ATTENTION: The Singapore Copyright Act applies to the use of this document. Library and Information Services Centre, National Institute of Education.

OPTIMAL ORIENTATIONS

OF G VERTEX-MULTIPLICATIONS

WONG HAN WAH, WILLIE

A thesis submitted to the
National Institute of Education,
Nanyang Technological University, Singapore
in partial fulfilment of the requirement for the degree of
Master of Science

2019



ATTENTION: The Singapore Copyright Act applies to the use of this document. Library and Information Services Centre, National Institute of Education.



ATTENTION: The Singapore Copyright Act applies to the use of this document. Library and Information Services Centre, National Institute of Education.

Acknowledgements

First and foremost, I would like to thank my family and relatives, particularly
my parents, Mr Jason Wong Kok Luen and Mdm Helen Kok Chek Soon. They have
always been putting in their best in me, and providing utmost understanding and
support. Nothing would have been possible without them.

Also, I would like to thank my supervisor, A /Prof Tay Eng Guan, for giving me
an opportunity to conduct meaningful research with him. His invaluable guidance
and mathematical knowledge has motivated me through the project. I would also
like to take the chance to thank all my lecturers and teachers, who had inspired
and helped in one way or another. Special thanks goes to Dr Tan Ban Pin for being
my Honours supervisor, and Dr Ng Kah Loon for introducing Graph Theory to me.
Furthermore, I would like to thank the National Institute of Education, Nanyang
Technological University of Singapore, for the generous support of scholarship.

Last but not least, I give many thanks to all my friends.



ATTENTION: The Singapore Copyright Act applies to the use of this document. Library and Information Services Centre, National Institute of Education.



ATTENTION: The Singapore Copyright Act applies to the use of this document. Library and Information Services Centre, National Institute of Education.

Contents

1 Literature Review 4
1.1 Introduction To Optimal Orientations . . . . . . . . . .. ... ... 4
1.1.1 Fundamentals . . . . .. ... ... ... .. 4

1.1.2 Applications . . . . . . . ... 6

1.2 Relevant Results . . . . . .. .. ... o 7
1.2.1 Extremal Problems . . . . .. .. ... ... ... ... ... 7

1.2.2  Complete Graphs And Complete n-partite Graphs . . . . . . 9

1.2.3 Cartesian Product Of Graphs . . . . . ... ... ... ... 13

1.2.4 Join Of Graphs . . . . . . . ... .. .. ... ... ..... 16

1.3 G Vertex-multiplications . . . . . .. .. ... ... ... ... 18
1.3.1 A Fundamental Classification . . . . . ... ... ... ... 18

1.3.2  Tree Vertex-multiplications. . . . . . . . .. ... ... ... 19

1.3.3 Cycle Vertex-multiplications . . . . . . . ... .. ... ... 22

2 Complete Tripartite Graphs 23
2.1 Existing Results And Motivation . . . .. ... ... ... ... .. 23
2.2 A Conjecture On K(2,p,q) . . . . . .« . oo i i 24
2.3 Sufficient Conditions For d(K(p,p,q)) =2 . . . . . . ... ... .. 34

3 Tree Vertex-multiplications 66
3.1 Existing Results . . . . . . . . .. . o 66
3.2 New Results On Trees With Diameter 4 . . . . .. ... ... ... 66



ATTENTION: The Singapore Copyright Act applies to the use of this document. Library and Information Services Centre, National Institute of Education.

Terminology and Notation

{1,2,...,n}

{(1,v),(2,v)...,(n,v)}

Complement of the set A

Length of a shortest cycle

Subgraph of G induced by A C V(G)

The smallest integer more than or equal to x, z € R
The greatest integer less than or equal to x, x € R
Complete graph of order n

Complete n-partite graph with partite sizes p1,p2, ..., Pn
Null graph of order n

Path of order n

n-cube graphs

{(4,v)| (j,u) = (i,v), 1 =1,2,...,8,} in a digraph D

{(Z,v)| (t,v) = (j,u), i=1,2,...,s,} in a digraph D

Z
3

(N, v), v e V(GQ)

girth

(A)c

]

Ed

K,
K(p1,p2;---,pn)
Oy,

I

Qn
Op((4,u))
Ip((5,w))

Often in graphs, it is more convenient to use the congruence classes of ¢ modulo

n, denoted by [i],, n € N, where i = 1,2,... n, instead of the commonly used

1=0,1,...n — 1. Hence, we adopt this notion throughout this thesis.
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Summary

In Chapter 1, we introduce the fundamentals and applications of optimal ori-
entations. We then survey some results relevant to our research. An extension of
complete n-partite graphs, G vertex-multiplications, will be introduced formally.
Let s; > 2 for all 1 < ¢ < n. It is known that the G vertex-multiplications,

G(s1, 82, ..., 5,), can be classified into three classes €;, where

C; = {G(s1,52, ..., 5,)| d(G(s1,52,...,8,)) =d(G) + j},

for j =0,1,2.

In Chapter 2, we present our findings on a special case of G vertex-multiplications,
which is commonly known as complete tripartite graphs. Particularly, we prove
a conjecture by Rajasekaran and Sampathkumar in Section 2.2; for any integers
q>p >3, if d(K(2,p,q) = 2, then ¢ < (Lpz/)%)' Also, Rajasekaran and Sam-
pathkumar proved d(K(p,p,q)) = 2 for p > 4, 4 < ¢ < 2p. In Section 2.3, we
improve the upper bound of ¢ significantly, especially for large p.

In Chapter 3, we focus on the G vertex-multiplications of trees. Precisely, we

investigate some special cases of vertex-multiplications of trees with diameter 4.
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1. Literature Review

1.1. Introduction To Optimal Orientations

1.1.1. Fundamentals

Let G be a graph with vertex set V(G) and edge set E(G). In this thesis, we
consider graphs G with no loops nor parallel edges, unless otherwise stated. For
any vertices v, € V(G), the distance from v to z, dg(v, x), is defined as the length
of a shortest path from v to z. For v € V(G), its eccentricity eq(v) is defined
as eq(v) := max{dg(v,z)| x € V(G)}. The diameter of G, denoted by d(G), is
defined as d(G) := max{eq(v)| v € V(G)} while the radius of G, denoted by r(G),
is defined as r(G) := min{eq(v)| v € V(G)}.

The above notions are defined similarly for a digraph D. For any vertices v, x €
V(D), the distance from v to z, dp(v,z), is defined as the length of a shortest
directed path from v to z. A vertex x is said to be reachable from another vertex
v if dp(v,z) < co. For v € V(D), its eccentricity ep(v) is defined as ep(v) :=
max{dp(v,z)| v € V(D)}. The diameter of D, denoted by d(D), is defined as
d(D) := max{ep(v)| v € V(D)} while the radius of D, denoted by r(D), is defined
as r(D) := min{ep(v)| v € V(D)}. The outset and inset of a vertex v € V(D)
are defined to be Op(v) := {z € V(D)| v — 2} and Ip(v) :={y € V(D)| y — v}
respectively. If there is no danger of confusion, we shall omit the subscript for the
above notations.

An orientation D of a graph G is a digraph obtained from G by assigning a

direction to every edge e € F(G). An orientation D of G is said to be strong if
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every two vertices in V(D) are mutually reachable. An edge e € E(G) is a bridge
if G — e is disconnected. Robbins’ well-known One-way Street Theorem [10] states

the following.

Theorem 1.1.1 (Robbins [44])
Let G be a connected graph. Then, G has a strong orientation if and only if G is

bridgeless.

Roberts [45], Boesch and Tindell [3] and Chung et al [8] constructed efficient
algorithms for finding a strong orientation of a bridgeless connected graph. Fur-
thermore, Boesch and Tindell [3] generalised Robbins’ One-way Street Theorem for
mixed multigraphs (which allow edges to be directed or undirected). In the same
article, Boesch and Tindell [3] investigated another extension of Robbins’ Theorem,
using the notion of p(G) given below. Independently, Chvatal and Thomassen [9],
and Roberts [46] also considered the same notion p(G). Given a connected and

bridgeless graph G, let Z(G) be the family of strong orientations of G. Define

p(G) :=min{d(D)| D € 2(G)} — d(G).

The orientation number of G is defined as

d(G) :=min{d(D)| D € 2(G)}.

An orientation D € Z(G) is an optimal orientation of G if d(D) = d(G).
Clearly, d(G) < d(G). Here, we are interested to find the optimal orientation(s)
that minimise the increase in diameter, p(G). The general problem of finding the
orientation number of a connected and bridgeless graph is very difficult. Moreover,
Chvétal and Thomassen [9] proved that it is NP-hard to determine if a graph admits
an orientation of diameter 2. Since p(Q) is easily computed with a given d(G), we

will express all following results using only one of the two terms, d(G) and p(G),

whichever describes the situation better. Noting that every strong orientation of
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a cycle is a directed cycle, the following easy example serves to familiarise readers

with the notion of d(G).

Example 1.1.2

i) d(Cy) =n—1 for any cycle Cy,, n > 3.

it) d(G) > g — 1 for any connected and bridgeless graph G with girth g > 3.

1.1.2. Applications

Diameter problems arise in network optimisation in a natural way. One real-life
application of optimal orientations lies in traffic systems. Robbins [44] provided the
following example. Consider the scenario of a two-way street system, which can
be modeled by a graph G. Each vertex of G correspond to a street intersection
and an edge joins two vertices if and only if travelling from one intersection to
another without going through a third intersection is possible. Now, road repairs
take place on some days, and it is required to transform the two-way street system
into a one-way system. Travelling from one vertex to every other vertex is possible
if and only if a strong orientation F' is assigned. For obvious reasons, we seek a
‘best’ orientation F that minimises the additional distance. Roberts and Xu [47-50]
discussed three functions as criterias of optimality for one to minimise.

(i) D(F) = max{d(u,v)| u,v € V(F)}.
(i) L(F) = > max{d(u,z)| x € V(F)}.

ueV (F)

(iii) A(F)= >, d(u,v).
u,veV (F) B

Clearly, minimising the first function D(F) is the same as evaluating d(G). In other
words, minimising the diameter of the assigned orientation is a way of optimising
the one-way street system.

Another application of optimal orientations concerns an adaptation of the Gossip
Problem on a graph G. Due to Boyd, the Gossip Problem is stated by Hajnal et
al. [14] as follows.

“There are n ladies, and each one of them knows an item of scandal which is

not known to any of the others. They communicate by telephone, and whenever
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two ladies make a call, they pass on to each other, as much scandal as they know

at that time. How many calls are needed before all ladies know all the scandal?”

The problem inspired the study of information broadcast by conference calls,
telephone calls, letters and computer networks. The adaptation of the problem
that relates to our topic of interest is the half-duplex model, where all points si-
multaneously relay information to all other points. Furthermore, information are
consolidated at no cost and all links are concurrently used in only one direction at a
time. In this problem, Fraigniaud and Lazard [10] showed that the time taken for the
gossip to be completed is bounded below by d(G) and above by min{2d(G), d(G)}.
Some classes of graphs discussed in [10] include complete graphs, cycles, cartesian
product of cycles and cartesian product of paths. In addition, hypercube graphs

and de Brujin graphs, which are of interest in the area of communication networks,

were also considered.

1.2. Relevant Results

1.2.1. Extremal Problems

In 1966, Goldberg [11] investigated an extremal problem concerning the diameter
of a strong digraph with n vertices and n + ¢ arcs. As mentioned in Example 1.1.2,
d(C,) = n —1 for n > 3. Hence, excluding C,, Goldberg proved the following

theorem.

Theorem 1.2.1 (Goldberg [11])

Suppose G is a bridgeless connected graph with order n and size n+ q, where n > 4

and ¢ > 1. Then, d(G) > f2(:+_11) :

The bound in Theorem 1.2.1 is sharp for digraphs. However, it is not necessary
that the sharpness follows for orientations of graphs. If ¢ = 1, then cycles with one

chord are examples that hit the bound. Let G(n,q), where ¢ > 2 and n > 3(¢+ 1),
g+l
be the identification of C,,,C,, ..., C at one vertex, such that n = > z; — ¢

) T Tg+1
=1
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and the z;’s differ by at most 1. Then, the orientation numbers of G(n, q) are close

to Goldberg’s bound. If n = k (mod(q + 1)), then it can be shown that

2(n
d(G(n,q)) = [Pet 41, i3 <k <5
4 |-2(n—1)-|
g+1 U

otherwise.

Henceforth, the following were conjectured and posed.

Conjecture 1.2.2 Let G be a bridgeless connected graph with order n and size
n+q, where ¢ > 2 andn > 3(q+1). If n =k (mod(q+ 1)), where 3 < k < ‘1'5—3,

then d(G) > [ (n— 1)1+1

Problem 1.2.3 If G has higher connectivity, can Goldberg’s bound be improved ¢

What if G is hamiltonian?

On a related note, Ng [40] examined the orientation numbers of graphs obtained
by adding exactly n edges between K,, and C,,, adding 2 edges between 2 arbitrary
graphs G; and G5 with orientation numbers d; and ds respectively, adding n edges
between n cycles, adding edges between K, and K,, adding edges among K, K,
and K,, and adding edges between K, and O,.

Bondy and Murty (see [9]) suggested to investigate quantitative variations of
Robbins’ theorem. Specifically, they conjectured the existence of a function f, for
which every bridgeless graph G of diameter d admits an orientation of diameter at
most f(d). In 1978, Chvétal and Thomassen [9] obtained bounds on f(d), as stated

below.
%dz < f(d) < 2d* +d, for d > 2.

It follows that d(G) < 2d?+d. We will see later (from Theorem 1.2.4) that f(1) =
as every graph with diameter 1 is a complete graph. In addition, they showed that
f(2) = 6, with the Petersen graph as an extremal graph. In 2007, Kwok, Liu and
West [32] proved 9 < f(3) < 11.
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1.2.2. Complete Graphs And Complete n-partite Graphs

In the subsequent subsections, we shall share existing results on some special
classes of graphs. Plesnik [41], Boesch and Tindell [3], and Maurer [36] indepen-
dently evaluated the orientation number of complete graphs K,,, n > 3. The orien-
taton number of complete bipartite graphs K (p, ¢) was obtained by Soltés [52] and

Gutin [12] independently.

Theorem 1.2.4 (Plesnik [{1], Boesch and Tindell [3], Maurer [36])

Forn > 3,

- 2, ifn#4,
d(K(n)) =
3, ifn=4.
Theorem 1.2.5 (Soltés [52], Gutin [12])

Forq>p>2,

37 qu S (Lpl/)Qj)’
4, ifq > (Lpl/)%)'

d(K(p,q)) =

In his proof, Gutin made use of Sperner’s Lemma, a celebrated result in com-
binatorics. Let T,S C N,, := {1,2,...,n}, where n € Z*. T and S are said to
be independent ift T € S and S € T. If S and T are independent, we may say
that S is independent of T or T is independent of S. An antichain </ of N, is a
collection of pairwise independent subsets of N,,, i.e. for all S,T € &7, S and T are
independent. If X; C N, fori=1,2,...,k, and X; C Xy C ... C X}, we say that
X1, Xy, ..., Xy forms a chain. Sperner’s Lemma essentially says that the maximum
size of any antichain of N, is <Ln7/L2 J)' There are several ways to prove Sperner’s
Lemma, each with its unique elegance. We state the lemma formally, with a proof

by Lubell [35] using maximal chains.
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Lemma 1.2.6 (Sperner [51]) (Proof adapted from [1], [2])

Let n € Z" and </ be an antichain of N,,. Then,

] < (ﬁ)

with equality holding if and only if all members in </ have the same size, |5] or

[51. (The two sizes coincide if n is even.)

Proof: Firstly, consider the maximal chains ) = X, C X; C ... C X,, = N,,, where
X; €N, and |X;| =i for i = 0,1,...,n. There are n! such chains as each chain is
obtained by adding one by one the elements of N,,. Secondly, for each set S € &
where |S| = s, there are exactly s!(n — s)! such chains that contain S, i.e. S = X;
for some 1 < i < n. Thirdly, each chain contains at most one element of .o7.
Now, let my be the number of k-sets in «/. Then, |&/| = kzn: my. It follows
=0

that the number of chains passing through some member of &7 is ) sl(n —s)! =
Seot

n

> mik!(n — k)!, which cannot exceed the total number of chains n!. In other
k=0

words,

k< 1.1
20 < =

For even n, it is clear from (1.1) that equality holds if and only if m,,/» = (n72)’

ie. o = (5/’;), where (RL") denotes the collection of all k-subsets of N,,. Also, if n

is odd and & = (LS/TL%) or o = ([S/"ﬂ), then it is clear that |«7| = (Ln72j)' Now, let

n be odd and |&7| = (LnT/‘Q j)‘ Then, equality must hold at all stages, particularly,

each chain contains exactly one element of 7. And, from (1.1), &/ contains only

10
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sets of size | 5] and [§]. We want to prove that either o/ = (LS/%J) or & = ((S/”ﬂ).
Suppose &/ contains some but not all [§]-sets. So, there exist some X € &7 and
Y ¢ o and |X| = |Y| = [§]. By a suitable relabelling, if necessary, we may
assume that X = {a1,az,... a2} and Y = {a;, @41, ..., ai11n/21}. Then, there
must exist a largest integer j < 4 such that X* = {a;,aj41,...,0j4m/2} € &
and Y* = {a;j41, 042, ..., @js14[m/21} € . Now, X* NY* C X* € & implies
X*NY* ¢ &/. Furthermore, note that |[X* NY*| = [§] and [Y*| = [Z]. So, the

chain containing X* NY™* C Y* does not have any elements of &7, a contradiction.

g

Remark 1.2.7

a) A strength of Lubell’s proof is the inequality (1.1), also known as the Lubell-
Yamamoto-Meshalkin(LYM) Inequality. In fact, this inequality is stronger than
Sperner’s Lemma itself as it tells us that if we aim to construct a large antichain,
then we should choose sets of size aboul 3. It was discovered independently by
Lubell [35], Yamamoto [54] and Meshalkin [38].

b) Sperner’s Lemma launched the remarkable rise of a distinctive and important
area in discrete mathematics and combinatorial optimization, known as Sperner’s
Theory. A number of generalisations of Sperner’s Lemma and LYM Inequality
has been explored. They consist of many natural and fundamental questions about
families of subsets, with emphasis on size, intersection and containment. Though
many of such problems remain unsolved, elegant techniques have since emerged to

be found useful.

