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A GENERAL TRANSFORMATION FOR THETA SERIES
ASSOCIATED WITH THE QUADRATIC FORM 22 + ky?

THI PHUONG NHI HO AND PEE CHOON TOH

ABSTRACT. Using elementary techniques, we prove a general transformation
for theta series associated with the quadratic form 2 4+ ky2. The transforma-
tion is then applied to establish several infinite families of identities involving
theta series whose Fourier coefficients are interlinked.

1. INTRODUCTION
Let ¢ = €?™7, where 7 is any complex number in the upper half plane. We define
the Dedekind eta-function as

n(r) =g [](1 - &)
j=1

Next we define a(n) and a(n) as the Fourier coefficients of the following pair of
infinite products

167)%n(327)3
(1.1a) z:a(n)qn:n(77)(8777_()):q5_|_q13_|_qQQ_|__._7
n>0
=g < METNA6T)? g
(1.1b) T;)a(n)q = 1G27) =q—3¢° —2¢° " +---.

Hirschhorn [3] used elementary techniques to prove that the coefficients of a(n)
and a(n) are interlinked in the following manner.

(1.2a) Z a(d5n)q" +5 Z a(n)g™™ = Z a(n)q",

n>0 n>0 n>0
(1.2b) Z a(5n)q" +5 Z a(n)g®" =16 Z a(n)q".
n>0 n>0 n>0

He remarked that a question worth investigating was whether this was an isolated
phenomenon or if there were more of such examples. One of the authors [5] showed
that in fact Hirschhorn’s identities were special cases of a more general phenomenon.
He used the theory of modular forms to generalize from the case p =5 to all
primes p = 1 (mod 4).
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2 T. P. N. HO AND P. C. TOH

Theorem 1.1 (Theorem 2.1 of [B]). For any prime p =1 (mod 4), we have
a(p) Z a(n)g™ ifp=1 (mod 8),

n a(n)g’™ = =
(1.3a) Z (pn)q +pz (n)g a(p)zd(ﬂ)qn ifp=5 (mod 8);

n>0 n>0

a(p) Z a(n)q" ifp=1 (mod 8),

~ n a(n)gP” = n>0
(1.3b) Y alpn)g" +p ) aln)g 16a(p) Y a(m)q” ifp=5 (mods8).

n>0 n>0
n>0

In addition, he found another pair of infinite products whose Fourier coefficients
satisfied analogous relations.

Theorem 1.2 (Theorem 2.3 of [5]). I

87)3 (647) 5 13 29
1.4 b(n _ -3 5
(1.4a) n§>0 JGar) ¢ T3 +5¢% + -,
(87)3n(327)°
(1.4b) E b(n —77 7)°n(327) =q—3¢ +2¢""+--,

(1672 (647)?

then for any prime p =1 (mod 4), we have

b(p) Z b(n)¢" ifp=1 (mod8),

Rit:) b(pn)g"™ b(n)gP" = n>0
(L.5a) ZO (p)q +an20 (n)g W) S B itp=5 (mod 8)
n>0

b(p) Z b(n)¢" ifp=1 (mod8),

1.5b b(pn)q™ b(n)g" = n>0
(1.5b) n%% (pn)q +pn§) (n)q B0 S )"

n>0

ifp=5 (mod 8).

The Jacobi triple product identity [, p. 10] allows us to write each of the four
infinite products from Theorems [I.1] and [I.2] as a theta series of the following form

S flay)e” T,

z=xzg (mod A)
y=yo (mod B)

for some function f(x,y). By Fermat’s theorem, every prime p = 1 (mod 4), can
always be expressed as a sum of two squares. Since one of the two squares must be
even, we can write p = a? +432. Two questions arise naturally. Can Theorems
and [I.2 be proved using elementary methods? In other words, can they be proved
without appealing to the theory of modular forms? The second question is whether
there exist analogous identities associated to primes of the form p = a? + k32 for
other values of k. In this article, we answer both questions by deriving a general
transformation associated with the quadratic form 22 + ky?. With the help of this
transformation, we can provide elementary proofs of Theorems [I.1] and [I.2] and
many other analogous infinite families of identities. In the following, we list some
of the more striking examples.
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Theorem 1.3. If

n 77(47)277(247')5 5 17
1. E ANV )| 2
T T
Z ~ no_ 77(167)277(247)5 _ 5 13 17
WOy I = e T TR

then for any prime p =1 (mod 12), we have
q" if p = a2 + 36032,

() D cn
(L72) > elpn)g"+p Yy c(n)g™ = 165( )ZOZ ¢ ifp=90a%+46%;

n>0 n>0

n>0
c(p) Y @n)g" if p=a®+ 3647,
~ n ~ pn n>0
n>0

Theorem 1.4. If

e S B
Zd n(87)n (247-)577(327) Zdél B (87’) r](487')13

n(127)2n(167) ’ n(47)2n(167)2n(247)51(967)5’

