '-' can be used as a 
negative sign showing the opposite direction of the vector. For 
example - b is a vector having a direction opposite to that of the 
vector b. When we have a - b, we interpret this as vector a 
relative to vector b. It is the resultant vector of a in relation to b. 

Figure 4 

In sets, G-H means the set of elements in G but not in H. 
The symbol '-' is used to exclude those elements of H found in 
G. 

Operator 'X'  

In the real number system, the operator 'X' is interpreted as 
'repeated' addition. 3 X 2 is read as 3 times 2 which means 2 + 2 
+ 2 because there are 3 times of 2. However, if 3 x 2 is read as 3 
multiplied by 2, it seldom conveys the concept of repeated 
addition. 

In the multiplication modulo X system, the symbol X is 
used to denote the ordinary product less the highest multiple of 



x in the product. For example in multiplication modulo 4,2 X 3 = 
6 - 4 = 2 .  

In the vector system, a X b is the resultant vector 
perpendicular to the vector a and vector b. The symbol 'X '  here is 
not interpreted as repeated addition. The 'X' in Applied 
Nlechanics is used as 'interaction'. When a force represented by a 
vector a interacts with another force b, we have a resultant force 
a X b which is perpendicular to a and b. 

In transformations, the operator 'X' is left out in the 
combined transformation eg. AB. In algebra AB is interpreted as 
the product of 2 variables whereas in transformations, it is 
interpreted as 'followed by'. Transformation B is carried out first 
followed by transformation A. Instead of reading AB as 
'combined transformation AB', the teacher should read 
'combined transformation B followed by A' to convey a more 
precise and exact interpretation. 

In the matrix system, the product of two matrices is defined 
in terms of the operation of rows of the first matrix and the 
columns of the second matrix. The ordinary sense of operation is 
made use of when one element of the first matrix operates on 
another element of the second matrix. In the matrix system the 
symbol 'X' is also used to denote the 'order' of the matrix. For 
example, a matrix of order 3 X 4 indicates that a matrix is 
composed of 3 arrays of numbers each consisting of 4 numbers. 

Operator t 

The operator 't' is not commonly used in different systems. 
In some systems, it is used as the inverse of the operator 'X'. 

In the real number system, it is used to show the concept of 
sharing and repeated subtraction. 

The following table shows the summary of the analysis of 
the basic functions used in the different mathematical systems. 



l 
1 Operators 

Systems 

Number Add, 
Plus, 
Positive 
Value; 
direction 

Subtract 
take away, 
negative 
value, 
direction, 
~nverse 

Repeated 
addition 

Trigonometry anti- clockwise 
clockwise angular 
angular measure 
measure 

Scale clockwise anti- 
drawing angular clockwise 

measure measure 

CO-ordi- positive 
nates, graphs direction 

relative 

negative 
direction 
relative 
to lo,o) 

Modulo X clock 
addition1 
ordinary 
sum less the 
highest multiple 
of X in the 
sum 

clock . 
multiplication/ 
ordinary 
product less 
highest multiple 
of X in the 
product 

Vector a + b  
'followed 
by' 

a - b  
a  relative 
to b; 
negative 
direction 

a x b  
resultant 
of 2 vectors 

tothem , 

Transformation (a) + (b) 
Translation 
'followed by' 

negative 
direction1 
scale factor in 
enlargement 

AB 
Combined 
Transformation 
'followed by' 

l 

Matrices Adding 
corresponding 
elements 

The inverse 
of matrix 

G-H 
Elements of 
G not in H 

product of 2 
matrices; The 
order of 
matriceslarrays 

SXS 
operation 



I Operators 

The implication of the analysis is that teachers may tend to 
use the same words for an operation although it has different 
meanings in different situations. This results in the distortion of  
concepts and leads to pupils' transfer of previous concepts into 
the new situation although the symbols used should be 
interpreted differently. This wil l not only hinder pupils' 
understanding of the new concepts but without proper 
understanding, they will also tend to forget more easily. 

Systems 

Permutation, 
combination, 
probability 

+ 

Sum of 
probabilities 
in mutually 
exculsive events 

- X 

Multiplication 
principle 

- 
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