For complete n-partite graphs, where n > 3, Plesnik [42] and Gutin [13] proved
independently that the orientation number is either 2 or 3. This result was also

obtained separately by Koh and Tan [18].

Theorem 1.2.8 (Plesnik [42], Gutin [13], Koh and Tan [18])

For all positive integers n > 3 and py,pa, ..., Pn, 2 < d(K(p1,p2,...,pn)) < 3.

11
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In the same paper, Koh and Tan [18] established the following sufficient con-

dition for d(K(p1,p2,...,pn)) = 3. Furthermore, they raised the example that

d(K(2,1,1)) = 3, highlighing that the condition (1.2) in Theorem 1.2.9 is suffi-

cient but not necessary.

Theorem 1.2.9 (Koh and Tan [18])

Let n > 3 and p1,ps, ..., pn be positive integers. Denote h = > p;. If
k=1

2= () -

for somei=1,2,...,n, then d(K(p1,p2, ..., 0n)) = 3.

In another paper, Koh and Tan [19] constructed large families of complete n-
partite graphs, which can be optimally oriented. An idea primarily employed by
them was that of a co-pair. A pair {p, ¢} of integers is called a co-pair if 1 < p <
q < (Lp2/72j> or 1 <¢g<p< <L‘I?2J)' Specifically, if {p, ¢} is a co-pair, then p = 1 if

and only if ¢ = 1.

Theorem 1.2.10 (Koh and Tan [19])
Let G = K(p1,q1,D02,92, - - -, Dk, Q), where k > 2 and {p;, ¢;} is a co-pair for each
i=1,2,...,k. Then d(G) =2 if (k,p1,p2) # (2,1,1).

Theorem 1.2.11 (Koh and Tan [19])
Let G = K(p1,q1,P2, 92, - - - s Pks Gk, ) where k > 2 and {p;, ¢;} is a co-pair for each
i=1,2,..., k. Suppose {r,p;} is a co-pair for each j = 1,2,... k. Then, d(G) = 2.

Though there have been significant results achieved for complete n-partite graphs,
a characterisation of K (py,pa, ..., pn) with d(K(py,pa, ..., ps)) = 2 remains elusive.
Koh and Tan further asserted that it is very difficult to determine whether the ori-

entation number of a given K (py, pa, ..., pn) is 2 or 3.

Problem 1.2.12 Characterise the complete multipartite graphs G = K(p1,p2, .-, DPn),

where n > 3, according to whether d(G) = 2 or 3.

12
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1.2.3. Cartesian Product Of Graphs

Optimal orientations of cartesian product of graphs have received substantial
attention in recent decades. Research on cartesian products was motivated by
the fact that the rectangular grid structure of many city traffic systems could be
modeled by the graph P,, x P,. Independently, Roberts and Xu [47-50], and Koh

and Tan [17] examined p(P,, x P,). We summarise their results below.

Theorem 1.2.13

0, ifm>3,n>6,(m,n)+#(3,6),
(P x P) =<1, ifm=2mn+#3,5or (m,n)=(3,3),(4,4),
2, if (m,n) = (2,3),(2,5).

A generalisation of the above result is the cartesian product of two trees. Koh
and Tay [28] derived the following result, concerning trees with diameter at least 4.
Koh and Lee [16] further investigated the case, where one of the trees has diameter

2 or 3.

Theorem 1.2.14 (Koh and Tay [28])

Let T; be a tree, where d(T;) > 4, for i =1,2. Then, p(Ty x Ty) = 0.

Koh and Tay [24,26] also worked out p(C,, x C,,) for some special cases of m
and n. Separately, Konig et. al. [31] and Chew [7] investigated the same problem.

Their results are summarised as follows.

13
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Theorem 1.2.15 For m > 3 and n > 3, the values of p(Cp, x C,), where (7)

indicates a conjecture, are summarised in the table below.

" 3 4 5 | 0(mod4) | 1 (mod4) | 2 (mod4) | 3 (mod4)

m

3 1 1 2 1 2 1 2

4 - 0 1 0 1 0 1

5 . - |2 1 2(?) 0 1
0 (mod 4) - - - 0 0 0 0
1 (mod 4) - - - - 1 0 1
2 (mod 4) - - - - - 0 0
3 (mod 4) - - - . - } 1

Table 1.1: Summary of p(C,, x C,,).

p(G x H) was determined by Cai and Xu [5], Koh and Tay [20-23], and Koh and
Lee [15] for the Cartesian products of some other pairs of graphs G and H. These
included CQn X Pk, Cv2n—|—1 X le Km X Pna Km X K’m Km X CZn-‘,—l and Km X O2n

n terms

The n-cubes Q,, := rKQ X Ky X ... X K;, n > 2, were the first cartesian products
involving more than two graphs to be studied. Soltés [52] proved that p(Q,) < 1

for n > 4 and McCanna [37] settled the problem completely in 1988.

Theorem 1.2.16 (McCanna [37])

1, ifn=2,
p(Qn) =42, ifn=3,
0, ifn>4.

McCanna invoked the use of the following lemma, due to Thomassen, in his

proof.

Lemma 1.2.17 Suppose G is a bipartite graph which admits an orientation of di-

ameter at most k, where k > 3, and every vertez is in a cycle of length at most k.

14
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Then, the graph G X Py admits an orientation of diameter at most k + 1 such that

every vertex is in a cycle of length at most k.

This lemma was extended by Koh and Tay [28] and applied to prove results on
cartesian products involving at least three graphs. They derived that p(G; x Gy X
...xGy) = 0, where (31 is a bipartite graph with some weak conditions imposed, and
{G;] 2 < i < s} is some combination of cycles, paths, complete graphs, complete
bipartite graphs, trees, and graphs of diameter 2. We describe their results as
follows.

In [25], four families of graphs were defined. Let ¢ be the set of all bipartite
graphs G with d(G) > 4, and which admit orientations of diameter d(G) where
every vertex is contained in a cycle of length at most d(G).

Let ¢* be the set of all bipartite graphs G which admit orientations F' of diam-
eter d(G), where d(G) > 4, and in F,

(i) every vertex is contained in a cycle of length at most d(G), and
(ii) if v is adjacent to w, then there exists a v — w walk of length at least 3 and at
most d(G).

Let _Z be the set of all graphs G’ which admit an orientation H such that for

all vertices v,w € V(H), one of the following holds:

(i) dg(v,w) < d(G), or

(ii) dy(w,v) < d(G), or

(iii) there exist vertices @, and y,,, such that dy (v, Zyw) + dg(w, T4,) < d(G) and
A (Yow, v) + A (Yow, w) < d(G).

Let #Z* be the set of all graphs G’ which admit an orientation H such that for

all vertices v,w € V(H), one of the following holds:
(i) dg(v,w) < d(G), or
(ii) dg(w,v) < d(G), or
(iii) there exists a vertex ., such that dy (v, Zy,) + dg(w, Tm) < d(G), or
(iv) there exists a vertex ¥y, such that dg(Yuw, v) + dg(Yow, w) < d(G).
It is clear from their definitions that 4* C ¢ and # C _#*. Koh and Tay [25]
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proved that many graphs belong to at least one of ¢4,%*, # and #*. With their

extension of Lemma 1.2.17, they derived the following results.

Theorem 1.2.18 (Koh and Tay [25])
IfGe¥Y and Hie #,1<i<n, then p(G x [[ H;) =0.

=1

Theorem 1.2.19 (Koh and Tay [25])
IfGe9* and Hie #*, 1<i<n, then p(G x [[ H;) =0.

i=1
Parallel to the study of cartesian products of more than two graphs, Konig [31]

obtained the following result concerning cycles.

Theorem 1.2.20 (Konig [31])
Let r > 3. If there exist p and q such that 1 < p < q <r, i, > 6, iy > 6 and

p(Cl'p X Ciq) = 0, then p(Czl X Ch X ... X Cu) = 0.

1.2.4. Join Of Graphs

The join of two graphs GG; and Gg, denoted by G + G, is defined to be the
graph obtained by adding the set of edges {uv| u € V(G;),v € V(G3)} between
G1 and Go. In other words, V(G + G2) = V(G1) UV (Gsy) and E(Gy + Gs) =
E(G1) U E(Gy) U{uv| u € V(Gy),v € V(G3)}. Note that a wheel of order n is
isomorphic to C,,_1 + Oy, while a fan of order n is isomorphic to P,_; + O;. Ng [39]

proved the following results on wheels and fans.

Theorem 1.2.21 (Ng [39])
Let W,, be the wheel of order n > 4. Then,

_ 3, ifn=4,5,
d(Wn) =
4, ifn > 6.

16
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Theorem 1.2.22 (Ng [39])

Let F,, be the fan of order n > 4. Then,

_ 3, ifn=4,5,
d(Fn) =
4, ifn > 6.

These results were extended by Ng [39] and Lee [33].

Theorem 1.2.23 (Ng [39])
Fork>2 andn > 3,

J(Cy 1 Oy) = 2, if (n,k) = (4,2),

3, otherwise.

Theorem 1.2.24 (Lee [33])

Fork >2 andn >3, d(P, + O) = 3.

Lee [33] further generalised Theorem 1.2.24 to evaluate the orientation number

of the join of any tree with an empty graph.

Theorem 1.2.25 (Lee [33])

If T, is a tree of order n, then d(T, + Oy) = 3 for each n > 3 and k > 2.

17
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1.3. G Vertex-multiplications

1.3.1. A Fundamental Classification

In 2000, Koh and Tay [27] introduced a new family of graphs, G vertex-multiplications,
and extended the results on complete n-partite graphs. Let G be a given connected
graph with vertex set V(G) = {v1,v9,...,v,}. For any sequence of n positive inte-
gers (s;), a G vertex-multiplication, denoted by G(s1, S, ..., Sy), is the graph with
vertex set V* = Lnj V; and edge set E*, where V;’s are pairwise disjoint sets with
|Vi| = s;, for i = i,:;, ...,n and for any u,v € V*, uwv € E* if and only if u € V; and
v € V; for some 7,7 € {1,2,...,n} with ¢ # j such that v;v; € E(G). For instance,
if G & K,,, then the graph G(sy, S2,...,$,) is a complete n-partite graph with par-

tite sizes sq, So, ..., S,. Also, we say G is a parent graph of graph G(sy, S, ..., Sy).

Fori=1,2,...,n, we denote the zth vertex in V; by (x, v;), or simply (z, 7). i.e.
Vi=A{(z,0))| x=1,2,...,s;}. Hence, two vertices (z,%) and (y, j) in V* are adjacent
in G(s1,S2,...,s,) if and only if i # j and v;v; € E(G). For convenience, we write
G®) in place of G(s,s,...,s) for any positive integer s, and it is understood that
the number of s’s is equal to the order of G, n. Thus, G is simply the graph G

itself.

Koh and Tay [27] derived the following fundamental classification on G vertex-

multiplication.

Theorem 1.3.1 (Koh and Tay [27])

Let G be a connected graph of order n > 3. If s; > 2 fort1 = 1,2,...,n, then

d(G) < d(G(s1,52,---,5,)) < d(G) + 2.

In view of Theorem 1.3.1, all graphs of the form G(sy, sg,...,S,), with s; > 2

18
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for all 1 < ¢ < n, can be classified into three classes €, where

€; ={G(s1,52,...,5,) d(G(s1,82,...,5,)) =d(G) + j},

for 7 = 0,1,2. Hence, in this thesis, we shall assume s; > 2 for ¢ = 1,2,...,n,

unless otherwise stated. The following results were also proven in the same paper.

Lemma 1.3.2 (Koh and Tay [27])
Let p;, \; be integers such that pu; < \; fori=1,2,... ,n. If the graph G(p1, ft2, - - -, fin)

admits an orientation F' in which every vertex v lies on a cycle of length not ex-

ceeding m, then d(G(Ai, Az, ..., \n)) < max{m,d(F)}.

Theorem 1.3.3 (Koh and Tay [27])
Ifd(G) > 4 and s; > 4 fori=1,2,...,n, then G(s1,82,...,5,) € Go.

Corollary 1.3.4 (Koh and Tay [27])
If d(G) =3 and s; > 4 fori=1,2,...,n, then G(s1,52,...,8,) € 6o U%.

By virtue of Theorem 1.3.3 and Corollary 1.3.4, any search for graphs of the
form G(s1, s2,...,S,) € @ should be confined to graphs G with d(G) < 2 or on the
sequence (s;), where s; < 3 for some j. Using graphs G with d(G) = 2, Koh and
Tay [27] constructed G vertex-multiplications, G(s1, S, .. ., S,), that belong to %.
However, parent graphs of diameter at least 3 whose vertex-multiplications belong

to %, have not been found. Hence, Koh and Tay conjectured the following.

Conjecture 1.3.5 (Koh and Tay [27])

If G is a graph such that d(G) > 3 and s; > 2 fori =1,2,... n, then G(s1,59,...,5,) &
6.

1.3.2. Tree Vertex-multiplications

Koh and Tay [30] further investigated tree vertex multiplications. Since trees

with diameter at most 2 are parent graphs of complete bipartite graphs and are
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completely solved, they considered trees of diameter at least 3. It was shown that

any tree, with diameter 3 or 4, does not belong to the class %5.

Theorem 1.3.6 (Koh and Tay [30])
If T is a tree of order n and d(T) = 3 or 4, then T(s1, S2, ..., $n) € 6o U 6.

Theorem 1.3.7 (Koh and Tay [30])

Let T be a tree with diameter 4 and its only central vertex be wu.
(a) If degr(u) = 2, then T(s1, S2, ..., Sn) € Go.

(b) If degr(u) > 3, then T® € €.

Furthermore, a vertex-multiplication of a tree with diameter at least 6 belongs

to the class %.

Theorem 1.3.8 (Koh and Tay [30])
If T is a tree of order n and d(T) > 6, then T(s1, Sa, ..., $n) € G-

On arelated note, Buckley and Lewinter [4] proved the characterisation of graphs

with a diameter-preserving spanning tree (d.p.s.t.) in 1988.

Theorem 1.3.9 (Buckley and Lewinter [4])

A connected graph G has a d.p.s.t. if and only if either

(1) d(G) = 2r(G), or

(2) d(G) = 2r(G) — 1 and G contains a pair of adjacent central vertices u and v

that have no common eccentric vertex.
Together with Theorem 1.3.8, the next proposition follows easily.

Proposition 1.3.10 Let G be a graph, where d(G) > 6. If

(1) d(G) = 2r(G), or

(2) d(G) = 2r(G) — 1 and G contains a pair of adjacent central vertices u and v
that have no common eccentric vertex,

then G(s1, S2,...,5n) € 6.
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Proof-

By Theorem 1.3.9, there exists a d.p.s.t. T of G, where d(T) = d(G) > 6. It fol-
lows from Theorem 1.3.8 that d(T'(s1, s, ..., 5,)) = d(T). i.e. there exists an orienta-
tion D of T'(s1, Sa, ..., $,) such that d(D) = d(T'). Note that T'(sq, sa, ..., S, ) is a span-
ning subgraph of G(sy, s2, ..., s,). Define an orientation F' of G(s1, se, ..., $,) such
that D is a subdigraph of F', and any unspecified edges may be oriented arbitrarily.

So, d(F) < d(D) = d(G). Since d(F') > d(G), we have d(G(s1, sa, ..., sp)) = d(G).
U

In a similar line of thought, we can prove the following proposition using Theo-

rem 1.3.6.

Proposition 1.3.11 Let G be a graph. If
(1) r(G) =2 and d(G) =4, or
(2) r(G) =2 and d(G) = 3 and G contains a pair of adjacent central vertices u and

v that have no common eccentric vertez,

then G(s1,S2,...,8,) € €U €.
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1.3.3. Cycle Vertex-multiplications

In 2004, Ng [40] examined vertex-multiplications of cycles. In particular, he

considered C* for n > 3. We quote a summary of the results in the table below.

n Cases of C,,(S1,82,.++,5p) € 6o, €1, C2?
C'?Es), 5> 2 4
¢ if {s1 + s3,80 + s4} is a
4 Cu(s1, 82,83,84), S; > 2
co-pair, %, otherwise
5 cl) s=34 %
6 Cc s=34 % if s =3
Gy if s=4
7 c s=3 4 ¢ if s =3
%o if s =4
8 ¥ %
Cs(s1,89,...,88), 8; >4 %o
9 ¥ €
Coy(s1,82,...,59), S; > 4 %
> 10 Cn(s1,82,...,80), i >3 %o
Table 1.2: Orientation numbers of C,,(s1, S, ..., Sp).
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2. Complete Tripartite Graphs

2.1. Existing Results And Motivation

Given any positive integers, n, pi,pa, ..., Pn, let K, denote the complete graph
of order n and K(p1,p2,...,p,) denote the complete n-partite graph having p;
vertices in the ith partite set for ¢ = 1,2,...,n, where p; < ps < ... < p,. The
n partite sets are denoted by Vi, i = 1,2,...,n. ie. |Vi| =p; fori =12 ... n.
Furthermore, ¢; denotes the jth vertex in V; fori =1,2,...,n,and 7 =1,2,...,p;.
Thus, K,, = K(p1,p2,-..,Pn), where p; = po = ... = p, = 1. Note that complete
n-partite graphs are GG vertex-multiplications of complete graphs with order n. In
this chapter, we shall focus on complete n-partite graphs, particularly, complete
tripartite graphs. We start by listing some existing results of concern.

Plesnik [42], Gutin [13], and Koh and Tan [18] independently proved that the
orientation number of a complete multipartite graph is 2 or 3. Some sufficient and
necessary conditions were also established in the same papers. However, a complete

characterisation remains elusive.

Theorem 2.1.1 (Plesnik [42], Gutin [13], Koh and Tan [18])

For all positive integers n > 3 and p1,pa, - . Pn, 2 < d(K(p1,p2,---,0n)) < 3.