n>0 n>0

then for any prime p =1 (mod 12), we have

dy4(p) Z di(n)q™ if p=a®+ 3662 3 even,
n>0
da(p) Y ds(n)g" ifp=a® +365° 5 odd,
di(pn)g" + (-1)"= p > di(n)g™ = = no
T;) ,;) di(p) Y da(n)g" if p =902+ 452, 8 even,
n>0
ds(p) Z da(n)q" if p =902+ 452, 3 odd;
n>0
da(p) Z da(n)q" if p = o® + 3652, B even,
n>0
—dy(p) Y da(n)q"  if p=a®+368% 8 odd,
da(pn)q"™ + ( = da(n = =l n .
7; TZ;) 16d3(p) Z ds(n)q if p=9a? + 482, 5 even,
n>0
—16d1(p) Y di(n)g" if p =902+ 452, 8 odd;
n>0
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da(p) Z dz(n)q" if p=a® + 3652, 3 even,
n>0

p) Y _di(n)q" if p=a®+366% 3 odd,
d3(pn)g" + (—1)"= ds(n)g’™ = =
> da(pn)g" + (=)= p Y _ds(n)g ds(p) Y da(n)q" if p =902+ 452, B even,

n>0 n>0

n>0
D) Z dy(n)g™ if p=9a% +45% B odd;
n>0
D) Z ds(n)g" if p=a?+ 3652, even,
n>0
—da(p) Y da(n)q"  ifp=a®+363% 8 odd,
dy(pn)g" + (—1)"= p > du(n)g™ = = .
n§>:o n§>:0 16d; (p) Z di(n)q" if p=9a% + 482, 3 even,
n>0
—16ds(p) Y _ ds(n)q" if p =902+ 452, 8 odd.
n>0
Theorem 1.5. If
27)%1(247)° 3 9 19 25
1.8 777 —2¢3 +2¢° — 2¢"° — 5
(1.8a) ;f Trnasnz 1 +2¢” — 2q q+
127) on(167)° 3 9 11 17 27
1.8b = B2 R 2 2 o
(1.8b) n;)f A A

then for any prime p =1 or 3 (mod 8) and p # 3, we have

(1.9a)
P) Z f(n)q" if p=a?+ 18432,

" ]2 n __ n>0
nzzof(pn)q +(3)pnzzof(n)qp T -8 S Fma if p= 902 +28%

n>0
(1.9b)

p) Y f(n)g" if p=a?+ 1842

7 n p ~n pn _ . n20
D foma +(3)1”7;*’6( )4 Fo) S f)g” it p= 902 + 282

n>0
n>0
Theorem 1.6. If
n_ N(37)*n(247)° 4 13

1.1 =————— =q—2 2
(1.10a) nz;;g(n)q nGrm(asnEz — 1% +2¢7° +--,

~ 1(67)°n(487)> 4 7 19
]..]. b n = - 2 _4 e
(1.10b) > g(n)g G nai) — ¢t A

n>0
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then for any prime p =1 (mod 3), we have

> gn)g" it p=a®+ 1282

if p = 4a? + 352

9(p)
1.11 "t = n20
(1.11a) n%%g(pn)q pn%%g(n)q 50 S g it p— e + 367
n>0
g(p) Y _g(n)g" if p=a® 4126,
1.11b g ny g(n)gP™ = n20
(1.11b) g%g(pn)q pn%%g(n)q S g
n>0

Theorem 1.7. For a prime p=1 or 9 (mod 20), define

if p = a? + 4542,

0
(5 =
®) {1 if p=9a% + 532
If
n(57)*n(247)° 1(67)°n(807)?
ha(n)g” = , ha(n)g" = OIS
2 M = e 2" = o)
n(7)*n(1207)° 1(167)*n(307)°
hs(n q” = ) ha(n)q" = T o N (1 \0
D eI D DL e o o
then for any prime p =1 or 9 (mod 20), we have
hi(p) Z hi(n)q"™ if p=a? + 45532, 8 even,
n>0
4ho(p) Z ha(n)g™ if p=a?+ 4582, 8 odd,
h(pn)g" + (=1)°®p Y~ by (n)g?" = "= .
g 7; —20h4(p) Z ha(n)g™ if p=9a® + 532, 3 even,
n>0
—5h3(p) Z hs(n)q™  if p=9a® + 552, 3 odd;
n>0
hi(p) Z ha(n)q" if p=a?+ 4532, even,
n>0
ha(p) Z hi(n)q"™ if p=a?+ 4532, 3 odd,
ha(pn)q” + (—=1)°®p Y " ha(n)g™ = n20 .
nXZ;) nzZ;) —5h4(p) Z hs(n)q™ if p=9a? + 532, 8 even,
n>0
—5h3(p) Y ha(n)g" if p =902+ 542, 8 odd;
n>0
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hi(p) > ha(n)q”  if p=a®+458%, 3 even,
n>0

