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Abstract: 
This paper focuses on how a mathematics teacher in a Singapore school mathematics 
classroom engaged her grade eight students in developing procedural fluency in algebraic 
structures. Procedural fluency entails skill in carrying out procedures flexibly, accurately, 
efficiently, and appropriately (Kilpatrick, Swafford & Findell, 2001). The four 
conceptions of school algebra as outlined by Usiskin (1988) are: 

- generalized arithmetic 
- a study for solving certain kinds of problems 
- the study of relationships among quantities 
- the study of structures  

These four conceptions form the basis of algebra in Singapore’s school mathematics 
curriculum. Students are first introduced to the formal idea of using algebra as 
generalized arithmetic in grade six. In the following grades from seven to ten, the study 
of algebra revolves around all of the four conceptions. In grade eight, a significant 
component of the school mathematics curriculum is Algebra and the topics, in particular, 
expansion and factorization of algebraic expressions, solving quadratic equations by 
factorization, algebraic manipulation and formulae, and simultaneous equations lay the 
foundation for subsequent study of more advanced topics such as functions and problem 
solving and modelling in mathematics.  
 From the corpus of data collected in Singapore, in accordance with the protocol 
set out in the Learner’s Perspective Study (Clarke, 2006), the video records and lesson 
tables of one teacher were the main source of data analysed. In particular the first lesson 
was studied to document teacher actions that aided the development of procedural 
fluency in factorisation, namely by difference of squares. The instructional pattern, nature 
of classroom discourse, nature of learning and practice tasks, and the expectation of test 
items constitute the focus of this paper. 
 The paper concludes with some discussion of what constitutes procedural fluency 
and the role of learning tasks that unfold the development of connected bits of knowledge 
and practice tasks that aid the development of necessary skills. The pedagogy of the 
teacher, used to develop procedural fluency, is examined in relation to the theory of 
variation developed independently by Marton and Booth (1997) and Gu et al. (2004). 
 
Introduction 
Algebra is an integral part of the school mathematics curriculum in Singapore schools. 
Pupils are introduced to algebraic thinking in the early grades of elementary school 
through a representational method known as “The Model Approach” (Ferrucci, Kaur, 
Carter & Yeap, 2008, p. 195 – 210). Students are first introduced to the formal idea of 
using algebra as generalized arithmetic in grade six. In the following grades from seven 
to ten, the study of algebra revolves around all of the four conceptions of school algebra, 
i.e. 
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 algebra as generalised arithmetic; 
 algebra as a way to solve certain types of problems; 
 algebra as a study of relationships among quantities; and 
 algebra as a study of structures 

 as outlined by Usiskin (1988). In grade eight, a significant component of the school 
mathematics curriculum is Algebra and the topics, in particular, expansion and 
factorization of algebraic expressions, solving quadratic equations by factorization, 
algebraic manipulation and formulae, and simultaneous equations lay the foundation for 
subsequent study of more advanced topics such as functions and problem solving and 
modelling in mathematics. Figure 1 shows how the different algebra topics are developed 
in the Singapore mathematics curriculum.  
 
From Figure 1 it is also apparent that the main activities of school algebra are:  

 generational that involves the forming of expressions and equations that are the 
objects of algebra; 

 transformational that are rule based such as collecting like terms, factoring, 
expanding, adding and multiplying polynomial expressions, etc.; and 

 global/meta-level where algebra is used as a tool, such as problem solving, 
modelling, analysing relationships, etc. 

as stated by Kieran (1996). 
 