Theorem 2.1.2 (Gutin [13], Koh and Tan [18])

n terms

For all integersn >3 andp > 2, d(K(D,p,...,D)) = 2.
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Theorem 2.1.3 (Koh and Tan [18])

Let n > 3 and p1,ps, ..., pn be positive integers. Denote h = > p;. If
k=1

“>(u£§$ﬂ0’

for somei=1,2,...,n, then d(K(p1,p2, ..., 0n)) = 3.

Along a similar line of research, Rajasekaran and Sampathkumar investigated

special cases of complete tripartite graphs.

Theorem 2.1.4 (Rajasekaran and Sampathkumar [43])
Forq>p =2, d(K(1,p,q) = 3.

Theorem 2.1.5 (Koh and Tan [19])

Forq>p>2,ifq< (LP72J)7 then d(K(2,p,q)) = 2.

Theorem 2.1.6 (Rajasekaran and Sampathkumar [43])
Forq 23, d(K(2,2,0)) = 3.

Theorem 2.1.7 (Rajasekaran and Sampathkumar [43])

For q >4, d(K(2,3,q9)) = 3.

2.2. A Conjecture On K(2,p,q)

Based on Theorems 2.1.6, 2.1.7, and and an unpublished paper “The orientation
number of the complete tripartite graph K (2,4, p)”, Rajasekaran and Sampathku-
mar conjectured that the converse of Theorem 2.1.5 holds for complete tripartite
graphs K(2,p,q), ¢ > p > 5. Ng [40] showed for ¢ > p, d(K(1,1,p,q)) = 2 implies
qg< (\_PI;QJ)' Since an orientation D of K(2,p,q), with d(D) = 2, is a spanning sub-
digraph of K(1,1,p,q), the conjecture follows from Ng’s assertion. In this section,

we provide an independent proof of the conjecture. The following two lemmas will

be found useful in our proof.
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Lemma 2.2.1 (Duality)
Let D be an orientation of a graph G. Let D be the orientation of G such that
wv € E(D) if and only if vu € E(D). Then, d(D) = d(D).

Proof: Suppose not. Then, there exist some vertices u,v € V(D) such that
dp(u,v) > d(D). By definition of D, dp(v,u) = dp(u,v). It follows that dp(v,u) >

d(D), a contradiction.

g

Lemma 2.2.2 Let G = K(p1,p2,...,pn), n > 3, and D be an orientation of G.
Suppose there exist vertices is and j; for some i, j,s andt, wherei # 7,1 <i,7 <n,
1 <s<p;and1l <t <pj, such that

(1) O(is) N (V(G) = V;) = O() N (V(G) = Vi), or

(i) 1(is) N (V(G) = V;) = 1(j:) N (V(G) = V).

Then, d(D) > 3.

Proof: Suppose (i). W.l.o.g., we assume j; — 7. It follows that dp(is, j;) > 2 and

d(D) > 3. (ii) follows now from the Duality Lemma.

g

Theorem 2.2.3 For any integers ¢ > p > 3, if d(K(2,p,q)) = 2, then q < (l_pz/)QJ)'

Proof:

Since d(K(2,p,q)) = 2, there exists an orientation D of K(2,p,q) such that
d(D) = 2.

Case 1. Vj — V5.

It follows from dp(3;,1;) < 2, for every ¢ = 1,2,...,¢, and j = 1,2, that
V3 — V. Also, since dp(2;,3;) <2 forevery i =1,2,...,p,and j =1,2,...,q, we
have Vo — V5. However, dp(3;,3;) > 3 forany 1 <4, < ¢, ¢ # j, which contradicts
d(D) = 2.

Similarly, by the Duality Lemma, we cannot have V, — V.
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Case 2. 1; — Vo — 13_; for exactly one of © = 1, 2.

W.l.o.g., we may assume that 1; — V5 — 1,. It follows from dp(15,3;) < 2 and
dp(3;,11) < 2 for every ¢ = 1,2,...,q that 1, — V53 — 1;. Now, for any i # j,
1 <i4,5 <gq,dp(3;,3;) <2 and thus, O(3;) N V2 and O(3;) N V; are independent.

By Sperner’s Lemma, ¢ < (Lp]/32j)'

Case 3. 1; — V4, for exactly one of ©: = 1, 2.

W.lo.g., let i = 1. Furthermore, we assume that () # O(13) NVy C V; in view of
Cases 1 and 2. Hence, let |O(13) N V5| = k, where 0 < k < p. Since dp(u,3;) < 2
for every u € O(13) NV, and every j = 1,2,...,¢q, it follows that O(1) N Vo — V3.
It also follows from dp(3;,1;) < 2 for every j =1,2,...,¢, that V3 — 1;.

Partition V3 into Ly and Lo such that Ly := {v € V3| v — 15} and Ly := {v €
Vsl 1o — v}. Note that Ly — V;. Since for each v € Ly, dp(2;,v) < 2 for all
Jj =12 ...,p, we have Vo — Ly. Thus, |L1| < 1, otherwise if u,v € L;, then
dp(u,v) > 3. Also, |Ls| < (L(p’:;';m). Otherwise, by Sperner’s Lemma, there exist
3i,3; € Ly such that O(3;) N Va2 € O(3;) N Va for some i # j and 1 < i,j < g,

<

which implies dp(3;,3;) > 2. Hence, ¢ = |V3| = |L1| + |Lo] < 1+ (L(pyi_kl;/%) <

—1
L+ (o) < (-
Similarly, the case where V5, — 1; for exactly one of ¢« = 1,2, follows from the

Duality Lemma.

Case 4. 0 £0(1;)NVy C Vy fori =1,2.

Partition V5 into the sets K4 := {v € V4| A - v — (V; — A)}, where A C V.
Similarly, partition V5 into the sets Ly := {v € V3| A — v — (Vi — A)}, where
ACV.

Since dp(u,2;) <2 for any v € V3 and j =1,2,...,p, it follows that Ly — Ky,
Ly — KUKy, L,y = K, UKg and Ly, — V5. Similarly, since dp(u, 3;) < 2

for any u € V and j = 1,2,...,q, it follows that Ky — Ly, K1,y — Ly U Ly,
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K{12} — L{12} U Lp and Ky, — Va.
Invoking Sperner’s Lemma on each Ly, A C Vi, we have |Lg| < 1, |Lyy| <
[ K153 [ K1,y . .
(UK@;\/QJ)’ |Li1,3] < <L|K{11§|/2J) and |Ly,| < 1. Otherwise, there would exist
3i,3; € L, such that O(3;) N Vo C O(3;) NV, for some i # j and 1 < 4,5 < g,

implying dp(3;,3;) > 2.

Subcase 4.1. |Ky,| = 0.
For i =1,2, Kp,y # 0, since O(1;) N V3 # 0 by assumption. From Lemma 2.2.2,

it follows that Lg1,} = L1,y = 0. So, ¢ = V3| = |Lg| + |[Lv,| < 1+1< (ij;zj)'

Subcase 4.2. |Ky,| > 0.

Then, Ly, = () by Lemma 2.2.2. Recall that |Kg|+ |K1,3| 4+ | K1, + [ Ky, | = p.
By Lemma 2.2.2, for each ¢ = 1,2, if Kpy,3 # 0, then L,y = 0. Hence, if Ky, # 0
and K,y # 0, then ¢ = |V3| = |Lg| < 1. If K3,y = 0 and K,y # 0, then

_ K {1531 :
q = |Lo| +|Lpy <1+ (LIK{{ ?I}/2J) 1+ (L(p 1)/%). By symmetry, if K,y # 0

and Kp,3 = 0, it also follows that ¢ <1+ ( Lastly, if Kp,y = K,y =0,

L(p 1)/2J)
it follows that ¢ = |Lg| + |Lq1,3] 4 |Lg1,3] < 1+ 1+ 1. Therefore, ¢ < maz{l +

(71203 = ()ay):

g

In the proof of Theorem 2.2.3, we can be more conscientious and make deduc-

tions about the optimal orientations of K(2,p,q) if 1 + (L(p 1)/2J) <q< (Lp]??J)'

Corollary 2.2.4 For any integers p > 4 and 1 + (L( )/2J) <q< ( b let D be

LP/2J)’
an optimal orientation of K(2,p,q), where d(D) = 2. Then, in D,

(i) 1; = Vo — 13_; = V3 — 1; for ezactly one of i = 1,2.

(1) {O(3:)NVa| i =1,2,...,q} is a family of independent subsets of {21,22,...,2,}.

In particular, there are at most two optimal orientations (up to isomorphism) in

the case where q = (Lpz/)%)'
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Proof:

Case 1 of the proof of Theorem 2.2.3 shows that it is impossible for V; — V5 or
Vo — V1. Since ¢ > 1 + (L(pli_l)l/QJ) and p > 4, Cases 3 and 4 are also impossible.
This leaves us with the result of Case 2, i.e. 1; = Vo — 13_; — V3 — 1; for exactly
one of i =1, 2.

Now, for any ¢,j where i # j and 1 < 1,5 < ¢, 3;,3; € V3, d(3;,3;) = 2 if and
only if O(3;) N'Va € O(3;) N V. Thus, (ii) follows.

Furthermore, if ¢ = (Lpl/’zj), then |O(3;) N V5| = [§] or [5] by Sperner’s Lemma.

Thus, there are at most two optimal orientations (up to isomorphism) D.
O

Theorem 2.2.3 completes the characterisation of complete tripartite graphs K (2, p, q)
with d(K(2,p,q)) = 2. Together with Theorems 2.1.5 and 2.1.6, we have the fol-
lowing theorem. Interestingly, this characterisation has the same bounds for ¢ as

the general bipartite graph K(p,q). (See Theorem 1.2.5)

Theorem 2.2.5 For any integers ¢ > p > 2, d(K(2,p,q)) = 2 if and only if

q< (Lpl/)QJ)'

In the remainder of this section, we describe our attempt to generalise the tech-
nique used in Theorem 2.2.3 for complete tripartite graphs K (p,q,7),3 <p < g <.
To this end, we first investigate optimal orientations of complete multipartite graphs
with at least 3 partite sets. Proposition 2.2.6 and Corollary 2.2.7 are two commonly

known results.

Proposition 2.2.6 Suppose T is a multipartite tournament, with partite sets V;,
i =1,2,...,n, where n > 3. Then, d(T) = 2 if and only if the following two
conditions are satisfied in T

(i) If u,v € V; for some i =1,2,...,n, then u and v lie on a directed Cy.

(i1) If u e Vi, v € V; for some 1 <i < j <n, then u and v lie on a directed Cs.
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Proof-
(=)

(i) Since d(T) = 2, it follows that d(u,v) = 2 for any u,v € V;, for some
1 =1,2,...,n. Thus, there exist a u — v path and v — u path, each of length 2,
which form a directed Cj.

(ii) Now, let w € V;, v € V; for some 1 < i < j <n. W.lLo.g., assume v — u.
Since d(u,v) < 2, it follows that there exists a u — v path of length 2. Hence, u and
v lie on a directed Cj.

(«=)

It follows from (i) and (ii) that d(u,v) < 2 for any two vertices u and v in V(7).

g

Corollary 2.2.7 Suppose T is a multipartite tournament, with partite sets V;, i =

1,2,...,n, where n > 3. If d(T) = 2, then every arc in T lies on a directed Cs.

The next lemma counts the number of subsets independent of a given set S.

Lemma 2.2.8 Let 0 # S C N,. If I(S) ={T Cc N,|T € S and S Z T}, then

11(S)| = 27 —2I51— 20715141, Furthermore, the mazimum is attained when |S| = | 2]

or |91 = [2].
Proof:
Case 1. |S| = 1.

Let S # T C N,. If [T| = 1, then T and S are independent. There are
(ﬁ’) — 1 such subsets. Suppose 2 < |T| < p— 1, then T and S are independent if

and only if S & T. There are (|§|) — <ICI;\_—|fsll) such subsets. Therefore, |I(S)| =

—_

O+ SO - =S 0-Seh-2-0)-0-pr--

=1
o — 9 — 21 4 1,

.
—_

Case 2. |[S|=p—1.
Let S # T C N,. If |T| = p—1, then T and S are independent. There are

(pfl) — 1 such subsets. Suppose 1 < |T'| < p — 2, then T" and S are independent
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if and only if 7" ¢ S. There are (é’w - (|S|) such subsets. Therefore, [I(S)| =

T
()20 (7)) -

[y

p—1 p—

(-1 - =S 0-S e = -0)-

1= =1
2r — 2= 941,

Case 3. 1 < |S|<p—1.

Let S # T C N,. If |T| = |S|, then T" and S are independent. There are
(|g|) — 1 such subsets. If 1 < |T'| < |S| — 1, then T and S are independent if and
only if 7" Z S. There are (l%) - (||§“||) such subsets. If |S| +1 < |T'| < p—1, then

T and S are independent if and only if S & T. There are (I%) — (lgﬂﬂ‘) such

[S]—1 p—1
subsets. Therefore, |I(S)| = (Igl) -1+ ; (%) - (|~j|)] + ':%:H () - (’{Z"?ﬂ)] _
p—1 [S]-1 p—1
0= X () - ‘=|%|:+1 (7718 — 1= 22— () — () — [2051 — (1$1) — (ISI)] — [ 11 -
() = (s -1 =20 — 28T — iS4,

Lastly, let f(z) := 2% +2P~*. Since f'(z) = (2* — 2P7")(In 2), it is easy to see
that f(x) has only one minimum point for all x € R. Furthermore, f(z) attains

its minimum value of 2% + 2%, when z = Therefore, the function g¢(|S]) =

[NJiS]

2r — 2151 — 2p=151 4 1 attains its maximum value when |S| = [£] or [S] = [2].

Discussion 2.2.9

Suppose p,q,r are integers where 3 < p < q¢ < r and d(K(p,q,r)) = 2. Our

objective is an upper bound of r, in terms of p and q.

Let D be an orientation of K (p, q,r), where d(D) = 2. Partition V5, into the sets
Ky ={veVy A—v— (Vi —A)}, where A C V;. Similarly, partition V3 into the
sets Ly :={ve V5| A—v— (Vi —A)}, where A C V.

Let A,B C V;. Suppose there exist u € Ly and v € Kg. If B C A, then
Ou)NnVy =V —ACV, —B=0(w) NV, Since dp(u,v) < 2, it follows that

u — v. This holds for each u € L4 and each v € Kp. Hence, we have L4, — Kp.
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In particular, Ly, — Kpg for every B C V; and Ly — Kj for every A C V;. i.e.
Ly, — Vs and V5 — Kj.

On the other hand, if A C B, then O(v) NV} =V —BCV; — A=0(u)N V.
Since dp(v,u) < 2, it follows that v — u, thus, Kz — L4. In particular, Ky, — V3
and Vo — Ly. Furthermore, for any C' C Vi, at least one of Lo and K¢ is empty
by Lemma 2.2.2.

Let A C Vi and consider two vertices v and w in L4. Then, v and w have
common in-vertices and out-vertices except possibly the vertices in the sets Kp,
where B C V; and, A and B are independent. Since dp(v,w) < 2 and dp(w,v) < 2,

it follows that O(v) and O(w) are independent. Therefore, |L4| < (L zﬁ?z J)’ where

ZLy:= >, |Kp|. In particular, |Lg| <1 and |Ly,| < 1.
AZB, BZA
&
Now, r = |V3| = 3 |Lal <|Lol + |Lu|+ X [Lal <2+ X (100):
ACWy Pp#ACV 0#ACV

Case 1. Exactly one element Kp, of {Kp| B C Vi} is nonempty.
Then, |Kp,| = q. Let |Byg| = b. Thus,

r<2+ (Li?%)

D#ACW
K
S Y 3 ()
PA£ACV PAACV HKBO |/2J

ACBg or BoCA AZ By, BoZA

:2+2p—2—(2p—2b—zpb+1)+(2ﬁ—25—2pb+1)< p )

La/2]
() @ ()
<@+ 1) (Lq?QJ) 1 @ ) (ch/IQJ)]

_ (2 — ol g7l 4 1) (LqC/IQJ) Lolei2l 4 o2l _ .

By Lemma 2.2.8, the number of subsets of V; independent of By is 27 — 2% —
2°=% + 1. Since the number of elements in 2"* — {(); V;} not independent of By is

2P — 2 — (2P — 20— 2P=0 1 1) the second equality follows. The last inequality follows
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from the fact that f(z) (as defined in Lemma 2.2.8) attains the minimum value of

25 + 25, when z = L.

Case 2. At least two elements of {Kg| B C V}} are nonempty.

Suppose |Kp, |+ |Kp,| + ...+ |Kp,| = ¢, where |B;| = b; for i = 1,2,...,¢, for
some t > 2. For j = 0,1,2,...,t, denote the number of elements in 2"1 — {0, V;}
that are independent of exactly j elements of {B;| i = 1,2,...,t} by E(j). For
j=12,...t let w(B; B, ...B;) denote the number of elements in 2"* — {0, V; }

that are independent of exactly the sets B;,, B;,, ..., B;;. Then,

rs2t ) (LZ%J)

0AACWV
t

|KB |KB |+|KB

<2+ B0+ 3w o] )+ S wtm (|l
2B\ |1y 1) * 2 (K, | + K5, )2

K |+ |Kp |+ ...+ |Kp,
+ + Z W(BllB’LQBZt)( | Bll | BZQ ’ th )
i1 <ia<...<i MKBH + |KB1'2 +.of |KBit )/2]

(2.1)

It will be ideal if we can simplify (2.1) and derive an upper bound in terms of p and
q, as in Case 1. The difficulty here can be broken down into two issues.

1. Does there exist a general expression (or good upper bound) for w(B;, B;, . .. B;;)
for j > 27 From Lemma 2.2.8, we have w(B;) = 2P — 2% — 2Pt 4 1. Since the num-
ber of elements in 2"* — {0, V;} that are independent of B, B;,, . .. , Bj, is at most
the number of elements that are independent of any one of them, it follows that
w(B;,Bi, ... B;;) < w(B;+), where i* be such that b = Z?gzz?t{]bz — 2|}. However, to
evaluate w(B;, By, . .. B;;) accurately, we need an analog;e_of Lemma 2.2.8. This is

formally phrased as follows.