4ha(p) Y ha(n)q" it p = a® + 4562, 5 odd,
D halpn)a" + (~1)Pp Y hy(m)g?" = n20

7>0 S0 4hy(p) Z ha(n)q™ if p=9a® + 532, 3 even,
n>0
ha(p) Y hi(n)g"  if p =902 + 542 B odd;
n>0

hi(p) Z ha(n)q™ if p=a® + 4582, 3 even,

ha(p) Y ha(n)q" if p= o +454%, 5 odd,
Z ha(pn)q™ + (71)5(1’);02 ha(n)gP™ = n>0

= = ha(p) Y ma(n)g"  if p=9a” +55%, 8 even,
n>0
hs(p) Y ha(n)g" if p =902 + 582, 3 odd.
n>0

Theorems|1.3|and [1.4] are both associated with the quadratic form 22 +4y? while
Theorems and are related to the forms x2 + 2y2, 22 + 3y? and 22 + 532

respectively. In the next section, we will derive the aforementioned transformation.
Details of the proofs of Theorems and [L.6] are described in the subsequent
sections. The proofs of the remaining theorems can be obtained in an analogous
way and are hence omitted. In our final section, we state several generalizations of
recent results by Mahadeva Naika and Gireesh [4] which can be proved with our
transformation formula.

2. GENERAL TRANSFORMATION

Theorem 2.1. Let k be a positive integer and p an odd prime (distinct from k)
that can be expressed as p? + kv?. Let A and B be positive integers such that
A|p?—1 and B | p?> — 1. Suppose there exist integers a > 0,b > 0, a, B such that
ged(a, b) = ged(a, f) =1,

(2.1) p = a’a® + kb*p?,

and

(2.2) EF = AB, E|p?—1, Flp*—1,
where

(2.3) E = ged(Aa, kBb) and F = gcd(Ab, Ba).

Then the following transformation holds.

(2.4) S Syt =T+ T - T
=z (mod A)
y=yo (mod B)
224+ky?=0 (mod p)
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where

(2.5) Ty = Z f(aam + kbBn, —bBm + aan)qp(m2+k”2);
m=p(acxo—kbByo) (mod E)
n=p(bfzro+acayo) (mod F)
(2.6) Tp= Z flaam + kbBn, bpm — aan)qp(7”2+k”2);
m=p(aazo+kbByo) (mod E)
n=p(bfro—aayo) (mod F)
2 2
27) Ts= Y. fleyg" .
z=zo (mod A)
y=yo (mod B)
z=y=0 (mod p)
Proof. Let p be an odd prime that can be expressed as p? + kv? for some positive
integer k. We rewrite u = acv and v = bf3, so that

(2.8) p = a’a® + kb?5?,
for some integers a, b, o, 8 such that ged(a,bd) = ged(a, 5) = 1.

Since bj is relatively prime to p, it has a multiplicative inverse modulo p. Hence
there exists s such that

(2.9) s?=—k (mod p).
We now fix a choice of a > 0,b > 0, «, 8 and s to satisfy
(2.10) ac = —sbf  (mod p).
It is then straightforward to see that
(2.11) saae = kb3 (mod p).
Now consider a binary quadratic form x2 + ky?, where x and y are of the form
(2.12) x = Azx1 + x9 and y = By1 + yo,

with the additional requirement that
(2.13) Alp*—1 and B|p* -1

We wish to make a change of variables that holds whenever p divides any qua-

dratic form 2% + ky? satisfying (2.12)) and (2.13)).

(2.14)
> Flae™ ™ = 3 faye ™ Y fay)et
=z (mod A) =z (mod A) =z (mod A)
y=yo (mod B) y=yo (mod B) y=yo (mod B)
z2+ky?=0 (mod p) z=sy (mod p) z=—sy (mod p)

2 2
- Y fay

=z (mod A)
y=yo (mod B)
z=y=0 (mod p)

with the three sums corresponding to 77, T and T3 respectively in the statement
of the theorem. We next obtain the stated form for 77. From

(2.15) z=sy (mod p),

we use (2.12) to obtain
(2.16) Azxq — sBys = —x9 + syo (mod p).
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Multiplying (2.16]) by a« and bj respectively and using (2.10)), (2.11)), we obtain
Aaaxy — kBbBy1 = aa(—xo + syo)
(2.17) = —aaxp + kbByo (mod p)

and

AbBz1 + Baay: = bB(—xo + syo)

(2.18) = —bfxro —aayy (mod p).
Dividing by F in (2.17) and F' in (2.18)), we have
Aac kBb 1—p?
(219&) Txl — Tﬁyl = pu + Ep (—CLOCJTO + kbﬁyo)a
Ab B 1—p?
(2.19D) Tﬁxl + 5y = p + —(<bBag — aayo),

for some integers u,v. Solving this system, we obtain x; and y; which lead to the
following

(2.20a) x = Az1 + xg = Faou + kFbBv + pxo,
(2.20b) y = Byi + yo = —EbBu + Faowv + p*yp.
Using the expressions above and , we can show that
(2.21) 2% + ky? = p (Bu + plaaxy — kbByo))* + kp (Fu + p(bBzo + aayo))” .

To reiterate, what we have done is to transform the quadratic form 22 4+ ky? (which
are multiples of p) into an expression involving the variables,

(2.22) m = FEu + plaazxy — kbByg) and n = Fv + p(bBxg + aayp).

The expressions for z and y from ([2.20]) can also be rewritten in terms of these two
variables.