Much of the algebra curriculum at the grade 8 level in Singapore centres around the study 
of structures and involves transformational activity (Kieran, 1991) which requires 
students to carry out rule based operations on algebraic expressions. This paper focuses 
on how a mathematics teacher in a Singapore school mathematics classroom engaged her 
grade eight students in developing procedural fluency in algebraic structures. Procedural 
fluency entails skill in carrying out procedures flexibly, accurately, efficiently, and 
appropriately (Kilpatrick, Swafford & Findell, 2001). 
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Figure 1: Development of topics (Yeap, 2008) 
 
The Case Study 
Methodology 
Three grade eight competent mathematics teachers from Singapore participated in the 
Learners’ Perspective Study (LPS) (Clarke, 2006). Their competency was locally defined 
by the community in which they worked. Data were collected in accordance with the 
protocol set out in the LPS (Clarke, 2006). From the corpus of data collected in 
Singapore, the video records and lesson tables of one teacher, Teacher 2, were the main 
source of data for this case study. A lesson table is a chronological narrative account of 
activities that take place during the lesson. This table also details all the tasks (learning, 
review, practice and assessment) that the teacher uses during the lesson, and their source. 
Teacher 2 (T2) from school 2 (SG2) was a female with 27 years of teaching experience 
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and taught a class of 40 students Her first lesson was studied to document teacher actions 
that aided the development of procedural fluency in factorisation, namely difference of 
squares. 
  
The Data 
The data comprises of the first lesson of Teacher 2. It was as follows and the author has 
segmented in into the following stages. 
 
Stage 1: Introduction of factorisation involving difference of two squares   
 
Teacher [T]: Alright, factorization of expression in the form of difference of two… 
     squares. So this factorization we are making use of…this formula…okay.  
 
T: Right, difference of two squares … you must make sure that you have this pattern, a 
     square minus b square.   
 
Teacher wrote on the board:  
  a2 – b2 = (a + b)(a – b) 
 
Stage 2: Demonstration of how to apply a2 – b2 = (a + b)(a – b) 
Teacher wrote on the board: 
 Q1(a) x2 – 9 = 
 
T: And here given to you X square minus nine. Nine, is it a perfect square number? 
T: Yes. So you can make it to…X square minus what number square? 
T: Three square. So you can apply the formula there. You will get X plus three, X minus 
     three. Okay. 
 
Teacher completes factorisation 
 Q1(a)  x2 – 9 a2 – b2 = (a + b)(a – b) 
         = x2 – 32

         = (x + 3)(x – 3) 
 
Teacher wrote on the board: 
 Q1(b) y2 – 1/16 
     
T: What about the next one? …Y square minus one over sixteen. How do you change it? 
T: Y square minus… 
T: Ya… one over four, whole thing square…you will get Y plus one quarter, Y minus 
     one quarter. Very simple, right. 
 
Teacher completes factorisation 
 Q1(b) y2 – 1/16 
        = y2 – (¼)2

        = (y + ¼)(y – ¼) 
 
Teacher wrote on the board 
 Q2(a) 9y2 – 4z2
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T: Now, what about this one… how do you change it? Nine Y square is actually? … 
T: Yes, three Y whole thing square. The other side? 
T: Ya, two Z square. So what’s the final answer? 
T: Three Y plus two Z and then… 
T: three Y minus two Z 
 
Teacher completes factorisation 
. 2 (a) 9y2 – 4z2

  = (3y)2 – (2z)2

  = (3y + 2z)(3y – 2z) 
 
Stage 3: Students are assigned seatwork 
 
T: Okay, I let you try 2(b) and 2(c). 
T: Try out these two. [Teacher walks around the classroom.] 
 
 

2(b) a2x2 – 16y2

2(c) 50x2 – 2p2

 
T: Ah, how do you do 2c? Think about it. Fifty, is it a perfect square number? 
T: No. Two, is it a perfect square number? 
T: And then what should you do? 
 