Problem 2.2.10 If ) # B; C N, fori = 1,2,...,7, where j > 2, determine the

number of elements in 2V* — {0, V,} that are independent of each B;,, B;,, ..., B;..

J

It is important to note that for 1 < x <y < j, B;, and B;, may or may not

be independent. Though there is extensive literature available on generalisation of
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Sperner families, we did not find any paper which tackles Problem 2.2.10 directly.

|Kp, |+IKB,, |+~~~+|KB,-j | )
(1K, 14K, 14K, /20
where j > 2. Since |Kp,| + |Kp,| + ...+ |Kp,| = q, where each Kp, # 0, it follows

2. The other significant group of terms in (2.1) are the terms (

Ky [+1KB,, [+ +IKB, | ) ( q—(t—j)
K, |+E oy, 1ot Ky /21 = N fa=(=))/2]

this is not a good bound for large ¢q. Hence, for fixed By, Bs, ..., B;, we need to

easily that ( ) for j =1,2,...,t. However,

optimally allocate g vertices to Kp,, ¢ =1,2,...,t such that the maximum value of

(2.1) is attained. This required optimal allocation is the second difficult issue.
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2.3. Sufficient Conditions For d(K(p,p,q)) = 2

Apart from K(2,p,q), Rajasekaran and Sampathkumar also studied complete

tripartite graphs of the form K(p,p,q).

Theorem 2.3.1 (Rajasekaran and Sampathkumar [43])

Forp>4,4<q<2p, dK(p,p,q)) =2

In this section, we provide some sufficient conditions on p and ¢ so that d(K (p, p,q)) =
2. Our result (see Theorem 2.3.17) improves significantly the upper bound 2p of ¢
given in Theorem 2.3.1, especially when p increases. We begin by solving a combi-
natorics problem, which will be of assistance later.

Suppose p > 4 is a composite integer, say p = kd for some k,d € Z7, 1 < k,d <
p, i.e. k and d are non-trivial divisors of p. Let there be 2d groups of k£ distinct
elements each. Now, what is the number of ways to select p elements, such that

some but not all are chosen from each group?

Definition 2.3.2 Suppose p > 4 is an integer such that p = kd for some non-trivial

divisors k,d € Z". Denote a solution (x1,xa,...,2T2q)* if X1, 29, ..., Togq Satisfies

T+ X9+ ...+ x99 =p, and (2.2)

1<, <k-—1, fori=1,2,...,2d.

Define ®*(p,d) := > (fl) (fz) .

(z1,%2,...,T24)*

(120)-

Definition 2.3.3 Suppose p > 4 is an integer such that p = kd for some non-trivial
divisors k,d € Z*. For any non-negative integers i, j, define [i,j] to be the set of

solutions (1, xa, ..., Taq) satisfying
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1+ ZTo+ ...+ Tog =P,

s, =0, form=1,2...,i, where {s1,s9,...,8} C{1,2,...,2d},

xy, =k, form=1,2,...,j, where {t1,ts,...,t;} C{1,2,...,2d}, and
1<z, <k-1, forre{l,2,...,2d} — ({s1,52,...,8} U{t1,ta,...,t;}).

Furthermore, we denote ®(p,d, [i, j]) = > (k ) ( k) o

o \w1) \@o
(z1,22,...,224) €[4,5]

(20)-
Observation 2.3.4

(a) ®(p,d,[i,5]) >0 for 0 <i,j <d.

(b) For each [i,j] defined above, 0 <i,j <d.

(c) ®(p, d, d,d]) = ().

(d) ®(p,d,[i,d]) = ®(p,d,[d,i]) =0 for 0 <i<d—1.

(e) If p is even, then ®*(p,5) = 2P.

Proof-
(a) This follows directly from the definition of ®(p,d, [i, j]).

2d %
(b) Suppose i > d. Hence, Y xp = > x5, + >, xp <0+ (2d — i)k < dk = p,
h=1 m=1 h#sm

2d j

a contradiction. Similarly, if j > d, then Y x, > > z,, = jk > dk = p, a
h=1 n=1

contradiction.

d j d
(c) @(p, d, [d,d]) = (30) () (i) = (3)-
(d) Observe that [i,d] = 0 for every i, 0 < i < d —1. For if z;, = k, for n =

2d
1,2,...,d, then ) x5 = p implies x,, = 0 for all r # ¢,,, i.e. i = d, a contradiction.

h=1

Similarly, [d,i] = () for every ¢, 0 < i < d—1. For if z,,, =0, for m =1,2,....d,
2d

then > x, = p implies z, = k for all r # s,,, i.e. i = d, a contradiction. Hence,
h=1

®(p,d, [i,d]) = ®(p,d,[d,i]) =0 foralli,0 <i<d—1.
(e) Let p = 2d. Then, k = 2 and (z1,x9,...,294) = (1,1,...,1) is the only solution

e . 2d
satisfying (2.2). Hence, ®*(p, %) = (lf) = 2P,
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Now, our aim is to determine ®*(p, d), which can be seen as ®*(p, d) = ®(p, d, [0,0]).
In the proof of our next result, we make use of the following combinatorial identities

which we state without proof.

Lemma 2.3.5 For non-negative integers x;,n;,n,k,r, n > 1, 1 < k < n and
zi < fori=1,2....r,

(@) () (7)) = () ().

) () - () +G) - +(=1)"() =0.

© X )=

Tr p
T1t+x2+...Tr=p

tity)

). (Generalised Vandermonde’s iden-

Lemma 2.3.6 Suppose p > 4 is an integer such that p = kd for some non-trivial

divisors k,d € Z*. Then, for 0 <i,7 <d,

B i) =3 [<—1>(8_”+“_j) (s, b2 (o t)) ((Qd& ¢ o WC) (f) @] |

s=1 t=j

Proof: Let u,\ be any two integers such that i < y < d and j < XA < d. We

proceed using a double counting method. Suppose a := (k)(k) e

(s (_k ), where
x1 T2 Z2d

(Z1,Ta,...,Taq) is an element of [, A\]. We shall show that each a contributes the

same count to both sides of the equality.

Case 1. p =1 and A = j.

On the left side, o is counted exactly once. The expression (_, dZ_d(s+t)) (’S)S (E)t ((2d(;g)r£))k)

represents choosing s and ¢ groups from all 2d groups of k elements to select 0 and
k elements, respectively, from each group, after which (d —t)k elements are selected
from the remaining (2d — (s + t))k elements to form a total of p = dk selected
elements.

Thus, on the right, « is counted exactly once in the first term (—1)¢=9T0=9 (. i dQ_d(i +j))

((Qd(;(fj)?)k) (z) (;) = (Z-J’fol(”j)) (’g)i(’;)j((Qd(;Y;i))’“) and contributes a zero count in

2d ) ((2d—(s+t))k

516,20 (5-11) (dt)k ) if s >4 ort > j. Thus, « is counted

the subsequent terms (

once on each side.
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By definition of «, « is counted by the term, ®(p, d, [7, j]), on the left if and only
if [, A] = [i, 7]. Therefore, a has a zero count on the left side for the following three
cases. It suffices to show that a contributes to a count of zero on the right in each

of the following cases as well.

Case 2. =17 and A > j.

The A groups of k in « could be assembled with j groups of k from (”. ) dzfl(i ﬂ.))

(2d—(i+5)k
(d—3)k

in (i,j,2d2jl(i+j)) ((Zd(;(f;.%))k). So, on the right, a is counted

(j) times in (m "y +j>> ((Qd& ‘ ;;))k) |
(j i 1) tmes (w +1, 2d2—d<z' i+ 1)) ((Qid_—@(j : B)llz)k)’

G) times in (z A, 2d 2—d(z’ + A)) ((Zd(; <—Z ;r)/?))k)‘

and none in the subsequent terms ( 2d )) (<2d_(5+t))k) ifs>iort >\ So, «a

and A — 7 groups of k£ that are possible from ( ), i.e. «is counted (;‘) times

o s,t,2d—(s+t (d—t)k R
has a total count of g;[(—l)(‘*_i)*(“j) (’t\) (‘j) (j)] = (—1)=D (2) z::j(—l)(t_j) (;\) (;)
_ g(_mw () = () g(_l)w (=) = (%)(0) = 0, where Lemmas 2.3.5(a)

and 2.3.5(b) were invoked in the second and fourth equalities respectively. Thus, «

has a zero count on each side.

Case 3. >4 and A = j.

Similar to Case 2.

Case 4. pt >4 and A > j.
On the right, « is counted (’;) (’t\) times in the term (s,t,2d2—d(s+t)) ((Qd(ji(_sz)“,?)k),
1<s<pandj<t<\and 0 timesif y <s<dor A <t <d. In other words, on

the right, « is counted
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:sz: /: ‘: C‘) tz::[( 1)(t—j)<i\:1)]}
(00w
=0.

times, where Lemmas 2.3.5(a) and 2.3.5(b) were invoked in the second and fourth

equalities above respectively. Thus, a contributes a count of zero on each side.

g

Corollary 2.3.7 Suppose p > 4 is an integer such that p = kd for some non-trivial

divisors k,d € Z*. Then,

d d
)@ () = 35 S0 ) (509
d d d d . A
(it) (3) = 2 20 3 S0 ) (G O )1
(ii1) ®(p,d, [i, j]) = (p,d, [j,]) for 0 <i,j <d.
Proof:

(i) This follows from the fact that ®*(p,d) = ®(p, d, [0 0])
(ii) By generalised Vandermonde’s identity, ( P) = Z Z ®(p,d, i, 7]).

1=035=0
50 500 (o) = ) 00 (050 = (405079, s
@(p,d, [1,1]) = g S0 (I ()0
d d , ‘ i . o
= ;;[(_1)(1‘,7@”(37;) (t,s,2d2—d(s+t)> ((2d<d(_$;?)k) ;) (])] = ®(p, d, i, 5]).
U
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Now, we are ready to construct an orientation F' of K(p,p,q), which resembles
the definition of ®*(p,d) (see (2.2)). We divide each of V} and V5 into d groups
of size k. Then, orientate F' such that for all 1 < i < ¢, |O(3;)] = p and O(3;)
contains some but not all vertices of each group. This distinctive property will aid

in ensuring d(F') = 2.

Proposition 2.3.8 Suppose p > 4 is an integer such that p = kd for some non-
trivial divisors k,d € Z+. Then, d(K (p,p,q)) = 2, if 2k+2 < ¢ < méxx{CI)*(p, d)}+

2, where the maximum is taken over all positive divisors d of p satisfying 1 < d < p.

Proof: Partition V7 UV, into X1, Xo, ..., Xoy where

Xs={1| j=s (mod d)}, and

Xd+s = {2(5—1)k+17 2(5—1)k+27 s 72(s—l)k+k}7

for s = 1,2,...,d. Observe that |X,| = k for all r = 1,2,...,2d. First, we define
an orientation F for K(p,p,2k + 2) as follows.

(D) (Vo — Xgys) > X = Xgos > (V1 — X)), for s =1,2,....d.

(II) Vi = 3ok41 — Vo — 3gp40 = WA

(ITI) For t = 1,2,...,k,

(a) {2k7 22k’7 s 72dk} U (‘/1 - {1(t71)d+1a 1(t71)d+27 SR 1(t71)d+d}) — 3t —
Levyarts Le-vyarzs - Lg—narat U (Va = {2k, 228, - - -, 24 }), and
(0) {11, 12, .., Lo} U (Vo = {24, 2648, - - >2t+(d—1)k}) — 3tk —

{26, 20485 -+ 20 @—1e} U (Vi = {14, 1o, ..., 1a}).

Now, consider the case where ¢ > p + 2. Let x; = |O(3;) N X;| for some j,
where 2k +2 < j < ¢q,and i = 1,2,...,2d. So, for each solution (z1,xs, ..., Z2q)* of

(2.2), there are (fl)(k) .

- ( F ) ways to choose p vertices (as the outset of a vertex
2

T2d
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3;), where x; vertices are selected from the set X;, satisfying 1 < x; < k — 1, for
1=1,2,...,2d, and 1 + x5 + ... + To4 = p. Summing over all possible solutions
(1, o, ..., Taq)", there is a total of ®*(p,d) := > (fl) (ZZ) e (xl:d) of such
combinations of p vertices of Vi U V5. Denote this set of combinations as W.

Note that the 2k outsets of 31,3s,...,39; from (III) are elements of W. That
leaves |U| — 2k = ®*(p, d) — 2k combinations of p vertices of V; U V;. Note however
that O(32x+1) and O(33x42) from (II) are not elements of W. Hence, for 2k + 2 <
j<q< mcflxx{cb*(p, d)} + 2, we extend the definition of the above orientation so

that the outset of vertices 3943, 32k44, - .., 3, are these remaining elements of W.

(See Figure 2.3.1 for F' when d = 3, and k = 2.)

Figure 2.3.1: Orientation F' for d = 3, and k = 2.
For clarity, only the arcs from (1) V; to V5 and (2) V3 to V4 and V3 are shown.
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Claim: For all u,v € V(K(p,p,q)), dr(u,v) < 2.

Case 1. u=1,,v=1;, a #b.

Since 1 < a,b < p = kd, let a = (o — 1)d + a3 and b = (1 — 1)d + S, for
some «y, B, © = 1,2, satisfying 1 < aq,8; < kand 1 < ag, 0 < d. If ay = fs,
then oy # 1. Note that 1, and 1, are in the same X; and by (III)(a) of orientation
F, 1, = 35 — 1,. If ag # Ps, then 1, and 1, are in different X,’s and by (I) of

orientation F', 1, = Xgta, — 1p-

Case 2. u=2,,v=2y, a#b.

Since 1 < a,b < p =kd, let a = (y — 1)k + az and b = (8, — 1)k + Sy for
some «;, B, 1t = 1,2, satisfying 1 < ay,8; < dand 1 < ay, By < k. If a; = (4, then
ag # Bo. Note that 2, and 2, are in the same X; and by (III)(b) of orientation F,
2. = 34k = 2. If @y # By, then 2, and 2, are in different X;’s and by (I) of

orientation I, 2, — Xpg, — 2.

Case 3. u=1,,v = 2.

By (II), 1, — 32k41 — 2.

Case 4. u = 2,,v = 1,.

By (II), 2, — 32542 — 1p.

Case 5. u = 1,,v = 3y.
Subcase ba. b =2k + 1.
By (II), Vi— 32k+1-

Subcase bb. b # 2k + 1.
Suppose 1, € X« for some * = 1,2,...,d. Then, 1, — X4+ by (I). Since

for each 3y, 1(3y) N Xgyy # O for each @ = 1,2,...,d, by (II) and (III), let w €
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I1(3p) N Xy Tt follows that 1, — w — 3.

Case 6. u = 2,,v = 3y.
Subcase 6a. b = 2k + 2.
By (II), Vo — 3ap+2.

Subcase 6b. b # 2k + 2.
Suppose 2, € X444+ for some i* =1,2,...,d. Then, 2, — V; — X;« by (I). Since
for each 3y, I(35)NX; # 0 for each i = 1,2,...,d, by (II) and (III), let w € 1(3,)NX;

for some j =1,2,...,d and j # ¢*. It follows that 2, — w — 3.

Case 7. u = 3,,v =1,.
Subcase 7a. a = 2k + 2.
By (11)7 32k—|—2 — V.

Subcase Tb. a # 2k + 2.

Suppose 1, € X;- for some * = 1,2,...,d. Then, X4.; — 1, for all j =
1,2,...,d and j # i* by (I). Since for each 3,, O(3,) N X4; # O for each i =
1,2,...,d, by (II) and (III), let w € O(3,) N X4y, for some j = 1,2,...,d, and

j #1*. It follows that 3, — w — 1,.

Case 8. u = 3,,v = 2.
Subcase 8a. a = 2k + 1.
By (II), 32k+1 — ‘/2

Subcase 8b. a # 2k + 1.
Suppose 2, € Xy for some ¢ = 1,2,...,d. Then, X;» — 2,. Since for each
34, O(3,)NX; # 0 for each i =1,2,...,d, by (IT) and (III), let w € O(3,) N X;-. Tt

follows that 3, — w — 2.
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Case 9. u = 3,,v = 3y.
Subcase 9a. a # 2k + 1,2k + 2 and b # 2k + 1,2k + 2.

Observe from (III) that |O(3,) N (V4 U V,)| = p for x = a,b. Furthermore,
OB.)N(V1UV) € O(3,)N(V1UV,) if b # a. Thus, there exists a vertex w € ViUV,

such that 3, — w — 3.

Subcase 9b. a = 2k + 1 and b # 2k + 1,2k + 2.
3ok+1 — Vo by (IT), and I(3,) N X4y # O for every i = 1,2,...,d, imply the

existence of w € I(3,) N'V,. Hence, 3, — w — 3.

Subcase 9c. a =2k + 2 and b # 2k + 1,2k + 2.
3oki2 — Vi by (IT), and 1(3;) N X; # 0 for every i = 1,2,...,d, imply the

existence of w € 1(3,) N'V;. Hence, 3, — w — 3.

Subcase 9d. a # 2k + 1,2k + 2 and b = 2k + 1.
Vi — 39k41 by (II), and O(3,) N X; # 0 for every i = 1,2,...,d, imply the

existence of w € O(3,) N V. Hence, 3, — w — 3.

Subcase 9e. a # 2k + 1,2k + 2 and b = 2k + 2.
Vo = 39k42 by (IT), and O(3,) N Xy4p; # O for every ¢ = 1,2,...,d, imply the

existence of w € O(3,) N V. Hence, 3, — w — 3.

Subcase 9f. a =2k +1 and b = 2k + 2.

By (II), 32611 — Vo — 3ok42.

Subcase 9g. a = 2k + 2 and b = 2k + 1.

By (II), 32k+2 — ‘/1 — 32k+1‘
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Example 2.3.9 If8 < q < 488, then d(K (6,6,q)) = 2.