(2.23a) x = aam + kbpn
= aa (Eu+ p(acxo — kbByo)) + kbS (Fv + p(bBxo + aayo)) ,
(2.23b) y = —bBfm — aan

= —bB (Bu + p(aczy — kbByo)) + aa (Fv + p(bBzo + aay)) -

Replacing the variables x and y in the first sum of (2.14]) completes the expression
for T7.
Likewise for T5, we begin with

(2.24) x=—sy (mod p)
and multiply appropriate factors to get
Aaa kBb 1—p?
(225&) Tﬂfl — Tﬁyl = pu + P (—wao - kbﬁyo)a
Ab Baa 1—p?
(2.25b) Tﬂm t =Pt P (—bBao + aayo),

for some integers u,v. Solving this system for z; and y; allows us to compute
(2.26a) x = Azxy + zg = Faou + kFbBv + pxo,
(2.26b) y = Byi + yo = EbBu — Faow + p*yp.
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and
(2.27) 2?4+ kyP=p (Eu + placzg + kb,é’yo))2 + kp (Fv + p(bBxg — aayo))2 )

As before, we can rewrite

(2.28a) x = aam + kbpn

= ao (Bu + placzo + kbByo)) + kbB (Fv + p(bBxo — aayy)),
(2.28b) y = bBm — aan

= b8 (Eu+ plaaxg + kbByo)) — ac (Fv + p(bBxo — aayo)) -
The transformation in is thus verified. t

3. PROOF OF THEOREM [I.1]

Having established the transformation in the previous section, we are now ready
to prove Theorem We first note that the Jacobi triple product identity [Il p.
10] allows us to prove the following results.

Lemma 3.1. The following identities hold:

(3.1a) n(87)3 = Z(4n + l)q(4n+1)2 _ Z(4n 4 3)q(4n+3)2;
nez nez
(3.1b) 0= Z(4n)q(4n)2 — Z(4n i 2)q(4n+2)2;
nez nez
7](167‘)2 (4n+1)2 (4n+3)?
3.1 = — .
( C) 77(87’) Z q Z q ;
nez nez
77(47—)2 2 2 2
(3.1d) 1(87) = Z(—l)"q4" = Zq(4n) _ Zq(4n+2) ]
nez nez nez

Moreover, these identities are invariant under the transformation n — n + k for
any integer k.

Using (3.1a)), (3.1¢) and (3.1d), we can rewrite the infinite products in (|1.1a))
and (|1.1b)) respectively as

(3.2a) Za(n)qn: Z yqx2+4y2

n=>0 z=1 (mod 4)
y=1 (mod 4)
and
(3.2b) Zd(n)q” = Z (—1)Yaq” 160" = Z (—1)¥/2zq= +19",
n>0 =1 (mod 4) z=1 (mod 4)
yez y=0 (mod 2)

Let p be an odd prime satisfying p = 1 (mod 4), thus
p=a’+4p°

for some unique aw = 1 (mod 4). As for g, if p =5 (mod 8) then g is odd and we
can pick f =1 (mod 4). With these choices of a and 8, we can see from (3.2a))
that

(3.3) a(p) = B
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However, if p = 1 (mod 8), one can show that § is even. In this case, we choose
B > 0. Since there is no constraint on the sign of the variable y in the sum (3.2b)),
we conclude that

(3.4) a(p) = 2(-1)%2a.

With these choices for «, 3, we shall use Theorem with k =4, a=b=1, and
A = B =4 to obtain

(3.5) > yg" Y =Ty 4 Ty — Ty
z=y=1 (mod 4)
z2+4y?=0 (mod p)

To simplify T3, we can write z = pm and y = pn, which means
2 2 2
(36) L= Y e =S g
m=n=1 (mod 4) n>0

For the sum 77 in (3.5), we have g = yp = 1, E = F = 4 and thus

T, = Z —B(4u + p(a — 45))qp(4u+p(oz—4l3))2+419(4v+10(a+/3))2

w,vEZL
+ Z (40 + p(a + B))gPtutrle— 48))*+4p(4v+p(a+p))?
u,vEZL
(3.7) =-8 Z gAP(dvtp(atp))’ (ZMU + plo — 45))qp(4u+p(a4ﬁ))2>
VEZL u€Z
+a Z qP(4u+p(a—4,3))2 (Z(Zl’u + p(a + B))q4p(4v+p(oz+5))2> .
u€EZ vEZ
Similarly,
Ty = Z B(4u + p(a + 43))qPAutp(atd8))* +4p(dv+p(f—a))®
w,vEZL
_ Z (4v + p(B — a))gPHutplatiB)* +ap(dvtp(5—a))®
u,vEZL
(3.8) =8y g P(Av+p(=a))? <Z(4u + p(a+48))q” 4u+p(a+4ﬁ))2>
vEZL u€Z

— Z qjo(élqup(erzm))2 (Z(Zlv +p(B— a))q4p(4v+p(ﬁa))2> .

u€eZ vEZ

At this point, we need to consider separately the cases p =1 (mod 8) and p =5
(mod 8). In the latter case, recall that « = 8 =1 (mod 4). We can thus use both