Stage 4: Presentation of solutions   
T elicited the solution from the students and wrote on the board:  
 
T: A X ….whole thing square…. 
T: And? Four Y…whole thing square. So will be A X…plus four Y// 
 
Teacher wrote on the board 
  2(b) a2x2 – 16y2

                  =  (ax)2 – (4y)2   
      = (ax + 4y)(ax – 4y) 
 
Teacher asks Jacinta to present her solution to Q 2(c): 
Jacinta wrote on the board: 
 (c) 50x2 – 2p2                  a2 – b2 = (a + b)(a – b)              
  = 2(25x2) – 2(p2)                      
  = 2(5x)2 – 2(p)2

  = 2(5x + p)(5x – p) 
   
[T provided an alternative solution on the whiteboard] 
Teacher wrote on the board: 
   50x2 – 2p2

= 2(25x2 – p2)               
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= 2(5x + p)(5x – p)                       
 
T: Right…because fifty is not (a) perfect square, two is not a perfect square. So what you 
do is…this is factorization, right? So you do by…taking out the common factor. Taking 
out the common factor…you will get ah the…this one will become a perfect square 
number, twenty-five. Okay. Actually the second step…if you want, you can do it like that 
. … 
T: Alright. You can take out the common factor. Okay. And then if you are familiar, 
straightaway you can write down the answer. No need to put the, this pattern again, okay. 
… 
T: So not necessary every time you can form. So sometime you need to do something 
about it. Okay…ah…more challenging one.   
 
Stage 5: Students assigned more work (challenging tasks) 
Teacher wrote on the board: 
Factorise the following:      
3 (a) 18m2 – 8n4

   (b) (x – 1)2 – (2x + 3)2

 
Teacher promised to reward the first student with correct solution with a lollipop. 
Students worked on Q3(a) and (b), while teacher walked around the class and provided 
individual guidance to students who needed help.  
 
The following is an excerpt of guidance provided by teacher to one student: 
 

T: Difficulties?  
S: Hm…. 
T: What is the common factor of 18 and 8? 
S: Two 
T: Two. Then take out the two lah What is inside the bracket? Ah…then don’t 
     forget about the square.  
T: The next step, two and two common right? Take out the two lor. You follow 
     this. Two and two common, take out the two.   
T: So A plus B, A minus B lor. So this is actually your A right. This is actually 
     your B square right. So according to the formula will be… A plus B, A minus 
     B… okay? The same, you take out the two. You take out the two, so it become 
     like that right. Same power you can put together correct? Ah… Then this one 
     is two, then this one is two squared… So it’s (M/N) lah square, square. 

 
None of the students managed to get the lollipop. 
Teacher guided the students in factoring Q3(b). 
 
T: This is a difference of two squares. Instead of one term, I give two terms here. This is 
actually your A square… this is actually your B square. Can you see the pattern?   
 
T: The A is actually X minus one, B is actually X, ah, two X plus three. So… 
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T: So… You make use of the formula, it will be A. This is A ah…plus B… A minus B. 
Can you see the pattern? 
 
T wrote on the board: 
3(b) (x – 1)2 – (2x + 3)2

= [(x – 1) + (2x + 3)][(x – 1) - (2x + 3)]      a=x-1  
= (x – 1 + 2x + 3)(x –1 – 2x – 3)                 b=2x+3  
= (3x + 2)(-x – 4) 
 
T: Because your A is actually… X minus one. Your B is actually… two X plus three. So 
you apply the formula, A plus B, A minus B. This is not the final answer yet. You have to 
simplify whatever inside the bracket. So you open the bracket… the other side you open 
it… remember to change the sign… and you group the like terms together. X plus two X, 
you will get three X. And how many? 
 
T: Plus two, right… and this one? What do you get?  
T: X minus two X, what do you get? 
T: Minus X. And minus one minus three? 
 
Students asked Teacher to show the factoring of  3(a).  
T went through the steps for 3(a). 
 
T: What is the common factor, eighteen and eight? 
T: Two. What do you get? 
T: N to the power of four. So nine and four are perfect square. Can you do it 
straightaway? What is the answer? 
T: … it will be three M whole thing square… minus… two… 
 
Teacher wrote on the board: 

3(a) 18m2 – 8n4

  = 2(9m2 – 4n4) 
  = 2[(3m)2 – (2n2)2] 
  = 2(3m + 2n2)(3m – 2n2) 

 
Stage6: Group Quiz (a mode of continual assessment) 
Teacher gives class a group quiz after every lesson. Members of the group take turns to 
answer the questions and if they are unable to do so, group members are allowed to help 
them which results in the group scoring a partial score. Otherwise, the group gets a full 
score.  
 