Proof: Observe that the only non-trivial divisors of 6 are 2 and 3. By Corollary
2.3.7(i), ®*(6,2) = 486 and ®*(6,3) = 64. Hence, by Proposition 2.3.8, if 8 < ¢ <
maz{486,64} + 2, then d(K(6,6,q)) = 2.

Alternatively, we may verify the computation of ®*(6,2) and ®*(6, 3) as follows.

Case 1. d =2,k = 3.

Any solution (z1, z9, 3, x4) satisfying (2.2) is a permutation of (1, 1,2, 2). Thus,

X)) =6) ()"()" = 4s6.

Case 2. d =3,k = 2.
The only solution of (2.2) is (x1, za, 3, x4, 5, x6) = (1,1,1,1,1,1). Thus,

S ) =00

1

Discussion 2.3.10

Since p may have different factorisations, the natural question to ask is which
non-trivial divisor(s) d of p gives the best bound. Verification, using Maple [55], for
all non-trivial divisors d of each composite integer p < 100 shows that mfiax{cb*(p, d)} =
&*(p,dy) with dy being the smallest non-trivial divisor of each p. Therefore, if p is

even, we define

Furthermore, we wish to extend Definition 2.3.2 and Proposition 2.3.8 for prime

numbers and d = 2 seems to be the best candidate. Hence, we have the following
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generalisation, ®,q4(p), for odd integers p > 5, which also provides a better bound

than ®(p,dy) in cases where p is odd and composite.

Definition 2.3.11 Suppose p > 5 is an odd integer. Denote a solution (x1,xs, T3, x4)™

if x1,T9,x3, T4 Satisfies

T+ Ty + T3 + Ty = D,

1<z < ng,forizl,Q, and
b .

1< < L§J—1, fori=3,4.

Define ®oga(p) = Y (=) (=0 () (1)),

(z1,22,23,24)**

Definition 2.3.12

(2.3)

For each i = 1,2,3,4, denote the upper bound of x; in (2.3) to be a;, where

ay = ay = |5] and a3 = a4y = [5] — 1. Then, for any non-negative integers i,j,

define [i, j| to be the set of solutions (1, o, x3,4) satisfying

1+ To + X3 + x4 = D,
s, =0, form=1,2,... i, where {s1,s2,...,8} C{1,2,3,4},
Xy, =ay, + 1, form=1,2,... 4, where {t1,ts,...,t;} C{1,2,3,4}, and

1<z, <a,, forre{l,2,3,4} — ({s1,52,...,8:F U{t1,ta,...,1;}).

Furthermore, we denote ®,q4(p, [i,7]) = 3 (L%J“) (L%JH) (L%J) (L%J).

1 T2 T3 T4

(331,332,333,2?4)€[i,j]

We may find an expression of ®,44(p) by exhausting all possible values of ¢ and

j in q)odd(pa [7’7.7])
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Lemma 2.3.13 Ifp > 5 is an odd integer, then ®,qq4(p) = (2p) —4(3H2) —4(3“1) +

P z+1 T
2(2;:112) - 8(2””;1) + 2(2;) — 4, where v = | 2],

Proof: By generalised Vandermonde’s identity,

- s CHeEhee) e

=% Boaal, i, ).

i=0 j=0

V]

By definition, ®u44(p) = Poaa(p, [0,0]). For i > 1 or j > 1, we shall count and

subtract the contribution ®,44(p, [7, j]) of each case from (2.4).

Claim 1: ®,44(p, [2,2]) = 4.
Case 1.1. {x1, 22} = {x + 1,0} and {x3, 24} = {x,0}.
Then, 5 (U)()E)E) = OGO CR) ) E)E) =4

T1+x2+T3+Ta=p
Case 1.1

Case 1.2. x1 =29 =0 and 23 = x4 = x.

Then, x1 + x5 + 3 + x4 = 2x < p. Thus, this case is not possible.

Case 1.3. zy=ay =z +1and 3 = 24 = 0.

Then, x1 + x5 + 3 + x4 = 22 + 2 > p. Thus, this case is not possible.

Claim 2: ®,44(p, [2,1]) = 22 + 2.
Case 2.1. Exactly one of z1, x5 equals x + 1 and z3 = x4 = 0.
Since x1 + o+ x3+ x4 = p, it follows that either x1 =z +1, 2o =z, x3 =24 =0

or rp = x, 3 = v+ 1, 3 = x4 = 0. Thus, > DD =

e A
(G D EE) =20 +2
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Case 2.2. 1 = x5 = 0 and exactly one of x3, x4 equals z.

Similar to Case 1.2, this case is not possible.

Case 2.3. Exactly one of 1, x5 is zero, exactly one of x3, x4 is zero and exactly
one z; equals a; + 1.

W.lo.g., suppose x1 = x3 = 0. Since 7 + x2 + 3 + x4 = p, it follows that
T9 + x4 = p, which implies x5 = x 4+ 1 and x4 = x. This contradicts the condition

of having exactly one z; equals a; + 1. Thus, this case is not possible.

Claim 3: ®,44(p, [2,0]) = 0.
This means exactly two of x;’s, i« = 1,2, 3,4, equals zero and none of the x;’s

equals a; + 1. This is not possible since x1 + x5 + x3 + x4 = p.

Claim 4: ®o4q(p, [1,2]) = 22 + 2.
Since x1 + x9 + x3 + x4 = p, thus, we have the following.

Case 4. 13 = x4 = x and either z;1 = 1,29 =0 or 1 = 0,25 = 1.

D ENEIEE) = Qe OE) — 2

Claim 5: ®oga(p, [1,1]) = 2(312) +8(* ) + 2(*) — 8z — 24.

Case 5.1. 1 < 23,24 < x—1 and either z; = 0,20 =z +1lorx;y =2+ 1,29 = 0.

W.lo.g., assume z; = 0,29 = x + 1. Then, x1 + 29 + 3 + x4 = p implies that
GG —C6) =

(2;”) — 2 by generalised Vandermonde’s identity. A similar expression is obtained if

mp=atla =0 Thus, 5 ()G E) = QI -2 =2(7)-4

r1+x2+x3+xa=Dp
Case 5.1

x3+xy =2 Forl <uzgoy <oz -1, > (I)(x):(%)_

T3 T4 x
Tr3+T4=T

Case 5.2. 1 < x1,29 < z and either 23 = 0,24 = x or 3 =z, x4 = 0.
W.lo.g., assume z3 = 0,24 = x. Then, 1 + x5 + 3 + 4 = p implies that

T +x9 =x+1 Forl <z, <, mﬂ;:xﬂ (:v;l) (I;;I) _ (2;:12) _ (xi)rl) (iﬁ) _
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(iﬁ) (xarl) = (2;:12) — 2 by generalised Vandermonde’s identity. A similar ex-
pression is obtained if x3 = x,24 = 0. Thus, > (””;1) (””;;1) (;3) (;4) =
AN

(2)[(2x+2) —92 = 2(2x+2) _4

1 z+1 z+1

Case 5.3. Exactly one of 1,2y equals zero and exactly one of x3, x4 equals x.

W.lo.g., assume 1 = 0 and x3 = x. Then, z1 + x5 + 23 + 4 = p implies that

rotaxy=z+1. Forl<zy<zandl <z, <z—-1, > (m+1)(a:):(2x+l)_

T2 /Ty z+1
To+T4=T
(;E) (6) - (””Jfl) (2) = (2;:11) —x—2 by generalised Vandermonde’s identity. A similar
expression is obtained for the other three subcases. Thus, 3 (x;rl) (z;»l) (f ) (f ) _
x1+:g;;gg35+3x4:p 1 2 3 4

O —r =2 =405 — 4o -8,

Case 5.4. Exactly one of x1, x5 equals z + 1 and exactly one of 3, x4 equals zero.

W.lo.g., assume 1 = x + 1 and x3 = 0. Then, xy + x5 + x3 + x4 = p implies

that zo + x4y =2. For 1 <azy <zand 1 <zy <z -1, > (“1)(33) = (2”1)—

Z2 x4 x

Trot+Ta=x
(Igl) (z) — (x;rl) (ﬁ) = (zx;l) —x—2 by generalised Vandermonde’s identity. A similar
expression is obtained for the other three subcases. Thus, > (x;ll) (;(221) (;3) (QZ) =
N G

(2)2[(2x+1) —z—2 = 4(2:;:;1) 4y —8.

1 T

Summing all Cases 5.1-5.4, we have ®,44(p, [1,1]) as claimed.

Claim 6 o, [1,0)) = 2(73) +2(571) — 2(22) —8(7Y) — 2(%) + 20 + 10
Case 6.1. Exactly one of x1, x5 equals 0.
Subcase 6.1.1. 1 =0 (and 1 <z <z and 1 < x3,24 <z —1).

Then, xo + 3 + x4 = p. Now, we want to count and exclude the following

subcases.
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Subcase 6.1.1.1. 29 = = + 1 and either z3 = z, z4 = 0 or 3 = 0, 4 = =.

LI G - EDO6 e e -2
Subcase 6.1.1.1

Subcase 6.1.1.2. 2o =1 and x5 = x4 = .

> @@ =000 =2 +1.
To+x3+T4=p
Subcase 6.1.1.2

Subcase 6.1.1.3. zo =z +1land 1 < x3,24 <2 — 1.

Then, x3 + x4 = z. It follows from the generalised Vandermonde’s identity that

Y (G =E)se X GG = X2 GE) =06 -

r3+xr4=2 To+x3+T4a=p r3+r4=2

5 Subcase 6.1.1.3
GG =) -2

Subcase 6.1.1.4. z3=z, 1 <y, <zxand 1 <y <z —1.

Then, o + 24 = x + 1. It follows from the generalised Vandermonde’s identity

that X ()= (GRS X EHEE) - T (-

rot+xga=x+1 To+T3+Ta=p Tro+xr4a=x+

i 1 _— Subcase 6.1.1.4
(§+1) (3) - (x1 )(Zﬁ) = (;H) -2
Subcase 6.1.1.5. x4y =z, 1 <y <zxand 1 <3<z —1.

By symmetry to Subcase 6.1.1.4, > (I;I) (fs) (;4) = (2;?11) —x—2.
Subease 6115

Now, by generalised Vandermonde’s identity, > (Hl) (I ) (x) = (3:“1).

x2 x3/ \T4 2x+1
r2+T3+T4=p
5
So, ¥ (EDEE) =X GHEG-X X @) =
r1tx2+r3+Ts=p T2+x3+T4=p 1=1 x2+x3+T4=p
Subcase 6.1.1 Subcase 6.1.1.1
(i) =2C50) = () +2+3.

Subcase 6.1.2. 29 =0 (and 1 < z; <z and 1 < z3,24 < —1).

By symmetry to Subcase 6.1.1, > (x;gl) (x:;l) (;3) (i) = (giﬁ) —
R AN

2(55) = () vz +3.
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Howe, 5 (I)(INC() =20 4G ~2() 42046
Case 6.1

Case 6.2. Exactly one of x3, x4 equals 0.
Subcase 6.2.1. 3 =0 (with 1 < zy,2o <zand 1 <xy <z —1).
Then, 1 + 22 + x4 = p. Now, we want to count and exclude the following

subcases.

Subcase 6.2.1.1. x4 = x and either x;1 = x4+ 1, 2o = 0 or 1 = 0, 25 = = + 1.

> CEE) =G0+ (G E) =2
Surea e st

Subcase 6.2.1.2. x4 = 0 and either x;1 = 2+ 1, 2o = x or z1 = z, 19 = = + 1.

o2 GO =CREE + () C)6) =20+ 2
Subcase 6.2.1.2

Subcase 6.2.1.3. r1 =2+ 1,1 <zs<zand 1 <zxy <x— 1.

Then, x5 + x4 = z. It follows from the generalised Vandermonde’s identity that
X () = G Se X (NG = 2 ()G -
rotra=x T1+xT2+T4=p rotra=x

zH+1\ () _ (z+1\(z) _ (2z+1) _ i“;caseﬁ.Q,Lg

Subcase 6.2.1.4. zo =2+ 1,1 <z;<zand 1 <zy <x—1.

By symmetry to Subcase 6.2.1.3, > (”1) (Hl) (7)) = (2’”+1) —x—2.

1 xr2 T4 xT
T1+T2+Ta=p
Subcase 6.2.1.4

Subcase 6.2.1.5. x4y =x and 1 < x1, 29 < .

Then, 1 + xo = x + 1. It follows from the generalised Vandermonde’s identity

that Z (:erl) (z+1) — (2m++12) ) SO, Z (:BJrl) (m+1) ( a:) — Z (:L"Jrl) (erl) .
xr1+xo=x+1 o *2 * T1+x2+T4=p 1 *2 4 r1t+xo=x+ . 2

e+l (wf1) _ (adly (a+l) _ (2042) _ o Subease 6.2.1.5
Gh)(5) = () Ch) = G -2
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Now, by generalised Vandermonde’s identity, > (IH) (”1) (m’i) = (3:“2).

T x9 2z+1
T1+T2+Ta=p

5
So. > (HEHGE) =X EHEHE-X 2 GGG =
r1tx2+r3+Ts=p r1t+x2+T4=Dp i=1 x1+z2tx4=p
Subcase 6.2.1 Subcase 6.2.1.1

(o) = C0) =207 + 2.

Subcase 6.2.2. x4, =0 (with 1 < 27,29 <zand 1 <3 <z —1).

By symmetry to Subcase 621, 55 ()N ()() = (i) -
" Subonse 622"

() =27 42

once, 52 () = 265 - 20 -0 +4
Case 6.2

S0, Poda(p, [1,0]) = i X COEDE)E) = 265) +260) -

1=1z1+x2+23+T4=p
Case 6.1

2(77) =81 —2(%) + 22+ 10.
Claim 7: ®,44(p, [0,2]) = 0.
If there are exactly two x;’s such that x; = a; 4+ 1 and since x1 4+ x5+ x3+ x4 = p,

it either results in Cases 1.1 or 4. i.e. Thus, this case is not possible.

Claim 8: ®oqq(p, [0,1]) =2(3777) +2(%71) —2(*7) = 8(* ") — 2(*) + 2z + 10.
Case 8.1. Exactly one of x1, x5 equals z + 1.
Subcase 8.1.1. 1 =z + 1 (with 1 <z <z and 1 < 3,24 <z —1).

Then, z9 + 3 + 4 = . Now, we want to count and exclude the following
subcases.

Subcase 8.1.1.1. 2o = 0 and either z3 =2, x4, =0 or 23 =0, x4 = x.

LT ) =06 (R =2

Subcase 8.1.1.2. 9 = x and 3 = x4 = 0.

Y @) =000 =e+1
r2t+x3+Te=1
Subcase 8.1.1.2
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Subcase 8.1.1.3. zo =0and 1 < z3,24 <z — 1.

Then, x3 + x4 = z. It follows from the generalised Vandermonde’s identity that

Y (@) =65 2 ()G = X @E) =00 -

T3+T4=2 Tot+x3t+re=T r3t+T4=2

) Subcase 8.1.1.3
OG)=G) -2

Subcase 8.1.1.4. z3=0, 1 <zy<zand 1 <z, <z —1.

Then, x5 + x4 = x. It follows from the generalised Vandermonde’s identity
that 5 ()G =07 %00 ¥ (GG = X (L)E) -
ro+Ta=2 To+x3+xTa=2 To+xa=x

o1\ () _ (w1) (@) _ (2z+1y _ _QSubcase8.1,1.4

Subcase 8.1.1.5. 4, =0, 1 <zy <zand 1 <z3 <z —1.

By symmetry to Subcase 8.1.1.4, > (I;I) (fs) (;4) = (2:’:;1) —x—2.
r2t+x3+Te=T
Subcase 8.1.1.5

Now, by generalised Vandermonde’s identity, > (Q”H) (x) (x) = (3:“1).

T2 3/ \x4 T
rotx3+ra=2

5
So, > (HEDH@GE) = X GO -X X (G =
T1+T2+x3+T4=p Tot+r3tre=2 i=1 Totx3+tTa=2
Subcase 8.1.1 Subcase 8.1.1.1

(3x+1> - 2(2m+1) _ (2;5) Lox 3.

x T

Subcase 8.1.2. zo =z + 1 (and 1 <2y <z and 1 < z3,24 <z —1).

By symmetry to Subcase 8.1.1, D (Y E) () (7)) = () -

20 = (7)) vz +3.

T

Hence, 55 (U000 () =207 —4(77) —2(7) + 20 +6.
e

Case 8.2. Exactly one of z3, x4 equals x.
Subcase 8.2.1. z3 =z (and 1 < xj,29 <z and 1 <zy <z —1).
Then, 1 + 29 + 24 = x + 1. Now, we want to count and exclude the following

subcases.
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Subcase 8.2.1.1. x4 = 0 and either x1 = x4+ 1, 2o = 0 or z; = 0, 20 = = + 1.

T1+To+ra=2+1 (1;11) (‘T;;l) (;4) = (iii) (xi)rl) (g) + (xi)rl> (ii}) (:g) =2.
Subcase 8.2.1.1

Subcase 8.2.1.2. x4 = x and either 1 =0, o =1 or z; =1, 25 = 0.

X +z . (1;11) (:):;;1) (;104) = (I‘(l)’l) (mJlrl) (i) + (ler1> (zarl) (z) — 20 4 9.
T1+T2+Tr4=x
Subcase 8.2.1.2

Subcase 8.2.1.3. 11 =0, 1 <y <zand 1 <zxy <x—1.

Then, zo + 24 = x + 1. It follows from the generalised Vandermonde’s identity

that > ()G =C) 80 X GHEHG) = X G-
Totra=x+1 T1+T2+Ta=2+1 TotTa=x+
Subcase 8.2.1.3

G -0 =Gh) -2 -2

Subcase 8.2.1.4. 20 =0, 1<z <zand 1 <z, <x—1.

By symmetry to Subcase 8.2.1.3, > (””+1) (”1) (z) = (2””+1) —r—2.

1
z1+wet+ra=2+1 o S ot
Subcase 8.2.1.4

Subcase 8.2.1.5. x4y =0 and 1 < 21,29 < 7.