(3-1a) and (3.10) to simplify (3.7) and (3.8) to
(3.9) T, =—-p <Z q4p(4v+2)2> n(8pr)3 +0,

vEZ

(3.10) (Zq"‘”(‘*”) (8p7)° + 0.

vEZ
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Consequently, the results in (3.9), (3.10)), (3.6), (3.1d) and (3.3) imply

> alpn)g”" =T+ Ty — Ts
n>0
=5 (Z g ) (8pr)* + 8 (Z g ) n(8p7)*
vEZ VEZ
—pYy_aln)g’
n>0
_ 4 (n6pr)?
3 (s ) v Fp s
(3.11) = a(p) Z a(n)g?™ — pz a(n)q?
n>0 n>0

On the other hand, when p =1 (mod 8), we have a =1 (mod 4) and 3 is even.
Therefore, using (3.1a)) again, we have

(312) Ty=-5 (Zq““‘”“) (8p7)° + (-1)"/%a (Zq“‘*“*”) (32p7)°,

VEZL Uu€EZ
(3.13) Tp= (Z g ) (8pr)* + (=1)7/2 (Z gy’ ) (32p7)°.
VEL UEZ

By virtue of (3.12), (3.13)), (3.6)), (3.1c) and (3.4), we obtain

> alpn)g”™ = (ZW“”*”) (8p7)° + (~1)"/*a <qu(4“+”) (32p7)*

n>0 vEZ UEZL
+8 (Z q4p(4”“)2> n(8pr)* + (~1)7/2 (Z gy’ ) (32p7)°
vEZL u€ez
—p)_a(n)¢’
n>0
=2(-1)2q < n(16p7)° ) (32pT) —pz
n(8pT) =
(3.14) = a(p) Z a(n)g?™ —p Z a(n)g”".
n>0 n>0

Finally, replacing ¢*™ by ¢™ in both (3.11)) and (3.14) proves (1.3a).
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We now devote our attention to (1.3b)). As before, we extract only the terms in
(3.2b]) where the power of ¢ is divisible by p

(3.15)
Z (71)y/2xqw2+4y2 _ Z (71)y/2xqm2+4y2 + Z (71)y/2xqw2+4y2
=1 (mod 4) =1 (mod 4) =1 (mod 4)
y=0 (mod 2) y=0 (mod 2) y=0 (mod 2)
224+4y?=0 (mod p) z=sy (mod p) r=—sy (mod p)
- X )
=1 (mod 4)
y=0 (mod 2)
z=y=0 (mod p)
=27 —Ts.
The transformation y — —y shows that the first and second sums on the right-hand
side of ([3.15) are equal.
Similar to (3.6)), one can show that
(3.16) T3=p Z d(n)q”z
n>0

For the sum 77, we use the parameters A =4, B=2 29=1,1y, =0, E =4
and F' = 2 in Theorem 2.

(3.17) T = Z (_1)va(4u+pa)qp(4u+pa)2+4p(2u+p5)2
u,VEZ
+ Z B(2v 4 pB)qPtivtr) +4p(2v+ph)*
u,VEZ

As before, when p =5 (mod 8), we have « = f =1 (mod 4). Using (3.1a]) and

(B-1), we simplity (3-17) to

(3.18)
Ty = an(8pr)* (Z(—l)”q4p(2”+pm2>
vEZ
+45( (16]97;2) <%:Z(_l)v(2v+pﬁ)q4p(2v+p5)2>
(o)

The results in (3.18)), (3.16) and (3.3]) give us

Z a(pn)g’™ =21, — T;

n>0
B n(16pT)*n(32p7)*\ G ()P n
_1%( 1(8p7) ) p,; (m)a
(3.19) =16a(p) Y_a(n)g" —p > _ a(n)g" "

n>0 n>0
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In the case p =1 (mod 8), we have @ = 1 (mod 4) and S is even. We can use

(3.1a), (3.1b) and (3.1d) to write T} in (3.17)) as
Ty = (=1)"an(8pr)? (Z(—l)””“q‘*”(z”*w’z) +0

vEZ

T 2
(3.20) = (=1)""2an(8pr)? (77’7((1;21;7))) .

Altogether, (3.20)), (3.16) and (3.4) give us

>ty = i) (MEIOXTE) ) S

(p)Y a(n)g™ —p>_ aln)q”
n>0 n>0

We can now replace ¢? by ¢ in both (3.19) and (3.21) to complete the proof of
(T-30).

DN

(3.21)

Il
X

4. PROOF OF THEOREM [L.6]
In this section, we provide the details of the proof of Theorem [I.6]
Lemma 4.1. The following identities hold:

1(247)° (6n+1)?
(4.1a) = Z(Gn + D¢
1(487) =
n(37)? ¢
(4.1b) =y (-n" n?
77(67—) ne”Z
n(67)° (3n+1)?2
(4.1¢) 5= ()" (3n+ )¢+
nBr)?
77(167')2 _ (4n+1)% _ (4n+3)? (2n+1)*
(4.1d) e Z q Z Z
nez neZ n€Z

Moreover, these identities are invariant under the transformation n — n + k for
any integer k.