Teacher asked the first member of the groups A to D to come forward.  
Teacher wrote 4x2 – 25 on the board for them to factorise. 
 
For group A: Mei Yi wrote: 
= 4x2 – 52

=(4x – 5)(4x + 5) 
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For group B:Edwin wrote: 
= 2x2 – 52

= (2x + 5)(2x – 5) 
 
For group C: Benjamin wrote: 
= (22x2) –(52) 
= (2x – 5)(2x + 5) 
 
For group D: Dalilah wrote: 
= (2x)2 – 52

= (2x + 5)(2x – 5) 
 
Teacher engaged the whole class in examining the solutions and highlighted the mistakes. 
The groups were also given their scores. 
 
Next, Teacher asked the first member of groups E to H to come to the board. 
Teacher wrote 121 – 36x2 for them to factorise.  
 
For group E: Pavitra wrote: 
= 112 – (6x)2

= (11 + 6x)(11 – 6x) 
 
For group F: Zhiling wrote: 
= 112 – (6x)2  
= (11 + 6x)(11 – 6x) 
 
For group G: Ming Han wrote: 
= 112 – 62x2

= (11 + 6x)(11 – 6x) 
 
For group H: Priyanka wrote: 
= 121 – (6x)2

 
Teacher engaged the whole class in examining the solutions and highlighted the mistakes. 
The groups were also given their scores. 
 
Another round was carried out and this time round the second member of each group was 
asked to come to the board and do the factorisation. 
 
For groups A to D, they had to factorise: 49x2 – 1, and for groups E to H, they had to 
factorise πR2 - πr2 . 
 
Once again the teacher engaged the whole class in examining the solutions, highlighted 
the mistakes and warded the groups their scores. 
 
Stage 7: Homework 
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The students were assigned the following piece of work as homework. 
 
Factorise the following: 
1. 36d2 − 1 
2. n2  − 100 m2      
3. p2 − 81q4      
4. a2b2 − 1 
5. 121 − y2   
6. 36x2  − y8   
7. 49c2 −   d2e2 
8. c2 − (d + 2)2 
9. 9(x − 3y)2 − 16(2x + y)2 
10. 4(6a − 5b)2 − (3a − b)2 
11. 1 − 25 x2y2 
12. x2y2  − 36z2 
13. 49x4y4 − 25z4 
14. 225 x3 − 169 xy2 
15. a4 − b4 
16. (a2/25) − (4b2/9) 
17. 50 a3 − 8 ab2 
18. (x2/9) − (y2z2/16) 
19. 4x2 − (9/25) 
20. 27a2 − 3 
21. 32 a2b −2b3 
22. a2b2 − (c4/64) 
 
Findings and Discussion 
Instructional pattern 
In an earlier study, Seah, Kaur and Low (2006) stated that the pattern and structure of the 
ten lessons of the Teacher were mainly composed of the three consecutive segments, 
whole class demonstration [D], independent student work [S] and whole class review of 
written work [R]. These three segments [DSR] together make up what they called an 
instructional cycle, one in which the mathematical problems used as worked examples 
during demonstration or as tasks for seatwork within the same cycle shared the same 
instructional objective. As a cycle, it was often repeated several times within a single 
lesson. In addition there was the segment identified as group quiz [Q]. The first lesson of 
the teacher which is the focus of this paper comprised of the following instructional 
pattern: D-S-R-D-S-R-Q; where Q, the quiz comprised of two repeated S-R cycles and 
therefore even Q was S-R-S-R. The mathematical knowledge of the students was 
extended or reinforced in small increments via the repetitive cycles.  
  
