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Background

In Singapore, ‘Mathematical problem solving’ (MPS) is at the centre of the framework of the
mathematics curriculum (Figure 1), a position, which is in line with similar 21st reform-based
visions of schooling around the world (NCTM , 2000; NSW Board of Studies, 2002). Within
the five concept framework, mathematical problem solving includes using and applying
mathematics in practical tasks, in real life problems and within mathematics itself. Thus this
represents a wide range of types of problems that include: routine mathematical problems,
problems in unfamiliar contexts, and open-ended investigations that make use of the relevant
mathematics and thinking processes. However, how this range of complexity is incorporated
into everyday teaching practices in the classrooms remains variable and from the reports of
several teachers largely ignored.

Figure 1: Singapore Mathematical problem solving framework (CPDD, 2001)

The problem solving approach to mathematics instruction was introduced in Singapore in
1992. Concerns about this teaching approach were raised shortly afterwards (Foong et al,
1996), when a large number of teachers expressed their concern that they lacked skills to
teach of mathematical problem solving. For instance, teachers felt inadequate about their own
teaching approaches to problem solving, especially with non-routine problems. They were
also concerned about their ability to communicate new concepts to their students to
understand using the varied methods suggested in the curriculum reforms. Finally, the
teachers were uneasy with the open-end nature of problem solving in the new framework
they had previous only been teaching for a closed set of problems.

In a two-year study, Chang et al (2001) investigated the pedagogical practices within primary
mathematics classrooms in four Singapore schools. In all a traditional teaching approach
predominated amongst the primary teachers — expository teaching, followed by the students
practicing routine exercises to consolidate the concepts, knowledge and skills. Anecdotal
evidence further suggested that such an approach to teaching was prevalent in most primary
schools. Somehow the emphasis on problem solving did not quite ‘filter through’, as it were,
to classroom teaching practice.
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The Singapore mathematics syllabus suggests that teachers need to develop the repertoire of
mathematical problem solving heuristics in their students, and it identified eleven heuristics
which are applicable to problem solving at the K-6 level. They include: act it out, use a
diagram/model, make a systematic list, look for pattern(s), work backwards, use the before-
after concept, use guess and check, make suppositions, restate the problem in another way,
simplify the problem and solve part of the problem (CPDD, 2001). In order to develop
students’ ability to use a repertoire of heuristics in problem solving, the types of problems
used in class need to be carefully selected to support the process of widening the repertoire of
problem solving skills.  Tasks should encourage students to move away from their ‘usual’
ways and heuristics of solving problems to explore other possible strategies.

Teachers generally have a wide array of problems to choose from. Routine types of
‘problems’ are typically found at the end of chapters or topics in textbooks, primarily
designed based on the exercise paradigm (Skovsmose, 2001), where students mainly practice
the procedural or algorithmic skills related to the chapter or topic.  Although such ‘problems’
have their place in the classroom, they don’t usually ‘coax’ students out of a “usual way” of
solving problems and hence may not be very useful for the teacher who wants to help her
students develop other types of mathematical problem solving strategies. Non-routine
problems require students to move out of their automatic mode and focus on trying out other
possible approaches and strategies. However, Ng (2002) observed in Singapore grades 1-6
mathematics textbooks, that the frequency of using a variety of heuristics, recommended by
the syllabus to solve problems was low. Three heuristics ‘draw a diagram’, ‘act it out’ and
‘use a model’ were most often used to demonstrate how to solve problems. It appears that
relying on textbooks, by itself as a strategy, will not expose students to a range of heuristics
and in particular, the eleven specific heuristics recommended.

These issues provided the background for the current study, one strand of a larger
investigation  which is seeking to develop stratgies and techniques to enhance the range of
heuristics taught in K-6 classrooms.

Method

Twenty routine and non-routine problems were used to investigate the range of Singapore
students’ extant problem solving heuristics. Six out of twenty problems (see Appendix A) are
analysed here. The assumption was that through the written responses, primary students’
development of a repertoire of problem solving heuristics could be identified. Then, formal
interventions could be designed to address difficulties different groups of students might
have. One hundred and forty grade 5 students (10-11 years old) from a typical neighbourhood
school were asked to solve the problems, and describe their reasons where they had
difficulties solving the problems.