Identities and are consequences of the quintuple product identity.
An informative discussion on these two identities can be found in [2, Section 9.1].
The other two identities appeared in Lemma and are re-stated here for the
convenience of the reader.

Using Lemma we can rewrite the infinite products in (1.10) as

(4.20) dogmat = Y ()
n>0 =1 (mod 6)
YyEL
and
(4.2b) Yoamgt = Y~ gt
n>0 =1 (mod 3)

y=1 (mod 4)
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Any prime p =1 (mod 3) can be written in the form
p = pu®+ 302
Furthermore, exactly one of pu or v is even. In the latter case, we rewrite p =
a? + 12432, and it can be seen that « is odd and 3 { a. Hence, we can fix a = 1
(mod 6). Since there is no constraint on the variable y in the sum (4.2al), we observe
that the coefficient of ¢? is
(4.3) g(p) = g(a® +3(28)%) = 2(-1)*’a = 2a.

On the other hand, if p is even, we have p = 4a?+ 3432, with 8 odd and 3 { a. We
can then choose a and 8 such that « =2 (mod 3) and 8 =1 (mod 4). It follows
that the coefficient of ¢P in the sum (4.2b) is

(4.4) (p) = 3((20)* +38%) = (=1)** V%20 = —2a.

We shall first prove identity (1.11a)). For a fixed prime p =1 (mod 3), which is
either of the form p = a? + 12532 or p = 4a? + 332, we extract the terms in (4.2a))
where the power of ¢ is a multiple of p.

(4.5)

o W = 3T (D YT (<) Y

=1 (mod 6) =1 (mod 6) =1 (mod 6)

YyEZL yEZ yEZ

2243y?=0 (mod p) z=sy (mod p) z=—sy (mod p)
_ Z (—1)Vaq® +3v°
=1 (mod 6)
YEL
z=y=0 (mod p)

(4.6) — o7, — Ts.

In the above, the first sum is equal to the second sum via the transformation
y — —y. T3 can be simplified by writing © = pm,y = pn. Since x =1 (mod 6) and
y € Z, we have m =1 (mod 6) and n € Z. Thus

2/ 2 2 2
(4.7) Ts= > (=1)Ppmg” ™) =pY " g(n)g" "
m=1 (mod 6) n>0
neZ

To calculate Ty for p = o2 +128%, weset k=3,a=1,b=2, A=6, B =1,
ro=1,9=0,E=6, F=11in Theorem In addition, since pa = 1 (mod 6)
and « is odd, we thus have

Ty= 3 (~1)7 7 (a(6u+ pa) + 65(v + 2pB))gCHre) o2

u,vEZL
=a Z(6u + pa)qp(6u+pa)2 Z(_l)quP(v+2pﬂ)2
u€Z vEZL
168 Z(_l)v(v + 2pB) PP +2rh)’ Z gP(Outpe)?
VEZL u€Z

(4.8) =a Y (6u+1)g" @D N (=1)" g + 687y (1) v Y O’

u€Z VEZL vEZL u€Z

24 5 2

(49) = o, 124p7)"n(3pT)

n(48p7)2n(6pT) ’
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where Lemma [4.1] is used and the sum over v in the second term of (4.8) is 0.

Combining the results in (4.6), (4.7), (4.9) and (4.3, we obtain that for p =
a? + 1262,

— 1(3p7)*n(24pT)°
nzz;)g(p”)q _g(p)W Zg

proving the first assertion of when ¢P is replaced by g.

We now consider the second assertion of for p = 4a? + 332. In this case,
to calculate T7, we substitute a =2, b=1, A=6, B=1,20=1, 9y, =0, £ = 3,
F = 2 in Theorem Recall that we chose « such that o = 2 (mod 3) which
means 2pa =1 (mod 3). We have

T = Z (—1)73PuH4av (90 (3u 4 2par) + 36(2v + pﬂ))qp(3"+2pa)2+3p(2v+p6)2
U, VEL

- %20 Z “(3u + 2pa)q p(3u+2pa)® Z q3p 2v+ppB)>
u€”Z VEZL
138 Z(QU + pB)g*P2vtes)’ Z(_l)qu(3U+2pa)2
vEZL UEZ
_ (Qpa 1)/3 p(3u+1)2 3p(2v+1)2
(4.10) (-1 2a “(Bu+1 q
uGZ VEZL
+38 2(21] + 1)q3p(2v+1)2 Z(_l)qu(3u+1)2
VEL UEZL
N 6p7)° 48pT)>?
(1) = gip) DD IO
n(3pT)*  n(24pr)

where Lemma is used and the sum over v in the second term of (4.10) reduces

to 0. In addition, the coefficient in (4.11]) is due to (4.4)).
As a result of (4.5)), (4.7) and (#.11)), we have for p = 402 + 332,

7)5 7)?2 5
;g(pn)qp” = 4§(p)m - pgg(n)q” "

proving the second assertion of (|1.11a]).
We now turn to identity ((1.11b]). Similar to (4.5), we can write
Yo (e gty