Nature of classroom discourse 
The teacher simply told the students what the factorisation of an expression in the form of 
difference of two squares was, i.e.  a2 – b2 = (a + b)(a – b) and subsequently referred to 
the identity as “formula”. She made no attempt to verify it or give it any form of 
geometrical or other meaning. She placed emphasis on recognising the pattern, a2 – b2 and 
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use of the formula “a2 – b2 = (a + b)(a – b)” to factorise expressions that were of the type 
“difference of two squares”. Through the many subsequent examples the teacher engaged 
her students in factoring the difference of two squares with many variations of the 
squares, often eliciting responses from the students, revoicing student’s responses and 
thinking aloud to make her thinking visible to her students. The examples used were 
carefully selected and systematically increased in complexity. The discourse pattern 
adopted by the teacher was of the initiation-response-feedback (IRF) discourse format 
(Sinclair and Coulthard, 1992). From the public talk of the students in the class it was 
apparent that other than the students making a request that the teacher show them the 
solution to task  “18m2 – 8n4 = “, they almost never posed the teacher any questions to 
clarify their thinking. 
 
Nature of learning tasks– patterns of variation 
For the lesson, the object of learning was factoring the difference of two squares, i.e.    
a2 – b2 = (a + b)(a – b). Through variation of examples that were structurally similar to a2 

– b2 = (a + b)(a – b) the teacher engaged the students in mental gymnastics with the goal 
of developing procedural fluency. The learning tasks were as follows: 
 
Table 1: Learning Tasks 

Position Learning Task Comments 
x2 – 9 = This learning task was used to introduce the students 

to the factoring of two squares and the introduction of 
the identity: a2 – b2 = (a + b)(a – b)    

First 

y2 – 1/16 = This task was used by the teacher to reinforce the use 
of the identity: a2 – b2 = (a + b)(a – b)    

Second 9y2 – 4z2 = This task was used by the teacher to show the 
students a variation of the forms of a2 and b2

Third 50x2 – 2p2 = The teacher gave the students this task for practice. 
During the review of student work the teacher seized 
the opportunity to introduce the students to the 
factoring of a multiple of the difference of two 
squares; i.e. c a2 - c b2 = c(a + b)(a – b). 

Fourth (x – 1)2 – (2x + 3)2 = The teacher gave the students this task for practice. 
However none of the students were able to do it. The 
teacher showed the students that in this task ‘a2’ was 
(x – 1)2 and ‘b2’ was (2x + 3)2 ; the factors (a + b) and (a – 
b) were linear combinations of (x – 1) + (2x + 3) and (x – 
1) – (2x + 3) respectively. This task was used by the 
teacher to demonstrate to the students yet another 
variation of the forms of a2 and b2. 

 
The first and second learning tasks were used by the teacher to introduce a new concept 
directly, while the third and fourth learning tasks were used to stimulate students thinking 
in making links with the knowledge that was introduced via the first and second tasks. 
The teacher’s prompts were spontaneous when students showed signs of ‘difficulty’ 
working with the third and fourth learning tasks. Throughout the entire classroom 
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discourse, the teacher placed a lot of emphasis on recognising ‘the pattern: a2 - b2  and 
hence factoring a2 – b2 = (a + b)(a – b). 
 
Nature of practice tasks and assessment tasks 
The practice tasks given to the students during class time were similar to the learning 
tasks. The assessment tasks given to students during the ‘quiz’ were also similar to the 
learning tasks. They were as follows: 
 
Table 2: Tasks used during the instructional period 
Learning Task Practice Task Assessment Task 
9y2 – 4z2 =  a2x2 – 16y2 = 4x2 – 25 

121 – 36x2 

49x2 – 1 
50x2 – 2p2 = 18m2 – 8n4 = πR2 - πr2

(x – 1)2 – (2x + 3)2   
 
The practice tasks given to the students as homework mainly provided students with 
more practice. Only four tasks may be considered challenging as they required students to 
integrate their knowledge or go beyond a simple factorisation. The tasks were as follows: 
 
Table 3: Learning Tasks and Homework Tasks 
Learning Task Homework 
 Routine Practice Task Challenging Practice Task 
x2 – 9 = 
y2 – 1/16 = 