Results and Analysis

The analysis focuses primarily on the students’ work and their feedback about the given
problem tasks.  Generally, students found the problems difficult. There was a high incidence
of completely blank responses (30% of all problems), and many students had difficulties in
finding appropriate language for their explanations. About two-thirds of the students wrote
some feedback about the questions.  Remarks that accompanied blank responses included the
typical “I don’t understand”, “it’s too difficult”, and the more interesting – “I forget how to
do”, “sometimes difficult, sometimes not!”, “I never learn this before” and “I could not do it,
even if it is easy.”  These responses suggest that the students made some attempts to read the
questions. The remaining third were blank without any feedback commentary from the
students.  A summary of the students’ responses is provided in the following table, Table 1.

Table 1: Summary of Students’ Responses

Item
Direct

calculation Guess Guess-&-check
Use a

Diagram/
Text

reasoning Blank Total
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Model
Q1 81 3 14 14 28 140
Q2 42 26 0 8 2 62 140
Q3 96 12 0 25 2 5 140
Q4 32 33 0 8 1 66 140
Q5 22 62 0 0 9 47 140
Q6 15 59 0 0 20 46 140

Total 288 195 14 55 34 254 840

The range of strategies was gratifyingly greater that the previous report from Ng (2002). The
most common strategy for solving the six problems was ‘direct calculation’ where students
attempted to calculate directly the answer.  This made up 34% of all responses.  However, of
the students using this strategy, over 90% of the answers were done with little or no evidence
of organised or systematic approach/plan toward a solution.  Most of these students without
systematic evidence did not get the collect solution.  Interestingly those students who showed
their clear and systematic working generally also achieved the correct answers.

This approach of ‘direct calculation’ might have something to do with the classroom teaching
emphasis on execution.  In a separate preliminary classroom observations of six Singapore
primary teachers’ instruction, initial analysis using Polya (1988)’s four phases of understand,
plan, carry out and look back, revealed that when problems were presented in classroom
setting as teaching examples, teachers would generally go through the understand phase
quickly, and almost immediately to the carry out phase, working at the solution (Teong,
Hedberg & Ho, in press).  The planning phase appears to be implicit to the teacher, and not
often made explicit to the students.  This might have contributed to students’ lack of planning
and accounted for the many instances of ‘directly calculating’ where students ‘side-step’ the
planning phase, and approach problem solving by reading the given questions quickly, not
spending time in the understand phase, and working towards the solution immediately.

Another common response was ‘guessing’ without checking (23% of all responses).  In
particular, it made up for 44% of responses to Question 5 and 42% to Question 6.  For both
these questions, many students just stated their answers without any attempts at calculation or
checking if their responses made any sense. Both questions would normally warrant some
straightforward calculations that would yield at least a partially correct solution.  For
Question 5, there was only one out of 140 responses partially correct response stating that “It
depends on how many cheques he writes per month. If he writes some cheques, he should
continue with the first plan. However if he writes a lot, he should take up the new plan.”  The
student did not attempt to find out just how many would that some be or what they meant by
“a lot”.  For Question 6, only a handful of students verified for themselves that for both
options her friend would end up with the same amount.  Only one student noticed that the
first option was better because for that month the friend would get an ‘extra’ 10%.  The
majority just guessed without checking.  One telling comment from another student regarding
Question 5 was: “… but questions like these don’t appear in the exams.”  Another
commented that Question 6 “… is not a maths question.” It appears that students were not
normally exposed to such open-ended problems and hence, would not expect to see such
problems in their examinations.

One unanticipated outcome of the study was the students’ use of text/logical reasoning (4%
of all responses).  Although the numbers are small, it shows that some students can and do
use thinking skills as demonstrated in the text-based reasoning we found.  This may have
something to do with framing the problems such that students ‘were asked to give advice to
someone’ based on some mathematical consideration (as in Questions 5 and 6).

The two heuristics that are listed in the syllabus and are found in this study were “using a
diagram/model” and “guess-and-check/systematic listing”.  They comprised 6.5% and 1.7%
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of all responses respectively.  The low percentages indicate that many students have not
learned to use the heuristics, and also suggest that they have not been exposed to many of the
other heuristics recommended in the syllabus.  The low level of successful use of the chosen
heuristics is also another concern.

Discussion

While it is not expected that students demonstrate the whole range of heuristics, seeing only
two points to a limitation of the repertoire of heuristics students have in problem solving.
The plausible contributory factors that lead to this could be:

• Teachers teach in an expository fashion with only a limited range of heurisitics.
The general expository type of teaching which has been investigated in Chang et al
(2001) and also observed in our preliminary classroom visits, showed teachers’
employed a limited range of instructional practices, viz., mainly show and tell, and
mainly on using a diagram/model and guess-and-check/systematic listing heuristics.
The teachers did not present the full range of heuristics as documented in the syllabus.
A related issue could be the teachers’ own knowledge of heuristics and the extent of
mastery over the listed full range.