=1 (mod 3)
y=1 (mod 4)

z2+3y%=0 (mod p)

(4.12)
_ Z (_1)(90 1)/3 zq” 243y2 + Z (_1)(30 1)/3 zq® 243y2

=1 (mod 3) =1 (mod 3)
y=1 (mod 4) y=1 (mod 4)
z=sy (mod p) z=—sy (mod p)

— Y (Fnle D g
z=1 (mod 3)
y=1 (mod 4)
z=y=0 (mod p)

(413) =T\ + Ty —Ts.
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As before, since p =1 (mod 6), we can simplify T3 as follows

(414) T; = Z (_1)(pmfl)/Spqu)?(m2+3n2) :ng(n)qu
pm=1 (mod 3) n>0
pn=1 (mod 4)

We now calculate Ty for p = a? + 1232, where @ = 1 and b = 2. In order to
proceed to utilize Theorem we rewrite 77 as two sums. The transformation for
each of the two sum uses parameters a =1, b=2, A=6, B=4,yo=1, E =6,
F = 4 but the former requires xo = 1 while the latter g = 4. We have

T, = Z (_1)(2—1)/3$qa:2+3y2 + Z (_1)(x—1)/3mqa:2+3y2
=1 (mod 6) =4 (mod 6)
y=1 (mod 4) y=1 (mod 4)
rz=sy (mod p) rz=sy (mod p)
(4.15) = Z (6u + p(a — 65))qP(GU+p(a—6ﬁ))2 Z q3p(4v+p(2ﬁ+a))2
ucZ VEZL
+ 68 Z(4v +p(28 + a))q3p(4v+p(26+a))2 Z qp(6u+p(w—6/3))2
VEZ u€Z
— Z (6u + p(4a — 63))g” p(6u+p(4a—68))° Z 3p(4v+p(88+a))®
u€Z VEZL
-6 2(411 +p(88 + a))q3p(4v+p(8ﬁ+a))2 Z qp(6u+p(40‘*65))2.
VEZL u€E”Z

Repeating this process for T, we obtain

L= Y (DEDEt S (e gt
=1 (mod 6) =4 (mod 6)
y=1 (mod 4) y=1 (mod 4)
z=—sy (mod p) r=—sy (mod p)
(4.16) = a 'S (6u+ pla+ 68))grEura+68)T 7 gaplivp(25-a)®
u€EZ vEZL
+68 (40 +p(28 — a))gP PRI N pGutp(atos)”
vEZL UEL
—a Z(Gu + p(da + 63))gP(Cutp(dot66))® Z 3PAvtp(8B—a))®
uEZ VEZ
— 68 Z 40 + p(8f — a)) g tp(EB—a))? Z gP(Sutp(da+68)*
VEZL UEZ

For p = o? + 122, recall that we fixed @ = 1 (mod 6). In addition with
p(28 + a) = —p(26 — «) (mod 4), one can show that

Th+ Ty =2« Z(6u + 1)qp(6u+1)2 Z qu(4u+1)2 — 2« Z(6u + 4)qp<6u—|r4)2 Z q3p(4v+1)2

uEZ vEL u€Z VEL
— 2 Z “(3u+1)q p(3u+1)? Z qsp(4v+1)
uEZ VEZ
(4.17)
_ g(p)n(6p7)5n(48p7)2’
n(3pr)?n(24pr)

where the coefficient in (4.17)) is due to (4.3)).
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Consequently, (4.13), (4.14) and (4.17)) give us

. on o 11(6pT)°n(48pT)>
(4.18) nzz;)g(p”)q —g(p)m ZQ

proving the first assertion of .

Finally, we shall prove the second assertion of where p = 4a? + 332
Similar to , we rewrite 77 as two sums and apply Theorem This time,
the parameters involved are a =2,b=1,A=6,B =4,y =1, E =12, F =2 and
the former sum requires xy = 1 while the latter o = 4. We then have

T, = Z (71)(z71)/3qu2+3y2 + Z (71)(z71)/3xqz2+3y2

=1 (mod 6) =4 (mod 6)

y=1 (mod 4) y=1 (mod 4)

r=sy (mod p) r=sy (mod p)

(4.19)  =20Y (12u + p(2a — 38))gP12+PCa=30)" 37 ap(uitp(a420)?
u€EZ vEZL

3957 (20 + p(8 + 20)) PP 3 2w
vEZL UEZL

—2a Z(lQu + p(8a — 35))qp(12u+p(8a—35))2 Z PPRvP(4+20))*
u€Z vEZ

_ 35 2(2’0 + p(45 + 2a))q3p(2v+p(46+2a))2 Z qp(12u+p(8a—3ﬂ))2 )
vEL u€Z

Repeating this process with Theorem we arrive at

2 2
L= Y ()t e ST () gt
=1 (mod 6) =4 (mod 6)
y=1 (mod 4) y=1 (mod 4)
z=—sy (mod p) z=—sy (mod p)
(4.20) =2 Z(lgu + p(2a + 38))qP(12utp(20+30))° Z ¢3P2vtp(B-22)*
u€EZ vEZL
138 Z(Q” +p(B — 2a))q3p(2v+]3(572a))2 Z qp(12u+p(2a+3ﬂ))2
vEZL UEZ
— 2 2(12,“ + p(8a + 3/8))qp(12u+p(8a+3ﬁ))2 Z q3p(2v+p(4672a))2
u€EZ VEZ
—38 Z(% +p(48 — 2a>)q3p(2v+p(4/3—2a))2 Z P(12utp(8at3p)?
VEZL u€EZ