(a2/25) − (4b2/9) 
4x2 − (9/25) 
(x2/9) − (y2z2/16) 
a2b2 − (c4/64) 

49x4y4 − 25z4

a4 − b4

9y2 – 4z2 = 36d2 − 1 
n2  − 100 m2     

p2 − 81q4     

a2b2 − 1 
121 − y2  

36x2  − y8  

49c2 −   d2e2

1 − 25 x2y2

x2y2  − 36z2

 

50x2 – 2p2 = 27a2 − 3 
225 x3 − 169 xy2

50 a3 − 8 ab2

32 a2b −2b3

 

(x – 1)2 – (2x + 3)2 c2 − (d + 2)2

 
9(x − 3y)2 − 16(2x + y)2

4(6a − 5b)2 − (3a − b)2

 
The assessment tasks ranged from those the teacher gave the students as part of the quiz 
during the lesson as well as those which were part of ongoing written assignments 
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students had to hand in for grading. The ones that they teacher gave the students as part 
of the quiz are shown in Table 2.  
 
The assessment tasks which were a part of the written assignments were similar to the 
practice tasks that the teacher gave students to work on in class and homework after the 
lesson as well as those that required students to apply their knowledge to compute 
statements of arithmetic without the use of calculators or tedious calculations. Examples 
of these assessment tasks are shown in Table 4. 
 
Table 4: Assessment Tasks given as written assignment 
 
Factorisations Application of Algebraic Rules 
Factorise completely: 
1a) 2 – 18x2

1b) 32 – 50a2

1c)98x2 – 162 
1d) 8x2 – 72 
1e) 5y – 20y3

1f) y3 – 64y 
1g) 242y3 – 8y 
1h) x4 – 1 
 
2a) 2p4 – 18p2q2

2b) x4y2 – 4x2y4

2c) 64a4 – 4b4

2d) m8 - 81 
 

1. Evaluate with the help of algebraic rules 9992 - 9982

2. Use algebraic rules to evaluate 86.252 – 13.752

3. Evaluate  582 - 122

.                   292 - 62

4. With the help of algebraic rules, evaluate  24002 – 24022  
5. Given that (2x)2 – (2y)2 = 36 and x + y = 2,  
    calculate the value of (x – y)2

 
It is apparent from the examples in Table 4, that students were expected to have the 
fluency to factorise the difference of two squares which may appear in various forms as 
well as apply the basic algebraic rule: a2 – b2 = (a + b)(a – b) to compute statements of 
arithmetic without the use of calculators or tedious computations. However, to what 
extent the students may have conceptualised algebra as “the general arithmetic” (Saul, 
2008, p.65) and use the algebraic rule in non-routine situations such as “factor 4899” 
cited by Saul (2008) is left unanswered. 
 
Conclusion  
Procedural fluency entails skill in carrying out procedures flexibly, accurately, 
efficiently, and appropriately (Kilpatrick, Swafford & Findell, 2001). In the lesson 
described in detail in this paper it may be said that the teacher has through the use of 
learning tasks that varied in the forms of the structure a2 – b2 = (a + b)(a – b) together 
with practice tasks and assessment tasks attempted to develop procedural fluency in 
algebraic structures among grade eight students in her class. According to Marton’s and 
Booth’s (1997) theory of variation for teaching the teacher has used the structure a2 – b2 = 
(a + b)(a – b) as the object of learning and through the variation of the a2 and b2 provided 
her students with the necessary experience to factorise the difference of any two squares.  
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According to Gu, Huang and Marton’s (2004) classification of patterns of variation / 
invariance the nature of variation adopted by the teacher was one which may be called 
“generalisation” (p. 336) as the invariant was the algebraic structure and the variant were 
the different instances of the algebraic structure. Finally, through the numerous practice 
and assessment tasks she has also engaged her students in mental gymnastics to develop 
their fluency in using the structure.  
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