Then, x1 + x9 = x + 1. It follows from the generalised Vandermonde’s identity
that 5> (PN =C0) S X () = X ()
x1+xo=x+1 ! 2 x1+xot+rs=2 ! 2 4 x1+xo=x+1 ! 2

ol (el) (el (el) _ 2042) 9 Subcase 8.2.1.5
Go) () = (o) Gh) = G -2

Now, by generalised Vandermonde’s identity, > (Hl) (Hl) (I) = (3“2).

x1 x2 T4 x+1
T1+Tot+rs=2+1

o, Y (NG = T GEHG-E S ) -

T1+T2+x3+Ta=p r1+To+rs=2+1 i=1 x1+r2tx4=2

Subcase 8.2.1 Subcase 8.2.1.4
Gort) = G) =205 + 2

Subcase 8.2.2. x4 =z (and 1 < xy,20 <z and 1 <z3 <z —1).

By symmetry to Subcase 8.2.1, > (mH) (Hl)(z)(ﬂc) _ (3x+2) _

x1 ) x3/ \x4 x+1
T1t+x2+23+Ta=p
Subcase 8.2.2

(i) =200 +2
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Hence, x1+362+23503+964=p (1;11) (x;;l) (;33) (Ii) - 2(3::4J-r12) - 2(%:—;—?) - 4(2;_?11) + 4.
Case 8.2

2
So. Qoaa(p,[0.1) = 32 3 (L)) =20 207 -
i=1 1+:Jc62{:é3;f4 P

2(55) =807 —2(%) + 20 + 10,

Finally, by (2.4), ®oa(p) = Poaa(p, [0,0]) = () = Doga(p, [1,0]) = Poua(p, [0, 1]) -
22 2 Poaalp. [i,]) = () —4C27) —4(7) +2000) #8047 +2(0) — 4.
O

With an expression for ®,44(p) now, we will use its special property to construct
an orientation F' of K (p,p,q) for odd p > 5. Similar to Proposition 2.3.8, we divide

each of Vi and V5 into 2 groups, with sizes [£] and [£]. Then, orientate I’ such

that for all 1 < < ¢, |O(3;)] = p and O(3;) contains some but not all vertices of

each group. As before, this design will aid in ensuring d(F') = 2.

Proposition 2.3.14 Suppose p > 5 is an odd integer. If p+ 3 < q < $oua(p) + 2,
then d(K (p, p,q)) = 2.

Proof: Partition V; UV, into X;, ¢ = 1,2, 3,4.

Xi={1;] j=1 (mod 2)}, X3 ={1;| j =0 (mod 2)}, and

Xy =121,2,... 72[p/2j}7 and X, = {2Lp/2j+17 20p/2)42) - - 72p}-

Observe that |X1| = |X3| = [5] + 1 and |X3| = |X4| = [£]. First, we shall define
an orientation F' for K(p,p,p + 3) as follows.

) X7 — Xy — X3 = Xo — X,

(II) Vi = 3,40 = Vo — 3,13 — V4.

(III) For i =1,..., [£],

(a) {21,2p2)41} U (Vi = {Lai1, Lai}) = 3 = {1oi—1, Lo} U (Vo — {21, 21p/2)41})s

(0) {11, Lo} U (Vo — {24, 24 1p2) }) = Bitip/21+1 = {26 2i41p2 U (Vi — {11, 12});
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and

(c) {21, 21p/2)+1 U (VL = {11, 1,}) = 3p/2)41 = {1p-1, Ly} U (Vo — {21, 2)p2)41}),

(d) {11, 12} U (Va = {21021, 2p}) = 3ps1 = {2021, 2,1 U (Vi — {11, Lo}).

Now, consider the case where ¢ > p+ 3. Let z; = |O(3;) N X;| for some j,
where p+3 < j < ¢, and i = 1,2,3,4. So, for each solution (z1,xs,xs3,x4)""
of (2.3), there are (Lp/jfﬂ) (Lp/jiﬂ) (U;/jj) (L’;/fj) ways to choose p vertices (as the
outset of a vertex 3;), where x; vertices are selected from the set X;, satisfying
1 <@,z < [B],1 <@g,y < |5 —1and oy + 22 + 23 + 24 = p. Summing
over all possible solutions (xy,xs, 3, x4)* of (2.3), there is a total of ®,u(p) :=

> (L%jl)(%f)(%)(%) of such combinations of p vertices of Vi U V5.
%le;flz:’zzxshis set of combinations as W, 4.

Note from (III) that the p + 1 outsets of 34,3,,...,3,4+1 are elements of U,4.
That leaves |W,qq| — (p+1) = @paa(p) — (p+ 1) combinations of p vertices of V3 U V5.
Note however that O(3,42) and O(3,43) from (II) are not elements of ¥,44. Hence,
forp+14+2<j<qg< mgx{q)odd(p)} + 2, we extend the definition of the above

orientation so that the outsets of vertices 3,13, 3p44, ..., 3, are these remaining el-

ements of W,qq. (See Figure 2.3.2 for F' for p=>5 and ¢ =9.)
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V5
21 .\
X, >
2, .§ (
>
23./ /
Vi
—>X2 24 OZ
25 .<

Figure 2.3.2: Orientation F' for p =5 and ¢ = 9.
For clarity, only the arcs from (1) V4 to V5 and (2) V5 to V; and V4 are shown.

Claim: For all u,v € V(K(p,p,q)), dr(u,v) < 2.

Case 1. u=14,v=1;, a #b.

If 1, € X; and 1, € X3, then we have 1, — 2; — 1, by (I). If 1, € X3 and
1, € Xy, then we have 1, — 2, — 1, by (I). If 1,,1, € X; (X3, respectively), and
b = 2i — 1 (2i, respectively) for some 1 <4 < 5] 4+1 (1 <4 < [§], respectively),

then 1, — 3; — 1, by (III)(a) and (c).
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Case 2. u=2,,v =2, a #b.

If 2, € X, and 2, € Xy, then we have 2, — 15 — 2, by (I). If 2, € X, and
2, € Xy, then we have 2, — 1; — 2, by (I). If 2,,2, € X4, and 1 < b < [£],
then 2, — 3y 241 — 2 by (ILI)(b). If 25,2 € X, and b = i + 5] for some 4,

1<i<|[B]+1, then 2, = 3, z)11 — 2, by (III)(b) and (d).

Case 3. u=1,,v=2.

By (II), 1, = 3p12 — 2.

Case 4. u = 2,,v = 1,.

By (II), 2, — 3,43 — 1,

Case 5. u = 1,,v = 3,.
Subcase 5a. b =p + 2.
By (II), Vi — 3,40

Subcase 5b. b # p + 2.
Suppose 1, € X;. Then, 1, — X, by (I). Since for each 3, € V3, I(3,) N Xy # ()
by (II) and (IIT), let w € I(3,) N X4. It follows that 1, — w — 3,. A similar

argument follows if 1, € X3.

Case 6. u = 2,,v = 3y.
Subcase 6a. b= p+ 3.
By (II), Vo — 3,4s.

Subcase 6b. b # p + 3.
Suppose 2, € X4. Then, 2, — X3 by (I). Since for each 3, € V3, I(3,) N X3 # ()
by (II) and (ITI), let w € I(3,) N X3. It follows that 2, — w — 3;. A similar

argument follows if 2, € Xs.
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Case 7. u = 3,,v =1,.
Subcase 7a. a = p + 3.
By (II), 3p3 — V4.

Subcase 7b. a # p + 3.
Suppose 1, € Xj. Recall that X5 — X; by (I). Since for each 3, € Vj,
O(3,) N X5 # 0 by (II) and (III), let w € O(3,) N Xa. It follows that 3, — w — 1,.

A similar argument follows if 1, € X3.

Case 8. u = 3,,v = 2.
Subcase 8a. a = p + 2.
By (II), 3p42 — Va.

Subcase 8b. a # p + 2.
Suppose 2, € X4. Then, X; — 2, by (I). Since for each 3, € V3, O(3,)NX; # 0
by (II) and (III), let w € O(3,) N X;. It follows that 3, — w — 2,. A similar

argument follows if 2, € Xs.

Case 9. u = 3,,v = 3y.
Subcase 9a. a #p+2,p+3and b# p+2,p+ 3.

Observe from (III) that |O(3,) N (V4 U V,)| = p for @ = a,b. Furthermore,
O0B)N(V1UV) € O(3,)N(V1UVL) if b # a. Thus, there exists a vertex w € Vi UV;

such that 3, — w — 3;.
Subcase 9b. a =p+2and b#p+2,p+ 3.

3p+2 — Vo by (II) and I(3p) N X; # 0 for all ¢ = 2,4, imply the existence of

w € I(3p) N Va. Hence, 3, — w — 3y,
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Subcase 9c. a =p+3and b#p+2,p+ 3.
3prs — Vi by (II) and I(3y) N X; # 0 for all ¢ = 1,3, imply the existence of

w € I(3p) NV;. Hence, 3, — w — 3y,

Subcase 9d. a #p+2,p+3and b =p+ 2.
Vi = 3p10 and O(3,) N X; # 0 for all 4 = 1,3, imply the existence of w €

O(3,) N'V4. Hence, 3, = w — 3y,

Subcase 9e. a #p+2,p+3 and b=p+ 3.
Vo = 3,43 by (II) and O(3,) N X; # 0 for all i = 2,4, imply the existence of

w € O(3,) N V. Hence, 3, = w — 3.

Subcase 9f. a =p+ 2 and b= p + 3.

By (11)7 3p+2 — ‘/2 — 3p+3‘

Subcase 9g. a =p+ 3 and b =p+ 2.

By (11)7 3p+3 — ‘/1 — 3p+2.

Example 2.3.15 If 10 < g < 2090, then d(K(7,7,q)) = 2.

Proof: By Lemma 2.3.13 and Proposition 2.3.14 , if 10 < g < ®,44(7) + 2 = 2090,
then d(K(7,7,q)) = 2.
Alternatively, we may verify the computation of ®,44(7) as follows. A solution

(1, o, T3, 14)™ of (2.3) is either a permutation of (1,1,2,3) or a permutation of

(1,2,2,2). Hence, by enumerating all solutions, we have ®,44(7) = 4(?) (3) (4) (4) +

20 () ()6 +20) () 6)6) +26) () () (1) = 2088
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In Discussion 2.3.10, we claimed that ®.,.,(p) is the best possible bound of
®*(p, d) amidst all non-trivial divisors d of p when p > 4 is even, and ®,q4(p) is a
better bound than ®*(p, d) when p > 5 is odd and composite. Now, we shall prove
it, i.e. Pepen(p) (Poaa(p), respectively) is greater than Dax {®*(p,d)} for each even

(odd and composite, respectively) p > 4.

Proposition 2.3.16 Suppose p > 4 is a composite integer and d is a divisor of p,

where 3 < d < p.

¢€'U€n p b pr ZS even7
max {®*(p,d)} < ®)
3sd<p Doaa(p), if pis odd.

Proof:

Case 1. p is even.

Claim 1: For any even integer p > 14 and any divisor 3 < d < p of p, (2:0;5) _

8(%) +12(3) —6>0.

The first inequality is due to 12(%) > 6, while the second inequality follows as
d>3and f(z):= (;) is an increasing function for z > p. Since f(z) is also strictly
convex for z > p and (%;)) — 8(%33)) > 0, the last inequality follows for all p > 13.
So, Claim 1 follows.

Now, for each even integer p < 12, we verified, using Maple, ®*(p, d) < Peyen(p)

for all divisors 3 < d < p of p. (See Table 2.1.) Let p > 14 be an even integer.
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d d
Note that Y- > ®(p,d, [i,5]) > (§) ((Zd_l)k) = (2”;5) as the expression (f) ((Qd_l)k)

£ < p 0 p
i=135=0
counts the number of ways such that none is selected from a (fixed) group of k

elements and p elements are selected from the remaining 2d — 1 groups of k elements.

Also, recall that (2;) = Zd: Zd: d(p,d, [i,7]) = ®(p,d,[0,0]) + Zd: zd: (p,d, [i,j]) +

i=0j=0 i=1j=0
d
> ®(p,d,[0,7]) by generalised Vandermonde’s identity. It follows for each even
j=1

integer p > 14 and each divisor 3 < d < p of p that,

p

=D 2w d lid) + D 2(p.d.[0,7)
2p— &

(")

where the last inequality is due to Claim 1.

Case 2. p is odd and composite.

Set z := |£].

Claim 2: For any composite and odd integer p > 17 and any divisor 3 < d < p of

D, (2p;§) _ 4(3;:12) _ 4(333;1) = 0.
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<2p—§) _4(333—1—2) _4(3x+1)
P z+1 x

_ 2p—§ 4 3r + 2 4 3x+1
P 2z +1 2v +1
_ D

S 2p — % _3 3r + 2

- 20 +1

10z+5

S 5 g 3r+ 2

—\2x+1 2¢ + 1

> 0.

The first inequality is due to d > 3 and f(z) is an increasing function for z > p.
10(8)+5
3
2(8)—1—1)

Since f(z) is also strictly convex for z > p and ( — 8(3(8”2) > 0, the last

2(8)+1

inequality follows for all x > 8. Hence, Claim 2 follows.

For each composite and odd integer p < 15, we verified, using Maple, ®*(p, d) <

®o4q(p) for all divisors 3 < d < p of p. (See Table 2.1.) Now, consider any composite
d d ,

and odd integer p > 17. Asin Case 1, > > ®(p,d, [i,j]) > (ZP;H). It follows for

i=1j=0
each composite and odd integer p > 17 and each divisor 3 < d < p of p that,

() vt

(%) - ot a.0.0)

p
=3"N o, d i)+ D @p.d.[0.5])
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where the second last inequality follows from Claim 2.

p d {éeven(p) — ®*(p,d), if pis even,
D,44(p) — ®*(p,d), if pis odd.

4 2 16-16=0

6 2 486-486=0

6 3 486-64=422

8 2 9,744-9,744=0

8 4 9,744-256=9,488

9 | 3 | 39,400-14,580=24,820

10 2 163,750-163,750=0

10 5 163,750-1,024=162,726

12 2 2,566,726-2,566,726=0

12 3 2,566,726-1,580,096=986,630

12 4 2,566,726-459,270=2,107,456

12 6 2,566,726-4,096=2,562,630

14 2 39,227,538-39,227,538=0

14 7 39,227,538-16,384=39,211,154

15 3 152,558,168-121,562,500=30,995,668

15 5 152,558,168-14,880,348=137,677,820

16 2 595,351,056-595,351,056=0

16 4 595,351,056-269,992,192=325,358,864

16 8 595,351,056-65,536=595,285,520

18 2 9,038,224,134-9,038,224,134=0

18 3 9,038,224,134-8,120,234,620=917,989,514

18 6 9,038,224,134-491,051,484=8 547,172,650

18 9 9,038,224,134-262,144=9,037,961,990

20 2 137,608,385,766-137,608,385,766=0

20 4 137,608,385,766-95,227,343,750=42,381,042,016

20 5 137,608,385,766-47,519,843,328=90,088,542,438

20 10 137,608,385,766-1,048,576=137,607,337,190

Table 2.1: Comparison of ®*(p, d) with ®epen(p) and Pygq(p) for 4 < p < 20.

For clarity, we summarise Propositions 2.3.8 and 2.3.14 as follows.
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Theorem 2.3.17 Suppose p > 4 is an integer. Then,

= . p+2<q< (I)even(p) +2, pr is even,
d(K(p,p,q)) =2 if
p+3<q< Poaa(p) +2, ifpis odd,

where ®gpen(p) = (2;’) (;) + 12(1%3) — 6 and Doga(p) = (2p) _ 4(3x+2) B 4(3x+1> n

p z+1 T
2070) 85 +2(F) -4 2= 5],

For a clearer picture of the ‘gap’ between Theorems 2.3.17 and 1.2.9, we compare
some values of ®gpe,(p) + 2 and Pyyq(p) + 2 with the bound (1.2) in the following

table.

jo (2;) - ((I)even(p) + 2), if p is even,
(2:) — (Poaa(p) +2), if pis odd.

4 70-18=52

5 252-74=178

6 924-488=436

7 3,432-2,090=1,342

8 12,870-9,746=3,124

9 48,620-39,402=9,218

10 184,756-163,752=21,004

11 705,432-644,502=60,930

12 2,704,156-2,566,728=137,428

13 10,400,600-10,004,430=396,170

14 40,116,600-39,227,540=889,060

15 155,117,520-152,558,170=2,559,350

16 601,080,390-595,351,058=5,729,332

17 2,333,606,220-2,317,099,178=16,507,042
18 9,075,135,300-9,038,224,136=36,911,164
19 35,345,263,800-35,238,721,934=106,541,866
20 137,846,528,820-137,608,385,768=238,143,052

Table 2.2: Comparison of (2;’) with ®epen(p) and Pyuq(p) for 4 < p < 20.

Since complete tripartite graphs can be spanning subgraphs of the complete

multipartite graphs, we have the following corollary.
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Corollary 2.3.18 Suppose n > 2 and p; are positive integers for v = 1,2,...,n
such that p1 +p2 + ... +pr = Pry1 + Drp2 + ... +po = p > 4 for some integers r
and p. Let G = K(p1,pa,...,0Pn,q). Then, d(G) =2 if

PH2 <0< Poen(p) +2. if p is even,

p+3<q< Poualp)+2, ifpis odd.

Proof: Note that G is a supergraph of K(p,p,q) and d(K(p, p,q)) = 2 by Theorem

2.3.17. So, there exists an orientation D for K(p,p,q), where d(D) = 2. Partition

V(@) into three parts |J V;, U Vi and V,, 41, and define an orientation F' for G
=1 i=r+l

such that D is a subdigraph of F, and edges not in D are oriented arbitrarily. It
follows that d(F) = 2.
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3. Tree Vertex-multiplications

3.1. Existing Results

In [30], Koh and Tay studied vertex-multiplications of trees. Since trees of
diameter at most 2 are parent graphs to complete bipartite graphs which have a
characterisation (see Theorem 1.2.5), they only considered trees of diameter at least
3. Specifically, they proved the following results for trees of diameter 3 or 4. Recall

the assumption, s; > 2 for ¢ = 1,2,...,n, holds unless otherwise stated.