• Textbooks do not challenge students with problem variety.
The structures of typical textbook-based classroom lessons where the exercise
paradigm (Skovsmore, 2001) prevails.  The teacher exposits examples of problems,
usually presenting them in structured and predefined ways. The assigned problem sets
did not encourage students to think about problems in exploratory ways. The heuristic
to be learned (if any) is usually gleaned from the worked examples linked to the
assigned problems.  Students are seldom required to move away from their ‘usual’
way of solving problems to explore other possible strategies.

• New challenges for a varied solution set need to be consciously modelled either in the
text or in the classroom exercises.
The design, layout and content of text books used does not highlight the range of
other heuristics. Beyond the heurisitics: diagram/model, act it out, and guess-and-
check/systematic listing, others are rarely found (Ng, 2002; Fan & Zhu, 2000).

This study has estaqblished the need to examine these factors more closely and on a wider
scale to ascertain the extent that they contribute to the limited repertoire of problem solving
heuristics that students employ.  Addressing these issues and others that further studies will
uncover would help pave the way for creating problem solving repertoires in students and
potentially generating both greater interest in mathematical thinking and its pertinence to the
real world. . There is a need for teachers to present non-routine and open-ended problems that
will develop students in the use of thinking skills and heuristics. Open-ended problems also
serve to challenge students cognitively and develop their flexibility and creativity.

From our preliminary observations of Singapore K-6 teachers’ mathematics instruction,
teachers moved quickly from the first phase of Polya’s model i.e. reading/understanding the
problem to the executing/carrying out phase, and the possible contribution this has to the
many instances of students’ lack of planning. We think that there is a need for teachers to
spend more time on the reading/understanding of problems and then explicitly move into a
planning phase, before carrying out the plan.  There is also a need for teachers to model the
last phase of looking back. This will alert students to the importance of metacognitive
processes in the process of problem solving, and hopefully habituate them to constantly keep
track of what they are doing while they are solving problems.

Singapore primary mathematics teachers need to enhance their instructional practices by
explicating the process of mathematical problem solving, i.e. explicitly articulate the different
phases of the mathematical problem solving model when they present problem solutions to
their students. The labelling of the phases as they solve problems will also provide problem



5

solvers with a framework for navigating the problem solving process, especially when they
are seeking to solve non-routine problems.
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Appendix A:  Sample Problems extracted for Analysis
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Q1 Closed type – routine content-specific multiple-steps
A group of tourists paid $200 for admission to a theme park.  Adults pay $8 each and
children $4 each.  If there were 7 more adults than children, how many adults and children
are there in the group?

Q2 Closed type – routine content-specific multiple-steps
Three salespersons take turns to form a team of 2 or 3 to man a store.
When Mardiana, Doreen and Roy were manning the store, the average collection for each
salesperson was $96,
$94 when Mardiana and Doreen were manning the store, and
$97.50 when Mardiana and Roy were manning the store.
Assuming each of them brought in the same amount each time, who brought in the most
money? Who brought in the least?

Q3 Closed type – non-routine using heuristics problem solving strategies
(from OECD, 2003, p. 45):
Mary lives 2 km from school and Martin 5 km.  How far do Mary and Martin live from each
other?

Q4 Closed type – non-routine using heuristics problem solving strategies
Two runners are running around a 400 metre track.  They started off together at the same
point. Abel takes 75 seconds to run one round, and Beng takes 81 seconds.  Assuming they
run at the same speed through out, when will Abel pass Beng?

Q5 Open-ended – known goal (adapted from Herr & Johnson, 1994, p. 164):
Your uncle received a letter from his bank concerning his checking account.  Under his
current plan, each cheque he writes costs 15 cents, and there is a monthly charge of $1.60.
Under the proposed new plan, each cheque he writes will cost 12 cents, and the monthly
charge is $2.75.  He asked you whether he should take up the new plan.  How would you
advise him?

Q6 Open-ended - investigation
Your friend came to you with this problem:
Her parents are going to raise her allowance by 10% and then a month later reduced it by
10%. There it will remain. However, she may choose to have the cut first followed by the
raise one month later. She asked you which the better plan is. How would you advise her?


