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ABSTRACT: In this paper we shall offer sufficient conditions for the existence and
uniqueness of solutions for the three-point boundary value problem

Azy(n) = f(n, y(n), Ay(n)) + e(n), n=01,---,T -1

y(0) =0, y(T+1)=cy(n) +b
where 1 <7 < T —1is a fixed integer and a, b are given finite constants.
AMS (MOS) subject classification. 39A10, 39A12

1. INTRODUCTION

Let T be a fixed positive integer. We shall denote [0,T] = {0,1,---,T}. Also,
the symbols A* and V* denote respectively the ith forward and backward difference
operators with stepsize 1.

In this paper we shall consider the three-point boundary value problem

A?y(n) = f(n,y(n),Ay(n)) +e(n), n € [0,T — 1] W
1.1
y(0)=0, y(T+1)=oay(n) +b

where 7 € [1,T — 1] is a fixed integer, a,b are given finite constants and e(n) is
defined for n € [0,T + 1]. Throughout the paper the function f: [0,T+ 1] x 2 - %
is assumed to be continuous.

We remark that the continuous analog of a particular case of (1.1)

"(t) = f(t,z(2),2'(t)) + et), 0<t< 1
(1.2)
z(0)=0, z(1)=az(n)

where 0 < 7 < 1 is given, has been studied by Gupta [2,3] and Marano [6] when a = 1
as well as by Gupta et. al. [4,5] for a general a.

2. EXISTENCE RESULTS

Lemma 2.1. [1, p.24] Suppose that the function u(n) is defined for n € [a, b]. Then,
there exists a ¢ € [a +1,b— 1] such that

su(e) < (2) " 22D < () vu(o)

Lemma 2.2. [1, p.678] For any function u(n), n € [0, M] satisfying u(0) = 0 the
following inequality hold

. Mo M-1 ,
4 sin® 20M +1) Y- u?(n) < S (Au(n))

n=1 n=0



Theorem 2.1. Suppose that there exist functions p(n), ¢(n) and r(n) defined on
[0,T + 1] such that for n € [0,T +1], z;,z2 € R,

|f(n,z1,23)| < p(n)|za| + g(n)|za| + r(n) (2.1)
and
(T+1-=9)|al>T+1)|a-1]. (2.2)
Let
_ (T+1-n)la]
T TF I nlel — T + Dl =11 23)
If
(T + Dllpl + llglldy < 1, (24)

then (1.1) has at least one solution y(n) defined on [0,T + 1].

Proof. Let S = {y(n) : y(n) is defined for n € [0,T + 1]} and S; = {y(n) € S :
y(0) = 0, y(T +1) = ay(n) + b}. We define the mappings L: S - S, N: S - §
and K : S — S respectively by

Ly(n) = A%(n),  Ny(n) = f(n,y(n), Ay(n))

and
n—1 an n—1 n T n
Kyfn) = S(n—1=u(s) + 5 Tn—1-9)s(e) = § LT - wls) + 5

where § = T +1 — an. It is clear that 6 # 0 because if § = 0, i.e., o = (T +1) /7,
then (2.2) is violated.

We note that N is a bounded mapping and L is one-to-one. Moreover, it follows
from Arzela-Ascoli theorem that KNV maps a bounded subset of S into a relatively
compact subset of S. Thus, KN : § — S is a compact mapping. Further, it can be
easily verified that fory € S, Ky € S; and LKy = y; and for y € S;, KLy = y.

Now, equation (1.1) can be written in opertor form as Ly = Ny + e which is

equivalent to
y= KNy + Ke. (2.5)

Hence, to prove existence of solutions for (1.1) is the same as showing existence of
solutions for (2.5). For this, we apply the Leray-Schauder continuation theorem [7]
and it suffices to show that the set of solutions of the family of boundary value
problems

A%y(n) = Af(n,y(n), Ay(n)) + Xe(n), n€[0,T -1}, 0< A< 1
(2.6)
y(0)=0, y(T+1)=oay(n)+b

is a priori bounded by a constant independent of A.
Let y be a solution of (2.6) for some A. We have

n-1

ly(n)l < 3 1Ay(s)] < nllAylleo < (T +1)||Ay]lco- (2.7)

8=0

Next, using Lemma 2.1 we find that there exists a ¢ € [ + 1, T'] such that

y(T+1)—y(n) («e=1y(T+1)+5
T+1-n oT+1-19)

Ay(c) < (2) < (2) Vy(o)- (2.8)



Applying (2.8) we get

— —Dy(T+1)+b
; <(>) 2y (a = :
§A y(s) + Ay(e) £ (2) ;CA (T +1=1) A (2.9)
and
e —Dy(T+1)+b
s > (<) 2 L = B.
Ay( a_;_lA y(s) + Vy(c) 2 (L) ,2 A%y(s) + (T +1=1) B
(2.10)
Coupling (2.9) and (2.10) provides
B <(>) Ay(n) £ (2) A (211)
which implies
|Ay(n)| £ max{|Al,|B|}
-1 L
< [A%y] + —22 & 2.12
T+1)|a-1| |8|
< ||A%y||, + ( AyYlloo + 2.18

where we have also used (2.7) in the last inequality. In view of (2.2), it follows from
(2.13) that