Theorem 3.1.1 (Koh and Tay [30])

If T is a tree of order n and d(T) = 3 or 4, then T(s1, Sa, ..., $n) € 6o U 6.

Theorem 3.1.2 (Koh and Tay [30])

Let T be a tree with diameter 4 and its only central vertex be wu.
(i) If degr(u) = 2, then T(s1, Sa, ..., 8,) € Go.

(ii) If degr(u) > 3, then T € €.

3.2. New Results On Trees With Diameter 4

In light of the above theorems, we are interested in determining conditions in
which T'(s1, Sa, ..., 8,) € €, or €. Particularly, Theorem 3.2.8 generalises Theorem
3.1.2.

For convenience, we shall introduce some notations. Let D be an orientation of
G(s1,82,...,8,) with s; > 2 for 1 <i <n. If v, and v,, 1 < p,q < n and p # g,
are adjacent vertices in G, then for each i, 1 < i < s,, we denote O3 ((i,p)) :=

{G, )l (i,p) = (4,0), 1 < j < 84} and I5((4,p)) = {(4,0)| (J,q) = (i,p),1 < j <
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sq}. If there is no danger of confusion, we shall omit the subscript D for the above
notations.

Let T be a tree of diameter 4 with vertex set V(T') = {vy, v, ..., v,}. We further
denote by u, the unique central vertex of T, i.e. er(u) = 2, and the neighbours of u
by [i]. ie. Np(u) = {[{]|i = 1,2...,degr(u)}. For each i = 1,2,... degr(u),
we further denote the neighbours of [i], excluding u, by [o,i]. ie. Np([i]) —
{u} = {[o,i]| @« = 1,2,...,degr([i]) — 1}. In the vertex-multiplication graph
G :=T(s1,59,...,8,) of T, the integer s; corresponds to the vertex v;, i # n, while
Sp := s corresponds to u. We will loosely use the two denotations of a vertex, for
example, if v; = [j], then s; = sp;). Also, we set (N,,u) := {(1,u), (2,u)...,(s,u)}.
Since each shortest v — w path is unique for all v, w € V(T'), the above notation is

well-defined. Example 3.2.1 illustrates the use of this notation.

Example 3.2.1 Let u be the unique central vertex in T, a tree of diameter 4.

Figure 3.2.1: Labelling vertices in T’

Also, we set G(A;) := {i| sy = j, 1 <1 < degr(u) and [i] is not an end-vertex in
T}, where j is a positive integer. If there is no ambiguity, we will use A; instead of
G(A;). Similarly, A<; and A>; denote the corresponding sets, when the condition
s = j is replaced by s; < j and sp; > j respectively. If T' is as given in Example
3.2.1 and G := T®, then G(Ay) = {1,2,4} since none of the vertices [1],[2], [4] is

an end-vertex in 7.
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Now, we will see that tree vertex-multiplications of a tree T" with diameter 4 lies
in 6 whenever the vertex-multiplication of [i] is not too small, i.e. s;; > 4, for all

i=1,2,...,degr(u).

Theorem 3.2.2 Let T be a tree of diameter 4 and u be its unique central vertex.

If Asy £ 0 and Ay = A3 =0, then G :=T(s1, 82,...,5,) € Co.

Proof:

Let H := T(ty,t,...,t,) be the subgraph of G, where t,, = 2, t;; = 4 and
tag = 2 for all i € G(Asy) and o = 1,2,...,degr([i]) — 1, while t;; = 2 for all
Jj € Nr(u) — G(As4) (These [j]’s are end-vertices in T'). Note that we will use
A; for H(A;) from here onwards. So, H(A;) # 0 if and only if j = 4. Define an

orientation D for H as follows.

(D A@ ), B, 1))y = (L fevd]) = {1 []), (4, 1)} = (2, [e4]) = {(2,[2]), (3, [i) },

and

(I AL [0), (2, [2D) ) = (Lw) = {3, 1), (4, i)} = (2,0) = {(1, ), (2, i},

for all i € Ay and a =1,2,...,degr([i]) — 1.

(ID) (2,u) = {(L ), 2, 1D} = (1,w)
for all j € Np(u) — Ay.

(See Figure 3.2.2.)

Claim: For all v,w € V(D), dp(v,w) < 4.

Case 1.1. v,w € {(1,[a, 1)), (2, [, i])| & = 1,2,...,degr([i]) — 1} for each i € Aj.

This is clear since, by (I), (2,[i]) — (1, [aq,d]) = (1,[7]) = (2, [oe,1]) — (2,]i])

is a directed Cy for all 1 < ay < ay < degr([i]) — 1.
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Case 1.2. v € {(1,[a,1]), (2, [0, 4])} and w € {(1,[]), (2, [z]), (3,[d]), (4, [:])} for all
i€ Aganda=1,2,..., degr([i]) — 1.
By symmetry, it suffices to show for the case v = (1,[a,d]). (1,]o,1]) —

{(L 1), (4, 1)} = (2, [asd]) = {(2,[2]), 3, [i)} by (D).

Case 1.3. v € {(1,[oi]), (2 [, d])} and w € {(1,u),(2,u)} for all i € A, and
a=1,2,... degr([i]) — 1.

By symmetry, it suffices to show for the case v = (1, [a, 4]). Note that (1, [a, 1]) —
(1,[i]) = (1,u) and (1, o, d]) — (4, [i]) — (2,) by (I) and (II).

Case 1.4. v € {(1,],1]), (2, [, ])} and w € {(1,[4]), (2,[5]), (3, [s]), (4, [5])} for
alli,j € Ay, 1# j,and alla=1,2,..., degr([i]) — 1.

By symmetry, it suffices to show for the case v = (1, [ev, 7]). Note that (1, [«,i]) —
(1, [i]) = (Lu) = {3, [5]), (4, 7))} and (1, [ev,i]) — (4, [i]) = (2,u) = {(1, [1]), (2, G])}
by (I) and (II).

Case 1.5. v € {(1,]a,d]), (2, [e,d])} and w € {(L,[B,5]), (2.[B.4])} for all i, j € Ay,
i#j,alla=12.. degr([i]) — 1 and B =1,2,...,degr([j]) - L.

By symmetry, it suffices to show for the case v = (1, [a, 7]). Note that (1, [«,i]) —
(L) = (L) = AG, 7)), (4, [5])} and while (3,[j]) — (1,[6,7]) and (4,[j]) —
(2,8, 4]) by (I) and (II).

Case 2.1. v € {(1,[z]),(2,[2]), (3,[i]), (4,[i]) } and w € {(1,[e,1]), (2, [cv,])} for all
i€ Agand a=1,2,... degr([i]) — 1.
By symmetry, it suffices to show for the case v = (1, [¢]). Note that (1,[i]) —

(27 [a>i]) - (27 [Z]) - (17 [O@i]) by (I)
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Case 2.2. v,w € {(1,[7]), (2,[1]), (3,[i]), (4,[{]) } foralli € Ayand v = 1,2, ..., degr([i])—
1.

By symmetry, it suffices to show for the case v = (1, [¢]). Note that (1,[i]) —

(L, u) = {3, 1), (4, [i))} = (2,u) = {(1,[i]), (2, [il) } by (I1).

Case 2.3. v € {(1,[4]), (2,[7]), (3,[]), (4, [i])} and w € {(1,u),(2,u)} for all i € A,.

By symmetry, it suffices to show for the case v € {(1,[i]),(2,[i])}. Note that

{(L D), 2D} = (Lu) = {G, i), (4, 1)} — (2,u) by (II).

Case 2.4. v € {(L, [1]), (2, [2]), (3,[i]), (4, [i]) } and w € {(1, [5]), (2, [5]), (3, [s]), (4, [1])}
for 7,5 € Ay and 7 # j.

By symmetry, it suffices to show for the case v € {(1,[i]),(2,[i])}. Note that

{(L[D), 2,1D)} = (Lu) = {G, [1]), 4, D} = (2,u) = {1, [5]), (2, 1D} by (AI).

Case 2.5. v € {(L[i]), (2 [i]), (3, (), (4, [i))} and w € {(L,[5,J]), (2, [8,5])} for
i,j € Ay, i # j,and B=1,2,... degr([j]) — 1.

By symmetry, it suffices to show for the case v € {(1,[¢]),(2,[i])}. Note that
{(L D), (2, [} = (1u) = {3, [, (4, 7D}, while (3, [j]) = (1, (8, j]) and (4, []) —
(2,18,4]) by (I) and (II).

Case 3.1. v,w € {(1,u),(2,u)}.
Note that (1,u) = {(3,[d]), (4, [i})} — (2,u) — {(1,[¢]),(2,[i])} = (1,u) for all
i by (I1).

Case 3.2. v € {(1,u),(2,u)},w € {(1,[]),(2,[]), (3,[i]), (4,[7]) } for all i € Aj.

Note that (1,u) — {(3, [i]), (4, [i])} = (2,u) — {(L,[d]), (2, [i])} — (1, ) by (ID).
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Case 3.3. v € {(1L,u),(2,u)},w € {(1, ], i), (2, [c,7])} for all i € Ay and o =
1,2,..., degr([7]) — 1.

By symmetry, it suffices to show for the case v = (1,u). Note that (1,u) —
{(3,[i]), (4, [i])}, while (3, [i]) = (1, [«,4]) and (4, [i]) = (2, [«,d]) by (I) and (II).

Case 4.1. v € {(1,]o,i]),(2,[,7])} and w € {(1,[j]),(2,[j])} for all i € Ay,
a=1,2,..., degr([i]) — 1 and j € Nr(u) — Ay.

Note that (1,[a,i]) — (4,[i])) — (2,u), (2,[a,i]) — (3,[i]) — (2,u), and
(2,u) = {(1, 5], 2, [5])} by (D)-(I1D).

Case 4.2. v € {(1,5]),(2,[7])} and w € {(1,[e,1]), (2, [cx,4])} for all i € Ay,
a=1,2,..., degr([i]) — 1 and j € Nr(u) — Ay.

Note that {(1,[5]), (2, [7])} = (1,u) = {(3, i), (4, [}, (3, [i]) = (1, ]e,1]), and
(4, [i]) = (2, [ev,4]) by (I)-(IIT).

Case 4.3. v € {(1,[7]), (2, [1]), (3, [2]), (4, [z]) } and w € {(1, [7]), (2, [5])} for all i € Ay,
a=1,2,..., degr([i]) — 1 and j € Np(u) — Ay.

Note that {(L, [i]), (2, [])} = (L,u) = {3, [i]), (4, [i)} = (2,0) = {(1, ], (2, U]}
by (II) and (III).

Case 4.4. v € {(L,[J]), (2, U} and w € {(1, [i]), (2, [i]), (3, [¢]), (4, [i]) } for all i € Ay,

a=1,2,..., degr([i]) — 1 and j € Nr(u) — Ay.

{(L D, (2,00} = (Lw) = G ), (4, 1)} = (2,0) = {(1, [i]), (2, [)) } by (II)
and (III).
Case 4.5.

(i) v e {(1,u),(2,u)} and w € {(1,[j]), (2,[4])} for all j € Nr(u) — Ay, or
(i) v € {(1, [5]), (2, [j])} and w € {(1,u),(2,u)} for all j € Np(u) — Ay.
Note that {(1,[5]),(2,jD} = (L,u) = (3, [k]) = (2,u) = {(1,[5]), (2, 1)} is a
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directed Cy for any k € Ay.

Case 4.6. v € {(1,[7]),(2,[z])} and w € {(1,[s]),(2,[j])} for all i,5 € Np(u) — As.

Note that {(1, []), (2, i)} = (1,u) = 3, [K]) = (2,u) = {(1,[7]), 2, [1])} is a
directed Cy for any k € A, by (II) and (III).

Hence, d(D) < 4. Notice that every vertex in D lies in a directed Cy. So, by

Lemma 1.3.2, 4 = d(T) < d(G) < maz{4,d(D)} = 4. Therefore, d(G) = 4.

U
(1,[1,1]) (1,[1) (1,2])
° ~® °
(2,[1,1 (2,[1) (1, u) (2,2]) (1,1,2])
° ~® >0 ° °
° ° > @2 o><o
(1,[2,1]) (3, [1) (2,u) (3,12]) (2,11,2])
° ° °
(2,[2,1]) (4,1]) (4,12])
° °
(1, [3] 1, [4])
° °
(2,3]) (2,[4])

Figure 3.2.2: Orientation D, where Ay = {1,2} and Np(u) — Ay = {3,4}.
For clarity, the arcs directed from (p,u) to (g, [i]) and (g, [i]) to (r,[«,i]) are
omitted.
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Next, we consider the smallest possible size sj; of our concern. Given s =
2 for all i = 1,2,...,degr(u), we seek a necessary and sufficient condition for
T(s1,82,...,8,) € 6o, where T is a tree of diameter 4. We start by introducing

some lemmas.

Remark 3.2.3 Note that it is not necessarily true that Ay = Np(u) in a T®.
Consider T®, where T is as given in Example 3.2.1. Then, Ay = {1,2,4} #

Np(u) ={1,2,3,4} since [3] is an end-vertex in T

Lemma 3.2.4 Let T be a tree of diameter 4, G := T(s1,S2,...,8,) and D be an
orientation of G where d(D) = 4. If sy = 2 for some 1 < i < degp(u), then for
all 1 < j < sjaq and 1 < a < degp([i]) — 1, either (2,[1]) — (J, [a,1]) — (1,[i]) or

(1L 1)) = (G [asd]) = (2, i)

Proof: This follow from the fact that deg®((j, [o,4])) > 0 and deg~((J, [a,7])) > 0

for all j =1,2,...,5[, so that D is a strong orientation.

g

Lemma 3.2.5 LetT be a tree of diameter 4, G := T(s1, S, ..., 8,) and D be an ori-
entation of G where d(D) = 4. Then, dp((p, [, i), (¢, [j])) = dp((q. [5]), (p, [, i])) =
3 foralll < i,j < degr(u), i # j, 1 < o < degr([i]) =1, 1 < p < 50 and

l<q= sy,

Proof: Note that 3 = dr([a, ], [j]) < dp((p, [, 1)), (q,[j]) < d(D) = 4. Since there
is no [, 7] — [4] path of even length in T, there is no (p, [«,i]) — (g, [j]) path of even
length in G, in particular, no path of length 4. Hence, dp((p, [, 1]), (g, [7])) = 3.

SimﬂarlY7 dD((Qa []])7 (pa [Oé, Z])) =3 may be proved.

g

Lemma 3.2.6 Let T be a tree of diameter 4, G := T(s1,82,...,8,) and D be an
orientation of G where d(D) = 4. For some 1 < 1 < j < degr(u), 1 < a <

degr([i]) — 1, and 1 < § < degr([j]) — 1,
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(i) if O((1,[a,4])) = {(1, [i{)} and O((1,[8,4])) = {(1,[j])}, then O*((1,[i])) and
0%((1,[5])) are independent.
(ir) of I((1, [ 1)) = {(L,J])} and I((1,[5,5])) = {(1,[5)}, then I"((1,[i])) and
1*((1,5])) are independent.

Proof -

(i) By Lemma 3.2.5, dp((1, [e, i]), (1,[7])) = 3. Now, dp((1,[a,1]),(1,[j])) = 3
implies dp((1,[i]), (1,[j])) = 2. Hence, it follows that O“((1, [i])) € O“((1, [5])). A
similar argument shows O*((1, [])) € O*((1, [i])).

(ii) This part follows from (i) and the Duality Lemma.
U

The next theorem by Lih will be useful in shortening our proof, as we will explain

in a moment.

Theorem 3.2.7 (Lih [3}])
Letn € ZT and Y CN,,. If o is an antichain of N,, such that X NY # 0 for all
X € o, then

n n— Y]
1% (1in) ~ (o)

We return to our aim of seeking a necessary and sufficient condition for T'(sy, $a, ..., s,) €
%o, where T' is a tree with diameter 4. The condition dp((1,[1,7]), (1,[j])) = 3 =
dp((1,[1,4]),(1,[¢])) for all i # j is fundamental to our proof for the “necessary”
direction. As in Lemma 3.2.6, it is consequent that {O“((1,[i]))| i € A} is an
antichain, assuming O((1,[1,1])) = {(1,[z])} for each i € As. Hence, |As] < ((sjzw)
by Sperner’s Lemma. This bound is tight if Ay = Np(u). And, if Ay C Np(u), we

invoke Lih’s Theorem to obtain a tighter bound |As| < ((3?21) — 1.
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Theorem 3.2.8 Let T be a tree of diameter 4 and u be its unique central vertex.

Suppose As # 0, and A>3 = 0. Then,

|A2| < (|’sz‘|)7 Zf|A2| = degT(u)’
|Ay| < ([Sjﬂ) — 1, if |As| < degr(u).

G :=T(s1,52,...,5,) € 6o —

Proof:
(=)

Let D be an orientation of G such that d(D) = 4. By Lemma 3.2.4, we
may assume w.l.o.g. for each i € Ay that, (2,[s]) — (1,[1,4]) — (1,[¢]). Then,
{0"((1,[i]))] i € As} is an antichain of (N, u) by Lemma 3.2.6. It follows from
Sperner’s Lemma that |As| = [{O"((1,[i]))| i € As}| < ([jﬂ)' Now, we are done if
Ay = Np(u).