It can be observed that the second and the last term in each of and
reduces to 0. In addition, recall that for p = 4a? + 3532, we have fixed «, 8 such
that « =2 (mod 3) and S =1 (mod 4). One can then use elementary methods to
show that

(i) if p(2a0 — 36) =1 (mod 12), then p(2a + 368) =7 (mod 12); and
(ii) if p(2a — 38) =7 (mod 12), then p(2ac + 35) =1 (mod 12).
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Moreover, we can also prove that p(8a — 36) = 7 (mod 12) and p(8a + 38) =
(mod 12). These results are useful in adding (4.19) and ( as follows

Ty +Ty=2a) ((12u +1)gP2 D (120 + 7)q”(12“+7) ) > <q3p(2”+1)2 - q3p(2v)2)

UEZ VEZL
— 20 Y (6u+1)g p(6u+1)? S (-1 s
UEZL VvEL
(4.21)
_ 4(p) A7) n(3p7)*
1(48p7)?n(6p7)

where the coefficient in (4.21]) comes from (4.4)).
With ([4.13)), (4.14) and (4.21)), we obtain that for p = 402 + 352

(1.22) S gpn)g™ = g@)m PY oo

= 1(48p7)2n(6pT)
proving the second assertion of (|1.11b)).

5. CONCLUDING REMARKS

In this article, we derived a general transformation for theta series associated
with the quadratic form 22+ ky? and used this transformation to provide elementary
proofs of many striking identities that interlinked coefficients of such theta series.
It appears that there are many such identities that can be proved using our method
and thus we did not attempt to be exhaustive and only presented five new infinite
families of identities. Much more can be done. For example, in a recent paper
by Mahadeva Naika and Gireesh [4], four identities analogous to were proved.
Using our general transformation, it is fairly straight forward to prove the following
generalization.

Theorem 5.1. Let j be a positive integer such that p = 2j + 1 is prime. If

(5.1a) Z sj(n)q" = Z = A = —n(167)2n(32‘.ﬁ)2,

n>0 z=1 (mod 4) 77(87—)77(16.77)
y=1 (mod 4)
22 o2 77(167‘)277(16j7')5
CRORED U D DR e gt L s e
n>0 x=1 (mod 4) 77(87-)77(8]7) 77(32]7)
y=0 (mod 2)
then
(5.2a) Z%mq+2% ¢ =Y t;(n)g
n>0 n>0
(5.2b) Z (m)g" + D 15(n)g™ =4 s;(n)g
n>0 n>0 n>0

Identity is equivalent to [4, Equation (1.1)] while identity is a
generalization of [4, Equations (1.2) to (1.4)] which were stated and proved only for
the cases j = 1,2 and 3, corresponding to the primes p = 3,5 and 7. Furthermore,
if we keep j fixed, our technique allows us to generalize each case from the prime
p = 27 + 1 to all primes that can be represented as p = o + 2j3%. We illustrate
this for the cases of j = 1,2 and 3.
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Theorem 5.2. For any prime p =1 or 3 (mod 8), we have
t1(p) Z si(n)g" ifp=1 (mod 8),

_ n>0
(5.3a) Z s1(pn)q” + Z s1(n ) s1(p) Z ti(n)g"

n>0 n>0

ifp=3 (mod 8);
n>0
p) Z ti(n)g" ifp=1 (mod ),

1
(5.3b) ti(pn)g™ + Y t1(n)¢"" = n=20 .

nzzo T; 4s1(p) Z si(n)g" ifp=3 (mod 8).
n>0

For any prime p=1 (mod 4), we have
t2(p) Z s2(n)g™ ifp=1 (mod 8),

(5.4a) Z s2(pn)q” + Z s2(n - sz(p)rf ta(

n)q” ifp=5 (mod 8);

n>0 n>0
n>0
ta(p) Y ta(n)g” ifp=1 (mod8),
(5.4b) ta(pn)q™ + ) ta(n = n=0 L
nzzo nzzo 4s9(p) Z s2(n)g™ ifp=5 (mod ).
n>0

For any prime p=1 or 7 (mod 24), we have

t3(p) Z s3(n)g” ifp=1 (mod 24),

n sa2(n)gP" = n20
(5.5a) nzz;) 3(pn)q +7§ 3(n)q 53(]0)2153(”)‘1”
n>0

()Y ts(n)g" ifp=1 (mod 24),

(5.5b) ts3(pn)q t3(n)g’" = n20 W
g g 4s3(p) Z s3(n)q" ifp=7 (mod 24).
n>0

ifp="7 (mod 24);
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