1Aylleo < 7lIA?y]L + @ (2.14)
where 7 is defined in (2.3) and
||
= . 2.15
Q (T+1-1)|a| = (T+1)|a-1| (2.15)
Now, from (2.6) and (2.1) we get
1A%l < lpylls + llgAylls + lIrll + llellx

< el vl + llally 1AYlloo + [I7ll2 + llellx

< (T +D)lpll + lglls] (A%l + @) + lirllx + llel: (2.16)

where we have used (2.7) and (2.14). Since (2.4) holds, it follows from (2.16) that

o T+l + ] Q + il + el
1A% < =0 ) ol + el

Therefore, from (2.7) and (2.14) we find
I¥lle (T +1)(vC + Q) =D (2.17)

=C.

where D is independent of A. The proof is therefore complete.
Theorem 2.2. Suppose that (2.1) and (2.2) hold. Let
T

e T +1)+1]| (218)




If
[BVT+T llplla + llgll:] v <1, (2.19)

then (1.1) has at least one solution y(n) defined on [0,T + 1].

Proof. Let y be a solution of (2.6) for some A. As in Theorem 2.1, it suffices to
show that y is a priori bounded by a constant independent of A. Since y(0) = 0, from

Lemma 2.2 we have
lvll2 < Byl < VT ([ Ayl (2.20)

where 3 is defined in (2.18).
It follows from (2.6), (2.1), Swartz’s inequality, (2.20) and (2.14) that

1A%]ln < lIpll2 lyllz + llgllx 1Ayl + li7llx + llellx
< [BVTHT lIpllz + llall] 1Aylleo + lIrlls + llell:

< [BVTHT lIplla + llall: | A%yl + Q] + I lly + [lella
which in view of (2.19) leads to

[BVT +1 |iplla + llgll1@ + lIrllx + llellx
1 =[BT +1 |Ipll2 + llallly

Hence, from (2.7) and (2.14) we get (2.17) and this completes the proof.
Theorem 2.3. Suppose that (2.1) and (2.2) hold. If

A%yl < =

[(T+D)llplls + VT +1 llglls] ¥ < 1, (2.21)

then (1.1) has at least one solution y(n) defined on [0, T + 1].

Proof. Let y be a solution of (2.6) for some . It follows from (2.6), (2.1), Swartz’s
inequality, (2.7) and (2.14) that

1A%yl < Iplls Hylleo + Nlgllz 1Awl2 + lIrll + llell:

< @+ Dllpll + VT +T llglle] 1Ay lleo + lI7llz + llells

< [@+Dlplly + VT +T llglle) Al + Q) + lirlly + llells

which in view of (2.21) provides

|IA2y||1 < (T + Dllplh + VT +1 “q”_ﬁ]Q + lirlls + llellx
" 1-[(T + Dllpll + vT +1 |iqll2}y

Again, from (2.7) and (2.14) we obtain (2.17) and the proof is complete.
Theorem 2.4. Suppose that (2.1) and (2.2) hold. If

=C.

T +1[Blpll2 + llall2] <1, (2.22)
then (1.1) has at least one solution y(n) defined on [0,T + 1].



Proof. Let y be a solution of (2.6) for some A. Using Swartz’s inequality, (2.20) and
(2.14), from (2.6) we find

1A%l < lpllz lyllz + ligllz 1Ayllz + lIrll + llells
< [Bllpllz + llgll2llAyllz + lI7llx + llellx

< [Blipllz + llgll]vT + 1 [yl1A%yll + Q1 + [I7ll2 + llella.
Since (2.22) holds, it follows that
[Bllpllz + llqll2]@VT +1 + [Irfly + llell _
1=vT +1 [Blipllz + llglla]

As before we obtain (2.17) from (2.7) and (2.14) and this completes the proof.
Theorem 2.5. Suppose that (2.1) and (2.2) hold. If

B Bl + el < 1, (2.23)

A%yl <

then (1.1) has at least one solution y(n) defined on [0,T + 1].

Proof. Let y be a solution of (2.6) for some A. As in the proof of Theorem 2.1, we
have (2.11) which provides

1Ayll2 < max{[|Al]z, || B]|2}- (2.24)
To obtain an upper bound for the right side of (2.24), we note that
(a—1Dy(T+1)+5 a-—1 Z
=S A WIS, S
(T +1-1) e s | VPR R P ey
a-1 b
e boatEas. A S, SRS
< | y||1+‘a(q~+1_n)‘
< VT +1 ————|. (2.25)
< VT | it b+ o | ¢
Next, using Swartz’s inequality we get
n—1 2 T 2
o] - D{Tawe)
s=c 2 n=0
T ([n-1 RECECEE A
=5 {[z (us))’] [T 7] }
=0 8=¢C s=c
T (n-1 2
= X {Z (A%(s))" - In - CI}
n=0 \ s=c
2. 1
< lA%lz- 3 In—d < (T +1)A%]f. (2.26)

n=0



Similarly, it can be verified that

n-1 T % 1
Y. A%y(s)| < e 1A%yl (2.27)
s=c—1 2
Using (2.25), (2.26), (2.27) and Swartz’s inequality, it follows from (2.24) that
-1 b
A < — ||A? T e l] B — | VT +1
vl < T2 jatlos [T |22l + || Ve
or AT +1)
lAyll2 < 7 |A%y|; + QVT + 1. (2.28)