Assume Ay C Np(u) and let i* € Np(u) — As. By a similar argument as
in the previous paragraph, {I"((2,[i]))| ¢ € Az} is also an antichain of (N, u). If
0%((1, )] = [51, then dp((1, [1, 1), (1, [°])) = 3 implies O"((L, [ ((1, [i])) #
) for all i € As. Tt follows from Theorem 3.2.7 that |As| = [{O"((1,[i]))] i €
A}l < (1) — (S_u?i(/gﬁm))‘) < (ra)7) — (EZD = ((oJo) — 1. IE[O((L[*]))] <
[5], then dp((1,[i*]),(1,[1,4])) = 3 implies I*((2,[i])) N O*((1,[i*])) # O for all
i € As. It follows from Theorem 3.2.7 that |As| = [{I"((2,[i]))] i € A2} <
([5521) - (S_|OFS(§§’1W]))|) < ([5521) - (E@) = ((Jz}) - L

On account of the last proof, it is intuitive to assign |3 |-element subsets of
(Ng,u) as O%((1,[i])) = O™((2,]7])) in constructing an orientation D of G. In-
deed, this is our plan if |As| is big enough (i.e. |A2| > s). However, there are
some potential drawbacks of this approach if |As| is small (i.e. |42 < s). For
instance, consider s = 5 and degr(u) = |As| = 2. Should we have assigned
0" (p, 1)) = {(L,w), 2w} and O*((p, [2])) = {(1,u), (3,u)} for p = 1,2, then
degt((1,u)) = 0 and deg~((j,u)) = 0 for j = 4,5. Consequently, D will not be
a strong orientation. Hence, we consider cases dependent on |Ay| to circumvent

this problem; namely, they are Cases 1 and 3 if Ay = Np(u), and Cases 2 and 4 if
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AQ C NT<U)

(<)
W.lo.g., assume Ay = Ny, . Thus, it is taken that Np(u) — Ay = {]As] +
17 ‘AQ‘ + 27 s >d€gT(u)}7 if A2 C NT(”)

Case 1. Ay = Np(u) and A < s.

Define an orientation D; for G as follows.
D @) = 1 ]ad) = (L) — 2ad) — 2] for i € Ay and a =
1,2,... degr(li]) — 1.
(I1) (Ny, ) — {06, w)} — {(L[1]), (2, [i])} — (i) for i = 1,2, ..., |As| — 1.
(II1) (Ny,u) = {(k,u)| [A2| < k < s} = {(1, [[42[]), (2, [[A2[])} — {(k,w)] [A2] <
k < s}. (See Figure 3.2.3 for D; when s = 5.)

Claim 1: For all v,w € V(Dy), dp, (v,w) < 4

Subcase 1.1. v,w € {(1,[a,1]), (2, [a,1]), (1, ]i]), (2,[i])} for each i € Ay and o =
1,2,....degr([7]) — 1.
This is clear since, by (I), (2,[i]) = (1, [a,4]) = (1, [i]) — (2, [, 7]) — (2,]7]) is

a directed Cy.

Subcase 1.2. For each i,j € Ay, i # j, each a« = 1,2,... ,degr([i]) — 1, and
each p=1,2,...,degr([j]) — 1,

() v=(p[a,1]),w=(q,[B,]) for p,q=1,2, or

(i) v = (p, [, 1]), w = (g, [i]) for p,q = 1,2, or

(iil) v = (p, [i]),w = (¢, [B, j]) for p,q = 1,2.

It i # j, then, by ()-(II), (p, [ev,4]) —= (p,[i]) = (i, u) = (L, [5]) = (2,[6,4])
and (p, [ov,i]) = (p, [i]) = (4,u) = (2,[j]) = (1,8, ]]) for all o, f and p = 1, 2.
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Subcase 1.3. v = (z1,u) and w = (29, u) for x1 # x5 and 1 < 29,29 < s.
If 29 < |Ag|, then (x1,u) — (1,[xs]) — (x2,u) by (II). If 21 < |Ag| < 29 < s,
then (z1,u) — (1,[|As]]) — (zg,u) by (III). If |As| < 21,29 < s, then (zq,u) —

(1,[1]) = (1,u) — (1,[]A2]]) = (22, u) by (II) and (III).

Subcase 1.4. v € {(L,[1]), (2, [1]), (1, [o, 1]), (2, [, 4])} for each i € Ay, a = 1,2, ..., degr([i])—
1, and w = (j,u) for j =1,2,...,s.
If j =4, then (p, [a,d]) = (p,[i]) = (j,u) for p = 1,2, by (I) and (II). If j # i
and j < |As|, then (p, [e, i]) = (p, [i]) = (2,u) = (1,[j]) = (j,u) for p = 1,2, by (I)
and (I1). If j # i and |As| < j < s, then (p, [ 1]) — (0, [i]) = (G, u) = (1, [|As]]) —
(j,u) for p = 1,2, by (I)-(I1I).

Subcase 1.5.
v = (j,u) for each j = 1,2,...,s, and w € {(1,[i]), (2, [i]), (1, [e, 7]), (2, [ev, 7])} for
eachi € Ay and o = 1,2,... degr([i]) — 1.

If j <|As| and j # i, or i < |As| < j <s, then (j,u) — (p,[i]) — (3 — p,[a,i])
for p = 1,2, by (I)-(II1). If i = j < |As], then (j,u) — (1,[|A2]]) — (JA2|,u) —
(»,[i]) = (3 — p,[ai]) for p = 1,2 by (I) and (III). If i = |Ay| < j < s, then
U, u) = (L] = (1 u) = (p, [|42]]) = (3 = p, [o, [A2]]), for p = 1,2 by (T)-(IIT).

Subcase 1.6. v = (p, [i]) and w = (¢, [j]), where 1 < p,q < 2,7 # j, and 7,5 € As.

This follows from the fact that |O"((p, [i]))| > 0, [I*((¢, [j]))| > 0, and dp, ((r1,u), (12, u)) =

2 for any 1 # ro and 1 < ry, 79 < |A| by Subcase 1.3.

Case 2. Ay C Nr(u) and |Ay| < s.
We define an orientation Dy for G such that (V' (D2)—{(1, [|A2]]), (2, [|A42])}) b, =

(V(D2) = {(1,[[A=1]), (2, [|A2[])}) . -

Furthermore, in Dy, we have
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(IV) (2,[[A42]) = (Lo [A2]]) — (1, []42]]) = (2,]a, [A2]]) — (2,[|A2]]) for @ =
1,2,..., degr([|Asl]) — 1,

(V) (No,u) = {(k,u)| [A2] <k < s =1} = {(1,[|A2]]), (2, [[A2]])} = {(k, w)] |A2| <
k<s—1}, and

(VD) (Ny, u) — {(s,0)} = {(1,[i]), (2, ()} = (s, u) for all i € Ny(u) — A,.

(See Figure 3.2.4 for Dy when s = 5.)

Claim 2: For all v,w € V(Ds), dp,(v,w) < 4.
In view of the similarity between D; and D, it suffices to check the following

subcases.

Subcase 2.1. For each i € Ay, each j € Np(u)—Asg, and each a = 1,2, ..., degr([i])—
L,

(i) v = (p, [, i), w = (g, [j]) for p,q = 1,2, or

(i) v = (p, [i]),w = (¢, [j]) for p,g = 1,2, or

(iii) v = (¢, [j]), w = (p, e, 7]) for p,q = 1,2.

(i) and (ii) follow from (p, [, i]) — (p,[i]) — (i,u) — {(1,[j]),(2,[j])} for all
p=1,2, by (I), (IT) and (IV)-(VI). Similarly, for (iii), {(1,[4]), (2, [J])} = (s,u) —
(3—=p,[i]) = (p, e, 1]) for p = 1,2 by (I), (II) and (IV)-(VI).

Subcase 2.2. v = (x1,u) and w = (xq,u) for 1 # x5 and 1 < 1,29 < s.

If 25 € Ay, then (z1,u) — (1, [z2]) = (22,u) by (II) and (V). If 1 € Ay U {s} —
{|A2]} and |As| < xs < s—1, then (z1,u) — (1,[|As|]) = (22, u) by (II) and (V). If
|As| < 21,29 < s—1, then (x1,u) — (1,[1]) = (1,u) = (1,[|A2]]) = (z2,u) by (II)
and (V). If 5 = s, then (z1,u) — (1, [w]) = (x2,u) by (II), (V) and (VI), where w

can be any element of Np(u) — As.
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Subcase 2.3. v € {(1,[i]), (2, [i])} for each i € Np(u) — Ay, and w = (j,u) for
i=1,2,...,s.

For 1< j < |Agl, {(L,[i]), (2. [1)} = (s,u) = (L, [j]) = (j.w) by (I1) and (V1).
For [Ao] < j < s—1, {(L[d]), (2, [} = (s,u) = (1, [|A2]]) = (j,u) by (V) and
(VD). And, of course, {(1, [i]), (2, [i])} = (j,w) if j = s by (VI).

Subcase 2.4.

v = (j,u) foreach j =1,2,...,s,and w € {(1,[d]), (2, [])} for each i € Np(u)— As.

By (VI), for any 1 < j < s —1, (j,u) — {(1,[i]),(2,[i])}. Furthermore,

(s,u) = (1,[1]) = (L, u) = {(L, [5]), (1, [5])} by (II) and (VI).
Subcase 2.5. v = (p, [i]) and w = (g, [j]), where 1 < p,q <2, and i,j € Np(u) — As.

Here, it is possible that ¢ = j. Note that {(1,[d]),(2,[i])} — (s,u) — (1,[1]) —
(1, u) = {(1, [5]), (1, [5])} by (II) and (VI).

Case 3. Ay = Nr(u) and s < |Ay| < ([5;21)‘

Let U, be the set containing all | £]-element subsets of (Ng,u). In particular,

2
denote v¢; € W, where ¢; := {(j,u),...,(j + [5] —Lu)} for j =1,2,...,s, where
the addition is taken modulo s. For j > s, the denotation of ¢, is arbitrary. Define

an orientation Dj for GG as follows.

(VID) (2, [i]) = (1, [a, 7)) = (1, [d]) = (2, [ev,4]) = (2, [d]), and
fori € Ay and o =1,2,... degr([i]) — 1.

(See Figure 3.2.5 for D3 when s = 5.)
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Claim 3: For all v,w € V(Ds), dp,(v,w) < 4.

Subcase 3.1. v,w € {(1,[a,1]), (2, [, 1]),(1,[i]),(2,[i])} for each i € Ay and o =
1,2,..., degp([i]) — 1.
This is clear since, by (VII), (2,[i]) — (1, [, 7]) — (1,[i]) — (2, [, 7]) — (2, [7])

is a directed C}y.

Subcase 3.2. For each i,j € Ay, i # j, each o = 1,2,...,degr([i]) — 1, and
each 8 =1,2,...,degr([5]) — 1,

(i) v = (p, [ov,1]), w = (q,[B,5]) for p,q =1,2, or

(i) v = (p, [, 1]),w = (g, [5]) for p,q = 1,2, or

(iii) v = (p, [1]), w = (¢, 18, j]) for p,q =1,2.

By (VII) and (VIII), since O"((p,[i])) = ¥ € ¥; = O“((¢,[j])), there exists
a vertex (z,u) € ; N, such that (p,[a,i]) — (p,[i]) — (v,u) = (¢,[§]) —

(3 —4q, [57]]) for b,q = 172

Subcase 3.3. v = (r1,u) and w = (rq, u) for ri # ry and 1 < rq,ry < s.

Let t = 1 — [5](mod s). Since (r1,u) € ¥, 41 Uy, it follows that (ry,u) —
{(1,[r1 + 1]), (1, [t])}. Taking addition modulo s, (1,[r; +1]) = 01 = {(r1 +
L), (ri+42,u),...,(r+[5],w)} and (1, [t]) = ¥y = {(t,u), (t+1,u),...,(r—1,u)}
since t + |5| —1 =1, — 1(mod s). Noting that 1, 1 Uty = (Np,u) — {(r1,u)}, it

follows w.l.o.g. that dp, (v, w) = 2.

Subcase 3.4. v € {(1,[i]), (2, [7]), (1, [e,1]), (2, e, i])} for each i € Ay and o =
1,2,...,degr([i]) — 1, and w = (r,u) for r =1,2,...,s.

Note that there exists some 1 < k < s such that dp, (v, (k,u)) < 2 by (VII) and
(VIII). If k = r, we are done. If k # r, then dp,((k,u), (r,u)) = 2 by Subcase 3.3.

Hence, it follows that dp, (v, w) < dp,(v, (k,u)) + dp,((k,u), w) = 4.
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Subcase 3.5.
v = (ru) forr =1,2,...;s and w € {(1,[7]), (2, [7]), (1, [, 7]), (2, [, 7]) } for each
i€ Ay and a =1,2,...,degp([i]) — 1.

Note that there exists some 1 < k < s such that dp,((k,u),v) <2 by (VII) and
(VIII). If k = r, we are done. If k # r, then dp,((r,u), (k,u)) = 2 by Subcase 3.3.
Hence, it follows that dp,(v,w) < dp, (v, (k,u)) + dp,((k, u),w) = 4.

Subcase 3.6. v = (p,[i]) and w = (¢,[j]), where 1 < p,¢ < 2 and i,j € A,.

This follows from the fact that |O*((p, []))| > 0, [1*((¢, [j]))| > 0, and dp,((r1,w), (r2,u)) =

2 for any r; # ro and 1 < 1,79 < s by Subcase 3.3.

Case 4. Ay C Np(u) and s < |Ay] < ((sjﬂ) — 1. (If s = 3, this case does not
apply, and we refer to Case 2 instead.)

Using the notations in Case 3, we define an orientation D, for G by making a
slight modification to Ds. Noting that |Ay| < ([ /21) — 1, define D, as follows.
(VID" (2, [1]) = (L, [a,2]) = (L, [d]) = (2, [ev,4]) = (2, [d])-

(VI o — {(1,[i]), (2,[i])} — ¢ for i € Ay and a = 1,2,...,degr([i]) — 1.
(XY G oy = (LD, DY = vy for § € No) = A
(See Figure 3.2.6 for Dy when s = 5.)

Claim 4: For all v,w € V(Dy), dp,(v,w) < 4.
In view of the similarity between D3 and Dy, it suffices to check the following

subcases.

Subcase 4.1. v € {(1, [i]), (2, [¢])} for eachi € Np(u)—Ayand o = 1,2, ..., degr([i])—
1, and w = (r,u) forr=1,2,...,s.
This follows from the fact that |O"((p, [i]))| > 0 for p = 1,2, and dp, ((r1, u), (12, u)) =

2 for any r; # ro and 1 < 1,79 < s by Subcase 3.3.
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Subcase 4.2.
v=(r,u) forr=1,2,...,sand w € {(1,[7]), (2, [i])} for each i € Np(u) — Ay and
a=1,2,...,degr([i]) — 1.

This follows from the fact that | I“((p, [1]))| > 0for p = 1,2, and dp, ((r1, u), (re, u)) =

2 for any r; # ro and 1 < 7y, 7y < s by Subcase 3.3.

Subcase 4.3. v = (p, [i1]) and w = (g, [j]), where 1 < p,q <2 and i,j € Np(u) — As.

This follows from the fact that |O"((p, [i]))| > 0, [I*((¢, [j]))| > 0, and dp,((r1,u), (12, u)) =

2 for any r; # ro and 1 < 7y, 79 < s by Subcase 3.3.

Hence, d(D;) < 4 for i = 1,2,3,4. Notice that every vertex in D lies in a di-
rected Cy. So, by Lemma 1.3.2, 4 = d(T) < d(G) < max{4,d(D)} = 4. Therefore,

d(G) = 4.
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. ep) L)
. . "
2.11,3) 5,13) .. . .
. g u><1, N L)
(1,12,3 . ; .
. 5.0) Qu) @)
2.[2.3)

Figure 3.2.3: D; for Case 1. s =5 and A, = {1,2,3,4}.
For clarity, the arcs directed from (p,u) to (g, [i]) are omitted.
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°
° ° /(v?),U) o< o
(2,[1,3]) 2,[3]) .A/(17[4]) (1, [1,4])
° (4,15\ o — "o
(1,[2,3 o (2, [4]) (2,[1,4])
o o /('5,113\
(2,[2,3]) (1,[5]) (1,6])

° °
(2,[5]) (2, [6])

Figure 3.2.4: Dy for Case 2. s =5, degr(u) = 6, Ay = {1,2,3,4} and
NT(U) - AQ = {5,6}
For clarity, the arcs directed from (p, u) to (g, [i]) are omitted.
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(1,[1,2]) (1,u) (1,[1]) (1,[1,1])
[ @ < @ < [
@ -« o > @ < @ « o
(2,[1,2]) 1,12]) (2,u) (2, [1]) (2,1, 1])
- ) > @ < e < L
(1,[2,2]) (2,[2]) (3,u) (1,3]) (1,{1,3])
([ Q@ « @ <« Y
(2,12,2]) (4, u) (2,13]) (2,[1,3])
[
(5, u)

Figure 3.2.5: D3 for Case 3. s =5, and Ay = {1,2,3,4,5}.
For clarity, we only show the vertices [a, ] and [i] for i = 1,2, 3,
and the arcs directed from (p,u) to (g, [¢]) are omitted.
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(1,1, 2]) (1, u) (1, [1]) (1,[1,1))
([ @ < @ < o
@ <« o > @ « @ <« o
(2,1, 2]) 1,[2]) (2, u) (2,[1]) (2,[1,1))
- ) > @ < e < L
(1,[2,2]) (2, [2]) 3,u (1,3]) (1,[1,3))
o @ <« @ < )
(2,(2,2]) (4, u) (2, [3]) (2,[1,3])
° - @ < °
(1,[10 (5, u) 1,[11])
o o
(2, [10]) (2, [11])

Figure 3.2.6: D, for Case 4. s =5, degr(u) = 11, Ay = {1,2,...,9} and
Here, assume we define w( )= {(3,u), (5,u)}.

(3;2
For clarity, we only show the vertices [, ] and [i] for i = 1,2, 3,10, 11,

and the arcs directed from (p,u) to (g, [¢]) are omitted.

Corollary 3.2.9 Let T be a tree of diameter 4 and u be its unique central vertex.
If
(i) |Asq| < ([g?ﬂ) and |As| = degr(u), or

(”) |AZ2’ < ((sjg]) - 1;
then G :=T(s1,82,...,8) € 6.

Proof:

Note that every vertex lies in a directed C} for each orientation D; and d(D;) < 4,
for i = 1,2,3,4. Thus, d(G) < maz{4,d(D;)} for i = 1,2,3,4, by Lemma 1.3.2.
Since d(G) > d(T) = 4, it follows that d(G) = 4.
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d

Further research may be done to characterise the tree vertex-multiplications

Ty(s1, 82, .., 5,) which belong to .
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