Now, using (2.20) and (2.28) from (2.6) we get
18%ll2 < llpyll2 + llgAyllz + lIrllz + llell-
< lplloo l1yllz + liglleo 1AYlI2 + lirll2 + llell2
< [Bliplleo + llgleolllAyllz + lirllz + llell2

T N af
< [Blollo + llalld] [”( L) oy, + QUITFT| 4l + el

which in view of (2.23) implies

[Bllplles + lalloo] QT+ T + lirlla + lell
1= 27281l + llales]

Hence, it follows from (2.7), (2.14) and Swartz’s inequality that

C.

1A%y]l, <

Wlleo < (T+1) (1A% +Q) < (T +1) (WT [|A%]l. + Q)

< (T+1) (7\/TC’+Q) =
where D is independent of A. This completes the proof.

3. UNIQUENESS RESULTS

Theorem 38.1. Suppose that there exist nonnegative constants c,d such that for
n e [0’T+ 1]1 T1,%25Y1,Y2 € §R,

If(na Y1, y?) - f(naxl,x2)| —<- Clyl ¥ xll + d|y2 Sl $2|‘ (31)
Further, suppose that (2.2) holds. If
y(T +1)
i +d) <1, 3.2
7 (cB+ d) (3.2)

then (1.1) has a unique solution y(n) defined on [0, T + 1].




Proof. The existence of a solution for (1.1) follows from Theorem 2.5. Let y; and y,
be two solutions of (1.1). Then, we have

Ay — ) (n) = f(r,11(n), Apa(n)) = f(n,12(n), Aya(n)), n € [0,T — 1]

(3.3)
(5 —¥2)(0) =0, (41— ¥)(T +1) = a(yr — y2)(n)-
Using (3.1), (2.20) and (2.28) (with b = 0), it follows from (3.3) that
[A%1 — A%yallz < cllyr — all2 + dl| Ay — Ayall2
1T +1) 2 2
< —/— d)|[A%yh — A
S ) (cB+d)||A%n yall2
which in view of (3.2) gives rise to
18%y: — A%yylla = 0. (3.4)
Now, using (2.20), (2.28) (with b = 0) and (3.4), we have
T+1
I = vall2 < BllAws = Al < 8 EEEDyazy, — Ay, = 0
V2
which implies ||y1 — y2||z = 0 and hence
yi(n) =ya(n), 0<n<T+1. (3.5)
Theorem 3.2. Suppose that (3.1) and (2.2) hold. If
[(T+1)(T+2)c+ JT+)T+2) dy<1, (3.6)

then (1.1) has a unique solution y(n) defined on [0,T + 1].

Proof. The existence of a solution for (1.1) follows from Theorem 2.3. If y is a
solution of (1.1), then we have

n—-1
ly(n)| < D 18y(s)] < Ayl (3.7)
8=0
which also implies
lylls < (T +2) [|[Ay]ls. (3.8)
Using (3.7), it follows from (2.12) that
la—1] 0]
A < ||A?%y)|, + Aylly +
which on summing from 0 to T gives
Ayl < AT + 1)IIA%Y] + (T +1)Q. (3.9)

Now, to show uniqueness once again let y; and y2 be two solutions of (1.1). Using
(3.1), (3.8) and (3.9) (with b = 0), it follows from (3.3) that

A%y, — A?yo|ly < cllyr — y2lls + dl| Ay — Ayalx

< [T +2) + dly(T + 1)[| A% — Aya]l



which in view of (3.6) provides
A%y, — A%yl = 0. (3.10)
Next, using (3.8), (3.9) (with & = 0) and (3.10), we get

lgn — yalli < (T +2)]|Ays — Ayslls < ¥(T + 1)(T + 2)[| A%y — APya|l1 =0
which implies ||y; — y3|l1 = 0 and hence (3.5) follows. This completes the proof.

Example 3.1. Consider the boundary value problem
A?y(n) = %Q:T Ay(n)+2n+3, y(0)=0, y(10)=4y(5), n € [0,8].
The general solution is given by
y(n) =a +cn® + % n(n —1)(4n +1).

We see that the boundary conditions lead to some inconsistency and so this problem
has no solution. In fact, (2.2) is not satisfied and this illustrates Theorems 2.1-2.5.
Example 3.2. The boundary value problem

y(n) Ay(n)
100(n + 10) ' 10(n + 200)

Azy(n) i +e(n)a y(O) =0, y(7) = 3y(2)+b7 ne [075]

where b and e(n) are arbitrary but fixed, satisfies Theorems 3.1-3.2. Hence, a unique
solution exists.
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